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BBEJIEHUE

Cucrema cpennero npodeccrnoHanbHOro 00pa3oBaHUSI CTABUT Iepen co0ol 3amady IMOATOTOBKU
o0yJaromuxcs K JKU3HU B OOILECTBE, KOTOpasi BKJIIOYAEeT B ceOs (OPMHUPOBAHHME Y HUX MPAKTUUECKUX
yYMEHUH U HaBBIKOB. B 3TOM KOHTEKCcTE 0c000€ 3HaYeHHE TPHOOPETAET MpernoiaBaHue yueOHOro npeaMera
«Maremaruka», KOTOpPOE HamNpaBlIeHO Ha olOoramieHue oOmel KyJlIbTyphl, pa3BUBAET JIOTHYECKOE
MBIIIJICHUE M IIUPOKO HCIOJB3YIOTCS B MaTeMaTH4eCKOM MOJCIUPOBAHUM 3a/1a4, C KOTOPBIMH
BCTPEYAETCS] COBPEMEHHBIN CIIEUAIUCT B CBOCH JACATEIBHOCTH.

OnauM u3 5(QQEeKTUBHBIX METOJOB OOYYEHHUs SBISCTCS IMPOBEIEHHE YPOKOB-TIPAKTUKYMOB,
MO3BOJISIONINX CTY/AEHTaM MPHOOPECTH MPAKTUYECKUE HABBIKU U 3aKPEHIHUTh TEOPETUIECCKUE 3HAHUS.

CTyneHTbl 10JKHBI COPMHUPOBATh YCTOHUMBBIE HABBIKM IPUMEHEHHs MaTeMAaTHYECKUX 3HAHUM Ha
MPAKTUKE, KOTOPbIE OHM CMOTYT MPUMEHUTh B PEHICHWH 33734 I0 CIECHUAIbHOCTH, a 3HAYHT, B
dbopmupoBaHUr TPO(PECCHOHANBHON KOMIIETEHIIMI BBITYCKHUKA. PemieHne MaremMaTHYecKuX 3amad
MIO3BOJISICT COEIMHUTH TEOPETHUECKHE 3HAHUS CTYICHTOB C UX MOTPEOHOCTAMHU, 1aET BO3MOKHOCTD HCKATh
IyTH PaCIIMPEHUs IPUMEHEHHS TEOPETUYECKUX 3HAaHUW B OyIyIIel CrenuaabHOCTH HETIOCPEICTBEHHO B
rporuecce 00y4eHusl.

Lenp 0OyueHust MaTeMaTHKE COCTOMT B 3aKyIajKe (yHAAMEHTAIBHON MaTeMaTHIeCKON TIOJATOTOBKU
U OBJIAJICHUS HAaBBIKAMH MAaTEMaTHYECKOTO MBIIUIEHUS B oOxacTu Oyaymiedl npogeccnoHanbHON
IEATeNIHOCTH, TaK KaKk MMEHHO (hyHJaMEHTAJIbHbIE 3HAHHS OOECIIeYMBAIOT BBHITYCKHUKY BO3MOKHOCTB
MMOHMMAaTh W OCBaWBaTh HOBYIO TEXHHWKY M TE€XHOJIOTHH, HOBBIC TIPUHIIUITEI OPTraHU3AIUN TTPOU3BO/ICTBA.
JI71st MOCTHKEHUST ATOM 11eTTH HEOOXOAMMO PEITUTh CICIYIONINE 3a/1a4u:

1. Bnanenue MeromaMu J10Ka3aTeNbCTB, AITOPUTMAaMH pelICHHs 3ajad; yMeHue (HhopMyIupoBaTh
OTIpeJIeJIeHUs, aKCUOMbI U TEOPEMBI, PUMEHATh UX, MPOBOJAMTH J0KA3aTeNbHbIE PACCYXKAECHUS B XOJI€
pereHws 3a/1a4.

2. YMeHHe ONepHpoBaTh MOHATHEM (YHKIWS, YMEHHE CTPOWUTH TPapUKH H3YYEHHBIX (QYHKIUH,
UCMOJIb30BaTh I'paUKU MPHU M3YYEHUH MPOLECCOB M 3aBUCUMOCTEH, MpH peIIeHUuH 3ahady U3 JIpyrux
y4eOHBIX MpPEeIMETOB W 3aJady W3 PETbHOM JKU3HU; BbIpaXaTh (HOpPMyJTaMH 3aBUCUMOCTH MEXKAY
BEITMYNHAMH.

3. VYMeHme omepupoBaTh MOHATHSIMH CTEPEOMETPHUU; YMEHHE HWCIOJIb30BATh IMPH PEIICHUH 33134
M3ydeHHbIE (aKThI U TEOPEMBI TUTAHUMETPHH; YMEHHE OIICHUBAThH Pa3Mepbl 00bEKTOB OKPYKAIOIIET0 MUPA.

4. YwmeHue n300paxaTb MHOTOTPAaHHUKH U MOBEPXHOCTHU BPAIIEHUS, UX CEYEHUS OT PYKH, C TOMOIIBIO
YEePTEKHBIX HHCTPYMEHTOB U 3JIEKTPOHHBIX CPE/ICTB; YMEHHE PAclo3HaBaTh CHMMETPHUIO B TIPOCTPAHCTRE;
YMEHHE PacriO3HaBaTh MPAaBHUIIbHBIE MHOTOTPAaHHHKH.

5. VYmenwe onepupoBaTh TOHSTHSIMH: JIBIKCHHE B TIPOCTPAHCTBE, TIOAOOHBIE (QUTYPHl B

MIPOCTPAHCTBE; HMCIIOJIB30BaTh OTHOLICHHE IJIONIAJeH MOBEpXHOCTEH M 00BEMOB MOJOOHBIX (GUTYp MpHU



pelICHUH 3a/1a4; BBIYMCIIATH T€OMETPUYECKUE BEIWYHMHBI (UIMHA, YTOJI, IUIOIAAb, OOBEM, IJIONIAIh
MOBEPXHOCTH), UCTIOJIb3Yys U3yUYEHHbIE (DOPMYJIIBI U METO/BI.

6. VYMmeHue onepupoBaTh NOHATUSIMHU BEKTOPHOM anreOphl; HAXOJUTh C TOMOIIBIO H3y4EHHBIX (HOpMyIT
BEJIMYMHY YIJIa, PACCTOSHUE MEX1Y IBYMSI TOUKAMH.

7. VYwmenue BbIOMpATh NOAXOASIINA HM3YYEHHBIH METOJ JUIsl pEIICHUS 3a7ayd, paclo3HaBaTh
MaTeMaTHueckue (akTbl M MaTEeMaTHYECKUE MOJEJINM B IPUPOAHBIX U OOLIECTBEHHBIX SIBJICHUAX, B
UCKYCCTBE; YMEHHE IPUBOIUTH IPUMEPHl MAaTEMaTU4YECKMX OTKPBITUM POCCHUMCKOM M MHPOBOU
MaTeMaTUYECKON HAYKH.

8. VYwmenue popmynupoBath 0OpaTHOE M MPOTUBOMOJIIOKHOE YTBEpPKIECHUE, IPUBOJUTH MIPUMEPHI U
KOHTPIIPUMEPBI, HCIOJB30BATh METOJ MAaTE€MaTU4eCKOW HWHAYKLHH; IPOBOAUTH JIOKa3aTEIIbHbBIE
pacCyXIeHHUs IIPU  PELICHUH 3a]a4, OLIEHUBATh JIOTMYECKYIO IPABUIIBHOCTD PACCYKICHUM.

9. VYMmeHHme MOAETHPOBATH PEANbHBIE CHTYyallMd Ha SI3bIKE MATEMAaTHKH; COCTABJSTH BBIPAKECHUS,
ypaBHEHHUsI, HEPABEHCTBA U MX CHCTEMbI 110 YCIIOBUIO 3aJ[aud, UCCJIEN0BaTh IOCTPOCHHBIE MOJEIH C
UCIOJb30BAHUEM  ammapara aiareOpbl, HWHTEPIPETHPOBATH  IOJYYEHHBIH pe3yabTaT; CTPOUTh
MaTEMaTUYECKUE MOJEIIN C IIOMOILBIO T€OMETPUYECKUX MOHATUI U BEJIMYHH, PEIIATh CBSI3aHHBIE C HUMHU
MIPaKTUYECKHE 3a/1a4M; peliaTh IPUKIIaJHbIE 3a]]a4l CPEICTBAMU MATEMAaTUYECKOT0 aHAIN3a, B TOM YUCIIe
COIIMAIIEHO-9KOHOMHYECKOTO U (PH3MUECKOTO XapaKTepa.

ConepxaHue MPaKTUYECKUX pabOT OPUEHTHPOBAHO Ha MOJATOTOBKY CTY/AEHTOB K OCBOGHHIO Y4eOHOM
JMCUUITIMHBI «MaTteMaTika» OCHOBHOM IpodeccHoHaIbHON 00pa3oBaTeIbHOM MPOrpaMMBbl IO CHELMAIBHOCTH
1 (popMHpPOBaHUIO OOIIMX KOMIETEHIINMN:

OK 01. BoiOupath crnocoObl perieHus 3a1ad Npo(ecCHOHATbHON JESTENbHOCTH NMPUMEHUTETBHO K
Pa3IMYHBIM KOHTEKCTaM.

OK 02. Hcronb30BaTh COBpPEMEHHBIE CPE/ICTBA IOWCKA, aHAIW3a U MHTEPIpeTalud MHpOpMAlMU, U
MH(QOPMALIMOHHbIE TEXHOIOTUH /ISl BBIIOJIHEHUS 33/1a4 PO(ECCHOHATBHON IEITETbHOCTH.

OK 03. IInanupoBaTh M peaaM30BbIBaTh COOCTBEHHOE MpPO(ecCHOHATbHOE M JIMUHOCTHOE Pa3BUTHE,
NpeIPUHUMATENBCKYIO JIEITebHOCTh B IMPO(EeCCHOHATIBbHOM cdepe, UCTIONB30BaTh 3HAHUS IO MPaBOBOM U
(MHAHCOBOM rPaMOTHOCTH B PA3JIMYHbIX KU3HEHHBIX CUTYaLUSIX.

OK 04. DddexTrBHO B3aUMOACHCTBOBATh M PA0OTaTh B KOJJIEKTUBE U KOMaHIE.

OK 06. ITposiBIATh rpa’kAaHCKO-MIATPUOTHYECKYIO TTO3UIIHIO, IEMOHCTPUPOBATh OCO3HAHHOE TTOBEJICHHE
Ha OCHOBE TPAAMIMOHHBIX POCCHUMCKUX JyXOBHO-HPABCTBEHHBIX LIEHHOCTEH, B TOM YHCIE C YYETOM
TapMOHM3AaLlMM  MEKHALMOHAIBHBIX W MEXKPEIMIMO3HBIX  OTHOLIEHWH, IPUMEHATh  CTaHIapTh
AHTUKOPPYILIMOHHOTO ITOBEICHMSL.

OK 07. ConeiicTBOBaTh COXpaHEHHUIO OKPYKAIOIICH CPeIbl, pecypcocOepeKeHuUT0, TPUMEHSTh 3HaHUS 00
W3MEHEHUHU KIJIMMaTa, MPUHIMITBI OEepeXIIMBOrO MPOU3BOACTBA, 3()(EKTHBHO NEHCTBOBATh B Upe3BBIYANHBIX
CHUTYAIMSIX MUPHOI'O U BOEHHOT'O BPEMEHHU.

A TaxKe OBJAICHUIO PO(ECCHOHATIBHBIMUA KOMITETCHIHSMU:
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IIK 2.6 IIpoBomuTh KOHTPOJIb KOPPEKTHOCTH pabOTHl M OOHOBIIEHHE MPOrPaMMHOTO obOecreueHus

MEXaTPOHHBIX YCTPOMCTB U CUCTEM



NPAKTUYECKOE 3AHATUE
Pagnannas mepa yrua. [IoBopoT TOYKHM BOKPYT HA4aJ1a KOOPAUHAT.
Onpenenenue CHHYCa, KOCHHYCA, TAHT€HCA U KOTAHI'€HCA
esb NPaKTHYECKOT0 3AHATHS
HayuuTbcst npaBUiIbHO BhIpaXkaTh Yol B TPAAyCHOM U paguaHHON Mepax. 3HaTh CBA3b paAHaHHON U
FpaI[yCHOfI MCPBI yTIJia. YMeTh OTKJIAAbIBATH YIJIbI B IMOJIOKUTCIBHOM U OTPULATCILBHOM HAIIPaBJICHUH.
BblyunTh HOBOE OmpeAeTeHre TPUTOHOMETPUIECKUX (PYHKITHIA.

MeToanyeckuii MaTepuasl

N3y4yaemblie BOIPOCHI:

1. Paguannas mepa yria.

2. IloBOpOT TOUKH BOKPYT Hayajga KOOpJIUHAT.

3. OmnpeneneHue TPUTOHOMETPUUYECKUX (DYHKITHIA.

Paauannasi Mmepa yrja: LEHTPaJIbHBIN yroi, ONUPAIOIIUNACA Ha AYTY, IJIMHA KOTOPOW paBHA paanycy
OKPY’KHOCTH, Ha3bIBaeTCs yriioM B 1 paauas.

_ (180
lpan—(n) |

FpagycHas | . | gpe | 45° | G0 | 90° | 120° | 185° | 150° | 180°
mepa yrna

PapuaHHas T n n n 21 ﬁE 5_n =
Mepa yrna 6 1 3 9 : 1 6

I[loBopoT TOUKM BOKPYr Hayajga koopauHat: eciau Touka A(1;0) Oymer ABUTAThCSA MO EAMHUYHOU
OKPY>KHOCTH MPOTUB YaCOBOU CTPEJIKHU, TO OHA MPOKAET myTh o paj oT Touku A(1;0) mo Touku B. ['oBopsT,
4yTo Touka B momydena u3 touku A moBopoToMm Ha yroi o. Eciau touka A(1;0) Oymer nBurarthcs 1o
€IMHUYHON OKPY>KHOCTH TI0 YAaCOBOM CTpeIIKe, TO OHA MPOHAET myTh o pan oT Touku A(1;0) no Touxu C.
Torna roBopsT, uto Touka C mojydeHa u3 TOYkd A moBOpoToM Ha yroi -a. [Ipu moBopore Ha 0 pag Touka
ocTaéTcs Ha MecTe.

OmnpenesieHne TPUrOHOMETPHYECKUX (PYHKIIUIA:

CuHycoM YyrJia Ha3bIBaeTCs OpJMHATAa TOYKH, MOJy4eHHOW moBoporoMm Touku (1;0) Bokpyr Hauana
KOOPJMHAT Ha yroJ o, (0003HavaeTcs sin a).
Kocunycom yrua HaspiBaeTcst a0ciycca TOYKH, MOJYy4eHHOW moBopoTroMm ToukH (1;0) Bokpyr Hauama
KOOPJMHAT Ha yroJ o (0003HaYaeTcst Cos a).

TaHrencom yrJia Ha3bIBaeTCsi OTHOLIICHUE CHHYCA ATOTO yIJia K €r0 KOCUHYCY (0003HavaeTcs tg a).

KoTaHreHcom yrjia Ha3pIBacTCsl OTHOIIICHHE KOCHHYCA 3TOTO yIila K ero CUHYyCy (0003Havyaercs ctg a).

IIpakTHYecKkas 4acTb

1. Beryunrte ¢opmysisl 1 onpeaeneHus.
2. NzyunTe Tabnuiyy HanOosiee YacTo BCTPEUYAIOIIUXCSl YIJIOB B TPalyCHOM U paJlaHHOM Mepe.
3. [TpocmoTtpuTe BUJIEO Martepuana 1o CCBLJIKE:!

https://resh.edu.ru/subject/lesson/4733/conspect/199149/,
https://resh.edu.ru/subject/lesson/6019/start/199181/.



https://resh.edu.ru/subject/lesson/4733/conspect/199149/
https://resh.edu.ru/subject/lesson/6019/start/199181/

4, Brmmonuute TPCHUPOBOYHBIC 3agaHus

B BHUIE TeCTa 110 CCBIIKE:
https://resh.edu.ru/subject/lesson/4733/train/199160/, :
https://resh.edu.ru/subject/lesson/6019/train/199191/.
5. Pemure 3anaun:
14.1. Haiiqure pagmanHyio Mepy yria, paBHOro:
1) 25°; 2) 40°; 3) 1007 4) 160°; 5) 210°; 6) 300°.
14.2. Haiiygure rpajyCHyio MEpy yria, paMaHHas Mepa KOTOPOro paBHa:
2n n 2
1) B gy 2. 8.2 4) 1,2rm; 5) 3m; 6) 2,5m.
)10 )5 )9 ¥ 1.2% 5) 3n ) 2,57
14.3. 3anoaaure Taﬁnuuy.
Fpanyc+an 12° | 36° 105° | 295° 940°
Mepa yrna
PaguaHHasn T | an | 3 ;
Mepa yrna 18 9 | B 4 1,8
14.6. CpaBHuTe BEJIMYMHBI YIJIOB, 33/lAaHHBIX B Pa/iMaHaxX:
3n
1) X u1,5 9 w m=ih 8) 2Eond g
) 5 n L5 2) 5 U 2 ) g M
14.7. CpaBHUTE BEJIUUMHBI YIJIOB, 3Q/IJAHHBIX B Pa/IHAHAX:
% w1 Y i e 3B
I)an, 2) 5 ¥ ¢
14.8. OrmeThTe HA EAMHUYHON OKPYKHOCTH TOUYKY, KOTOPYIO MOJYYUM IPU 110-
sopore Touku P, (1; 0) na yrox:
1) 3 3) r’—: 5) —120°; 7) —480°
< o ° ° 7Tt
2) 150°; 4) —45°; 6) 450°; 8) e

14.8. OrmeTbTe HA CAMHUYHOI OKPYKHOCTH TOUKY, KOTOPYIO IOJYYUM IIPH T10-

14.9.

sBopore Touku P, (1; 0) na yrox:

1) 3 3) "_; 5) —120°; 7) —480°;
¢ o o ~ ° 71t
9) 150°; 4) —45°; 6) 450°; 8) -IF.

OrMmeTbTe Ha C}IHHI/I‘IH()I‘;I OKPYKHOCTH TOYKY, KOTOPYIO ITIOJYYHUM IIPH I10-

sBopote Touku P (1: 0) na yrox:

1) 295°; B % 5) 420°: g EX,
6 3
o ° X ° 1534
9) —60°; 1) 320°; 6) —315°; 8) —2;

9) 6m;

10) —720".


https://resh.edu.ru/subject/lesson/4733/train/199160/
https://resh.edu.ru/subject/lesson/6019/train/199191/

14.11. B kakoii 4eTBEPTH HAXOAUTCA TOYKA CIMHUYHON OKPYKHOCTH, MOJYyYCH-
Has [IPY NOBOPOTE TOUKH P” (1; 0) ma yrox:

1) 94°; 4) -100°; 7) —800°; 10) —7%: 18) L
9) 176°: 5) —380°: 8) ? 11) 5,5x; 14) —3:

onAe = o 3n > 11w 2
3) 200°; 6) 700°; 9) —4—: 12) —T: 15) 57

: )
14.12. Haijgure KOOPAMHATBI TOYKM CAMHMYHOI OKPYKHOCTH, IOJYYCHHOMN

npu nosopore Touku P, (1; 0) na yroax:
1y %: 3) —90°: 5y 2 7) 450°

2 2

o X 3n

2) m; 4) —-1807; 6) £ 8) 2r.

KoHTpoJibHbIE BOIPOCHI:

1. 3aKOHUUTE MpeUIoKEHHE: «YTJIOM B OAMH paJMaH Ha3bIBAIOT LEHTPaJIbHBIA yrod,

KOTOPOMY COOTBETCTBYET AJIMHA YT, PABHAS. ...

2. Yemy paBHa rpagycHas Mepa yria B 1 paguan?

3 Bripazure yron 45° B paguanax.

4, Beipazure yron 150° B paguanax.

5 Beipasute yron 90° B paguaHnax.

6. Haiinure rpanycHyo Mepy yria, paJidaHHas Mepa KOTOPOro paBHa %.
7. Haiinure rpanycHyo Mepy yria, pajJdaHHas Mepa KOTOPOro paBHa %T
8. Haitgure rpagycHyro Mepy yria, painaHHas Mepa KOTOpPOro paBHa 27T.
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NPAKTUYECKOE 3AHATUE
Tabauna 4acTo BCTpeYAKIMXCS 3HAYEHUI TPUTOHOMETPUYECKUX (PYHKIM.
3HaKM CHHYCa, KOCHHYCA U TAHTeHCca

eJgb NPaKTHYECKOT0 3AHATHS

BblyunTh TabIUIy 4acTO BCTPEUAIOIIMXCS 3HAUEHUH TPUTOHOMETPUIECKUX (PYHKIUH, a TAKKE 3HAKH
CHHYCa, KOCHHYCa 1 TaHI'€HCA.

MeToanyeckuii MaTepuasl
H3ydaemblie BOIPOCHI:

1. Tabnuna yacTo BCTpEeUaIOLIUXCS 3HAUEHUN TPUTOHOMETPUUECKHUX (DYHKIUH.
2. 3Haku cuHyca, KOCHHYCa U TaHI'eHCa.

[TpuBeném TabauIly 4acTO BCTPEUAIOUIMXCS 3HAUEHUH CHHYCa, KOCHHYCA, TAHTEHCA U KOTAaHTEHCA.

0°(0 30° 45° 60° 90° 180° 270° 360°
pan) (W6) (mA) (W3) (w2 (M Ew2) @m
1 /2 c
sina 0 = V2 V3 1 0 = 0
2 2 2
COS (¥ 1 £ LZ l 0 —1 0 L
2 2 2
1
tg a 0 =1l 4 V3| o 0 % 0
\/ 3
= 1
ctg o 1%} v'3 1 7= 0 1%} 0 (7}
\/3

3HaKM TPUTOHOMETPUUYECKUX (PYHKLHUH 110 YeTBEPTIM:

sina cosa tga, ctga
Y

ARy AR A
LF L

IIpakTHYeckas 4acTb

<
<

BbryunTe Tabnuily 4acTo BCTpEUAIOIIUXCS 3HAYEHUH TPUTOHOMETPUUECKUX (PYHKIIUH.

BblyunTe 3HaKu CHHYCa, KOCHHYCA M TaHTEHCA.

[IpocmoTpuTe BUeo MaTepuana 1o cceiike: https://resh.edu.ru/subject/lesson/3863/main/327035/.
BI)IHOJ'IHI/ITC TpeHI/IpOBOLIHI)Ie 3a1aHusA B BUJIC TeCTa 110 CCBIJIKE:
https://resh.edu.ru/subject/lesson/3863/train/327039/.

5. Pemmre 3amaun:

o



https://resh.edu.ru/subject/lesson/3863/main/327035/
https://resh.edu.ru/subject/lesson/3863/train/327039/

429 OTMeTHTH HA eIHHUYHON OKPYKHOCTH TOYKH, COOTBETCTBYIOILIHE
YUCAY O, €CJIH:
1) sina=1; 2)sina=0; 3) cosa=-1; 4) cosa=0;

5) sina=-0,6; 6) sina=0,5; 7) cosa:l.

3
430 BriuucauTe:
8 . 3m i .4 T
| LA = 2 sm(——)+cos—;
) sin = sin 2 ) > =
3) sin m — cos 7; 4) sin 0 — cos 2n;
5) sin m + sin 1,57; 6) sin 0 + cos 2n.

431 Haittu 3HaueHMa CHHyCa H KOCHHyca uuciaa P, ecam:
1) p=3m; 2) B=4n; 3) B=38,5m;
4}5:%;:; 5) B=nk, k€ Z; 6) B=(2k+ 1)1, ke Z.
Brraucautes (432—433).
432 1) sin 3n—cos 32—";
2) cos 0 — cos 3m + cos 3,57;

3) sin nk + cos 2nk, ke Z;
(2k+1)n . (4k+1)=
g — —"— —s8in ———

4) co , ke Z.
433 1) tg n+ cos m; 2) tg 0° — tg 180°;
3) tg m + sin m; 4) cos m — tg 2m.

434 Haiityn 3HaYeHUe BBIDAYKEHHSA:
1) 3sin *+2cos = —tg T;
6 6 3

2) 5sin *+3tg X ~5cos £ - 10 ctg =;
) 4 tg-i 4 g4
3 (2 L E):msﬂg
) tgﬁ tg 3 6
4) sin E.cos Z-tg I,
) 3 6 gd

435 PemuTs ypasBHeHuHe:

1) 2 sin x =0; 2) %cosxzﬂ:

3) cosx-1=0; 4) 1 -sin x=0.
436 Moxer JH sin o WM coS O OBITH pPaBHBIM:
1) 0,049; 2) —0,875; 3) —v2: 4) 2+2?

437 HajiTn 3HaYeHWe BHEIPAYKEHHHA:

1) 2 sin & + V2 cos OpH azf;

2) 0,5 cos o —+/3sina npu o = 60°;

3) sin 3o —cos 2o OpH O = %;

.

4) cos Z+sin 2 mpm a=
2 3

T

12
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438 HaifiTu 3Ha4YeHHEe BBIPAXKEHHA:

1) sin X cos X - sin X cos E;
4 4 3

2) 2tg? X _ctg? X _gin Ecos =;
) £ 3 o 6 6 3

3) (tg g-ctg E)[ctg +tg "J

3 6
4) 2cos? T —sin2 ® 4+ tg Detg T,
) 6 3 ‘g 6 . 3
439 Pewmwutb ypaBHEeHHE:
1) sin x = -1; 2) cos x =-1;
3) sin 3x = 0; 4) cos 0,6x = 0;

5) sin( +2£J—l; 6) cos(5x+£’i)—1.
2 3 5

443 Ilyere O <o < % B kakKoii yeTBepTH HAXOJHTCA TOYKa, MOJY-

yenHas nospoporoM Toukm P (1; 0) Ha yrox:

- -m 3) 3% _q;
1) 5 o 2) a—-m ) P
4) Xiq; 5) o — =3 6) n—a?
) 5 ) ) )
444 OnpegenuTs 3HAK YHCJIA Sin O, eCH:
hm, 33n __4 .
=—; 2) o=——=; 3) a=—=m;
1) 4 ) 7 ) 3
4) oo =-0,1m; 5) aa=5,1; 6) a=-470°.
445 OnpegenuTh 3HAK YHCJIA COS (f, eCJH:
2 7 __2 .
=< q: 2) a=—-mr; 3) a=—-=m;
1) o 3 ) 6 ) 5
. 4) a=4,6; 5) oo=-5,3; 6) o =-150°.
446 OnpejenuTes 3HaK 4ynucaa tg o, eciau:
1}a=§n; 2) u—En, 3)a=—§n;
6 b1 4
4) o= 3,T; 5) aa=-1,3; 6) o = 283°.
447 OnpezenuTs 3HAKHA YHCEN sin o, cos o, tg o, ecan:
3 'i’Jt
= I; 2) = Il; < <—
1) r<a< - n; ) =
3) <u<2n, 4) 2n < o < 2,5m.

448 Onpe,ue.rmn 3aHaKH 4Hce] sin o, cos o, tg o, eciaH:
Da=1; 2)a=3; 3) x=-3,4; 4) a=-1,3.

KoHTpoJibHBIE BONIPOCHI:
3aKOHYHTE MPEATIOKEHNUE: «YTOJ B OJIUH PaIuaH HAXOJUTCA B ... YUETBEPTH.

Onpeznenute 3HaKU TPUTOHOMETPUUECKUX (PYHKIUH i yrina 45°.
Ornpenenure 3HAKU TPUTOHOMETPUIECKUX QYHKIMN ytst yriia 150°.
Ornpenenurte 3HAKU TPUTOHOMETPUIECKUX QyHKIUN ytst yriia 910°,

13



NPAKTUYECKOE 3AHATUE
3aBMCUMOCTDH MeXK1Yy CHHYCOM, KOCHHYCOM, TAHT€HCOM M KOTAHT€HCOM OJTHOTO M TOIO ke
yria
eJsb NPAKTHYECKOTO 3aHATHS
BblyuyuTh OCHOBHOE TPUTOHOMETPHUECKOE TOXAECTBO. 3HATh 3aBHCUMOCTb MEXIY CHHYCOM,
KOCHUHYCOM, TAHI€HCOM M KOTaHI'€HCOM OJIHOT'O M TOT'O )K€ yIJa.

MeToanyecknii MaTepuasl
N3yyaeMblie BOIPOCHI:

1. OCHOBHOE TPUTOHOMETPUYECKOE TOKIECTBO.
2. 3aBUCHUMOCTb MEXKy CHHYCOM, KOCUHYCOM, TAHT€HCOM M KOTaH['€HCOM OJTHOTO U TOTO K€ yTIJIa.

nyCTb Ha KOOpﬂ,MHaTHOﬁ MIOCKOCTU m306pa>|<eHa eANHNYHaA OKPY>XXHOCTb C LUEHTPOM

B Hauane koopanHaT. Touka P(1;0) coBepLuaeT NoBopoT NPOTUB YacOBOM CTpPeNKY

Ha yron @ 1 okasbiBaeTcs B Touke M(x; y).

M(x;y)

P(1;0)

—
=

Mo onpepaenernto CHyca 1 KOCUHYCa MOXHO CKa3aTb, UTo abcumcca Toukn M paBHa
KOCVIHYCY yr/ia MoBOpPOTa, TO eCTb X = COS @, & OpAMHaTa Toukn M paBHa CMHYCY yrna

NoBOpPOTa, TO eCTb ¥ = sin @. Toraa Moxem 3anucatb, 4to Touka M(cos a ; sin @).

Tenepb BCMOMHWM, YTO YpaBHeHMWe eANHNYHO OKPYXXHOCTM UMeeT BUA: x* + y? = 1.

Tak kak Touka M NPUHaANeXxXunT Haluen e,ﬂ,MHMbIHOI::I OKPY>XHOCTH, TO eé KoopAMHaTbl

YAOBNETBOPAOT 3TOMY YPaBHEHUHO. A 3HaUNT, MOXeM 3anucaTb:

sin’a + cos’a =1 (1).



A Kak Ha3blBaeTca 3To paBeHCTBO? JT0 paBeHCTBO Ha3blBAtOT OCHOBHBIM

TPUTOHOMETPNYECKUM TOXKAECTBOM. OHO BbINONHAETCA npwn NIOBbIX 3HAYEHUNAX (.

OCHOBHOE TPUroHOMETPNYeCcKoe TOXAECTBO YacTo UCMOb3YyeTcs Npu
npeo6pa3oBaHUN TPUTOHOMETPUYECKUNX BblpaXKeHW.

[laBaliTe 13 3TOro TOXAECTBa BblpasyM sin a. VITak, nepeHecém cos®a B Npasyto

yacTb paBeHcTBa: sina = 1 — cos?a. VI3BnekaeM KBaApaTHbI/i KOPEHb 13 06enx

yacTeli paBeHcTBa: y/sinZa = v 1 — cos?a,

|sin | = V1—cosZasina =+vV1 — cos2a, ecv a - yron | v Il yvetsepTti. U

sina = —V1— cos?a, ecwm a - yron lll unn IV yetsepTu.

B obLiem, moxeM 3anuncath Tak: sina = +y1— cos?a (2).

Tenepb Bblpasunm cos a. MepeHecém sin’ @ B NpaByto 4acTb paBeHCTBa:

cos’a = 1 — sin’ @. V3Bnekaem KBaApaTHbIN KOPeHb 13 06eunx YacTell paBeHCTBa:

Vcos?a = vV1—sin?a |cosa| = V1 —sin?a. cosa = V1 — sin?a, ecwm a - yron |
nnu IV vetBeptu. cos @ = — 1 — sin?a, ecnu @ - yron Il unwn 1l veTBepTU.

B 06L1eM, MoXeM 3anuncaTtb Tak: cosa = +v 1 — sin?a (3).

Bot Takum 06pa30M Mbl NONYyYNIN paBeHCTBA, KOTOPbIE CBA3bIBAOT 3HA4YE€HWNA CMHYCAa
1 KOCMHYCa OJHOIro 1 TOro >e yrna.

Hy da Tenepb BblACHNM 3aBNCUMOCTb MEXAY TAHT€HCOM 1 KOTaHTeHCOM. Mo

sina

cosa
, d Ctg a = — . HEPEMHO)KMM NO4YNEHHO 3TV paBeHCTBa:

onpeaeneHNL te a =
p A g cosa sina

sina cosa

tga - ctga =

= 1. W nonyunm: tg @ - ctga = 1 (4). Bblpasum 13 31oro

cosa sina
1
paBeHCTBa tgﬂ' 1 noayymm, 4to tg(l' — @ (5) M Bblpasnm Ctg @ 1 nNoay4dymnm, 4To
1
Ctg a = tg_fr (6) BaXXHoO oTMeTUTb, YTO TaK Kak Ha HyNb AENTNTb HENIB3A, TO T.'g a+0wn

ctga:tO,ToeCTbaigk,kEZ.
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I HaMm oCcTanocb HalTK 3aBUCKMOCTb MeXAYy TaHMreHCOM 1 KOCMHYCOM. [Nnga 3Toro Mol €
BaMW pa3jgennm o6e 4yacTy OCHOBHOIO TPUTOHOMETPUNHYECKOTO TOXAECTBA

. 2 2 2 cosa +sina 1
sin“a + cos“a = 1 Ha cos“a: = = —. ﬂpl/l 3TOM COS ¥ HE 40JIKeEH
cos?a cos?a

o
PaBHATLCA HY/O, TO eCTb @ # ~ + Tk, k € 7. Npeobpasyem NeByto YacTb paBeHCTBa:

cos’a . sina 1 o .
+ = . I'Iepsoe claraemoe B n1eBont 4actu MoXemM 3arniicatb Kak l,

- " -
cos<a cos~a cos“a

1

BTOpOe - kak tgZa: 1 + tga =

.

cosa

STa dopmyna 1 NokasblBaeT 3aBUCMMOCTb MEXAY TaHIeHCOM U KocrHycom? [a. U3
3To GOPMY bl Mbl MOXEM BbIPa3uTb TAHreHC Yepes KOCUHYC U KOCUHYC Yepes
TaHreHc.

3anaga 1 BruucanTs sin o, ecam cos o = —g ANT<O< 32’-‘-

P Bocmoansyemcs dopmysoit (2). Tak kak T <o < :—;;-,

To sin a < 0, T. e. B GopmMyne (2) nepes KOpHEM HYK-
HO MOCTABHTE 3HAK 4—»:

sino = —Jl-coa’-a =—J1——9~ =—§. <

25

3amaga 2 BEIYHCIAHTE COS O, ECAH Sin O = —% H -g <o <0,

P Tak xak —E <o <0, To cos o > 0, nosromy B hopMy-

ne (3) mepes KopHeM HYMHO NOCTABHTL 3HAK «+»!
242
cos o :,,fl—:élin2 = Jl—% =—;£—. 4

danavua 3 Brryucants ctg o, ecan tg o = 13.
1

=1 4
tga 13

P Ilo dopmyne (6) nHaxoxzum ctg o =

3amaga 4 Brruueaurs tg o, ecau sina=0,8 u % <o < ..

P Ilo dopmyne (3) naxoxum cos o. Tak kak -’2£ <o <m,

To cos o < (0. ITosTomy

cos o = —/1—sin’a =—4/1-0,64 =-0,6.

@]
o
8
%
@
=1
r
=
e
[ =gl
oq
R
]
|
|
|

co [

IIpakTHYeckast 4YacTh
BrlyunTe OCHOBHOE TPUTOHOMETPHUUYECKOE TOXKIECTBO.
BI:IyLII/ITe 3aBUCUMOCTDH MCKIY CHHYCOM, KOCHHYCOM, TAHT'CHCOM H KOTAaHI'CHCOM.
[TpocmoTpuTe BHICO MaTepHaia mo ceelake: https://resh.edu.ru/subject/lesson/3876/main/199247/.

16


https://resh.edu.ru/subject/lesson/3876/main/199247/

5.

458

459

460

461

462

BBIHOJIHI/ITG TpGHHpOBO‘-IHLIC 3aJaHuA B BHUJIC TCCTa 10
https://resh.edu.ru/subject/lesson/3876/train/199251/.
Pemnure 3agaun:

BaunciauTs:
1) sin o, tg o m ctg o, ecam cosa:—g n —725<a<n;
2) cosa, tg o u ctg a, ecan sina=—§ HT <a<§-25.

ITo 3Ha4YeHHIO OHOM H3 TPHIOHOMETpPHYEeCKHX QYHKIUIH (sin a,
cos o, tg a, ctg o) HaliTH 3HAYEHHA OCTAJBHHIX TPEX:

1) cosa=% n32—"<a <2n; 2) sina=0,8n§<a<n;

3) tga=%un<a<%; 4) ctga=—3n§2§<a<2n;
5) cosa=0,8u0<a<§; 6)sina=—%u%‘5<a<2n;

Ntgo=-24ur<ca<n; 8) ctgo=—"m <o < 3%,
) tg 5 ) ctg 51 5

Kakue 3HaYeHHSA MOXKET NMPHHAMATH:
. 23
1) cos 0, ecau sino = —5—;
2) sin o, ecau cos o = —L;
V5
3) sin o, ecaH cos o = g;
4) cos o, ecaH: sino = ——Jl—_?
3
MoryT S OAHOBPEMEHHO BHINOJHATHCA DABEHCTBA:
1) sinu=lntgu=L; 2) ctga:ﬂ mcoso =37
5 J24 3 4
Ilyers 00 — OAMH W3 YIJIOB NIIPAMOYIOJBHOIQ TpPEYroJIbHHUKA.
g : 210
Haiita cos o 1 tg o, eciau sino = T
JokasaTs TOXAECTBO:
1) (1 —cos a) (1 + cos o) = sin? a;
2) (1 - sin o) (1 + sin o) = cos? a;
. 2 2
1-sina 1-cos?a
+sin? o = 1; 6) S
1+ tg'2 o 1+ ctg2 o
YOpocTATE BHIpaKeHHEe:
1) coso-tg oo — 2 sin o 2) cos o — sin o - ctg o]
3) sinfa . 4) cos?a :
1+ cosa l-sina

17
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467

YupocTATh BhIpaXKeHHE M HAWMTH ero 3HavYeHHe:
s 2
sin“a -1 n
1) ———— mpE &=
1-cos“a 4

2) cos? o + ctg? o +sin @ mpu a = E;

3) 12 -1 npu a:%;

4) cos’ o+ tg? e ctg’? @ + sin o mpm o =

.

=
3

468 [loxasaTh TOXJECTBO:

469

470

471
472

473
474

1) A-sinfa)(1+tg?0)=1;
2) sin? o (1 + ctg? o) — cos® o = sin® o.

VuopocTHTE BhIpaKeHHe:

1) (1+tg2a)cos’*a—1; 2) 1 -sin® o (1 + ctg? a);
1+ tg?

3) 1+tg2o+———; 9) —=—.

sinfa 1+ ctg’a

JloxasaTe TOXIAECTBO:

1) (1 - cos 2a) (1 + cos 2a) = sin® 20;

2) sine-1_ __ 1 .
0082 o 1+sina

3) cos® o — sin* o = cos? o — sin? o

4) (sin? o — cos? o)? + 2 cos? a sin® o = sin* a + cos* o3

sina +l+cosu= 2 .
l+cosa sin a sin o
sing _ ltcosa
l—cosa_ sina

H LA+ _—=1;

1+ tg¥a 1+ctg’a -
8) tg? a - sin® a = tg? a sin® o.
HaiiTi 3HaYeHMe BLIpa’KeHHH Sin ¢ cos 0, eciaH sin o — cos o = 0,6.
HaiiTn 3HayeHHe BHIPDAXEeHHSHA cos® o — sin® a, ecnm cos o -
—sin o =0,2.
HaBecTHO, 4T0 tg 0 + ctg o = 3. Haiitn tg® o + ctg? o

Pemuth ypaBHeHHE:

1) 2 sin x + sin® x + cos® x = 1;

2) 2sinfx+3cos’x-2=0;

3) 3 cos® x — 2 sin x =8 — 3 sin® x;

4) cos? x —sin® x = 2 sin x — 1 — 2 sin® x.

2

KoHTpoJibHBIE BONIPOCHI:

3akoHunTe npeaioxkenne: «CHHYC U KOCHHYC MOTYT IPUHUMATh 3HAYEHUS ... ».
CdopmynupyiiTe OCHOBHOE TPUTOHOMETPUUYECKOE TOXKIECTBO.

Cdopmynupyiite hopmyIbl, CBSI3bIBAIOIINE TPUTOHOMETPUYECKHE (DYHKIIUH.
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NPAKTUYECKOE 3AHATUE
CuHnyc, KOCHHYC, TAHT€HC U KOTAHT€HC YIJIOB 0! U —&
eJsb NPaKTHYECKOT0 3aHATHS
Hay‘-II/ITLCH CBOJAUTH BBbIYHNCICHUC 3HAUCHUH CHHYCa, KOCHUHYCA, TaHICHCA W KOTaHI'CHCa
OTPpULATCIIbHBIX YIJIOB K BBIYUCIICHUIO UX 3HAYCHUU IJIA ITOJIOKUTCIIBHBIX YIJIOB.

MeToanyeckuii MaTepuasl
H3ydaemblie BOIPOCHI:

1. CuHyc, KOCHHYC M TaHT€HC YTJIOB & U —A.
PaccMoTpuM eIMHUYHYIO OKPY>KHOCTB B MPSAMOYTOJIBHOM CUCTEME KOOPIUHAT
yA
. —— Ml
sin a
o P (1;0)

: 4 S
\ ON_qg cosa x

in (—o
sm(\)__ i1,

Touka M; nomydena noBoporom Touku P(1;0) Ha yron a , a touka M, Ha yron —a. Touku My u M, Oyayr
CUMMETPUYHBI OTHOCUTENBHO Oocu Ox, Tak Kak ock Ox aenut yroi £M;0M, nononaM. 3Ha4uT, y 3TUX
TOYEK OJIHA U Ta ke abcuucca. Mbl 3HaeM, 4TO a0CIMCCa TOUKU HA €IUHUYHOM OKPYKHOCTH 3TO KOCUHYC
yria. 3Hauur,

cos(—a) = cos e,

OpauHaThl TOUEK MPOTUBOMOJIOMKHBIE YKCIa. A Tak KaKk OpJIMHATa TOUYKH HAa AMHUYHON OKPYKHOCTH 3TO
CHUHYC yIJIa, TO

sin(—a) = —sin e,

TanreHc yria - 3TO OTHOLIEHHME CHHYyCa yIjla Ha KOCHHYC YIJIa, & KOTAHI'€HC yIja - 3TO OTHOLIEHHE
KOCHHYCa yIiia Ha cunyc yria. [lonydaem ¢popmyisl

tg(—a) = —tga,

ctg (—a) = —ctgoa.

PaBeHcTBa MTO3BOISIOT CBOAWTH 3HAYCHHA CHHYCA, KOCHMHYCA, TAHI'CHCA W KOTAHI'CHCA OTPHULATCIBbHBIX
YIJIOB K BBIYHUCJICHUIO UX 3HAUCHUH JJIS TIOJIOKUTCIIBHBIX YIJIOB.

IIpakTHYeckas 4acThb

BelyunTe OCHOBHOE TPUTOHOMETPUUECKOE TOXKIECTBO.

BelyunTe 3aBUCHMOCTD M@Ky CHHYCOM, KOCHHYCOM, TAHT€HCOM U KOTAHTCHCOM.

[TpocMoTpuTe BUCO MaTepuaia Mo ceblike: hitps://resh.edu.ru/subject/lesson/4735/main/199278/.
Brimonnure TPCHUPOBOYHEIC 3alaHusA B BUC TeCcTa 110 CCBIIIKE:

https://resh.edu.ru/subject/lesson/4735/train/199282/.
5. Pemmnre 3amaun;

PowpnhPRE
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475 BriuncauThb:

1 cos[—%)sin(—ﬁ]+tg[—%]; 2) Lg("—}]

3

3) 2 sin (—E]cm[—£)+tg(_5]+sin2 (_IEJ;
6 6 3 4

4) cos(—n) +ctg [—g]— sin (—52’- n]+ctg (—42);

6) 2 sin (—%J +3+7,5 tg(—ﬁ]+écosg .

476 YnpocTUTh BHEIpA’KEHHE:
1) tg (o) cos o + sin o; 2) cos o — ctg o (—sin o);
3) cos {—;1) + s.mzt—u).

cos“o —sin“a

4) tg (-0) ctg (~a) + cos? (-o) + sin® a.

477 BeiuucanTh:

2—sin2[—£}+ 0032(—5)
6 3/ .
2 cos (—E]+ sin(-EJ
3 6
2) ﬁSin(*EJ-—zc‘tg(—E]+4c0§[-—§ KJ.
3 4 2
478 VYnpocTHTHL BhIpa:KeHue:

1 sina(—a)+ cos? (—a), 2) 1-(sino + cos {—0{))2
1-sin(-a) cos (-a) —sin (-a)

1)

479 JloxasaTb TO:KAECTBO:
1) cos o sin (6x — a) - (1 + ctg? (o)) = ctg (—);
1-sin?(-a) _ sin (o -2n)

=ctg o.
cos (4n-0) 1-cos?(-u) =
480 Pemwurts ypaBHeHme:
1) sin (~x)=1; 2) cos (-2x) = 0;
3) cos (-2x)=1; 4) sin (-2x)=0;

5) cos? (—x) + sin (—x) = 2 — sin? x;
6) 1 - sin® (=x) + cos (4% — x) = cos (x — 2n).

KoHnTpoJsbHbBIE BONIPOCHI:
3akoHuuTE Npemiokenne: «CuHyc OTpULATENIBHOTO YIUIA ... ».

3akoHuuTe npeaioxenue: «KocuHyc oTpUIaTeIbHOTO yIa ... ».

3aKoHYHNTE MMPEATIOKCHHUC: «Tanrenc OTpULATCIIBHOTO yIjia ... ».

> w0 e

3aKoHYUTE MMPECAJIOKCHUC: «KoranreHc OTpULATCIIBHOTO YyIJjia ... ».
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NPAKTUYECKOE 3AHATUE
DopMy.Jibl CJI0KEHUS
eJqb NPaKTHYECKOT0 3aHATHS

VY3HaTh, 4TO TaKOE TPUTOHOMETPHUECKUE (POPMYJIbI CHHYCA, KOCUHYCA, TAHT€HCA CYMMBI U Pa3HOCTH
apryMeHToB. M3 3Tux (opMyI1 BEIBOISTCS MPAKTHYECKH BCe (POPMYIIBI TPUTOHOMETPHH.

MeToan4yecknii MmaTepuas
N3yyaeMble BOIPOCHI:

1. @opMyIbl CUHYCA CYMMBI U Pa3HOCTH apryMEHTOB; KOCHHYCAa CYMMBI M Pa3HOCTH ApryMEHTOB;
TaHI'€HC CYMMBI U PA3HOCTU apryMEHTOB.

2. [TpeoOpa3oBaHue TPUTOHOMETPUUYECKUX BBIPAKEHHUI HA OCHOBE MCIIOIB30BaHUS (POPMYIIBI CHHYCA,
KOCHHYCa, TAHT'€HCA U KOTAHI€HCA CYMMBbI U Pa3HOCTU apI'yMEHTOB.

3. Brruncnenue 3HaueHUs TPUTOHOMETPUYECKHUX BBIPAKEHUH Ha OCHOBE (POPMYJIBI CHHYCA, KOCHHYCA,
TaHI€HCa U KOTAaHI'€HCA CYMMBI U PA3HOCTH apryMEHTOB.

4. Jloka3arenbCcTBO TPUTOHOMETPHUECKUX TOXKIECTB Ha OCHOBE (OpMyINbl CHHYCA, KOCHHYCA,

TAHI'CHCA U KOTAHI'CHCA CYMMBI U Pa3HOCTU apr'yMCHTOB.

PaCCMOTpI/IM CAMHUYHYIO OKPYKHOCTD B HpHMOYFOHbHOﬁ CUCTCMC KOOPpAHAT xOy

A

M,., M,

Touka Ma nNOMydeHa MOBOPOTOM TOUKU Mo(1;0) Hayron a« ,aToyka Mg Hayron -g W
TOYK@ M.,z Hayron (a+pg)

Yrnbl  M,0M.., W M_gOM. paBHbl, OTPE3KM OM, = OMa = OM..;=0M_s=R . 3Ha4uT, TPEYrONbHUK
M,OM.,; PaBeH TPEYroNbHWKY M_O0M. , CNEAOBATENBHO Y HUX OQWMHAKOBbIE CTOPOHBI M M.,z W
MaM__.s

Tak KaK CUHYC 370 opfiUHaTa TOUYKW Ha e MHUYHON OKPYXHOCTU, a KOCHUHYC eé abcumcca, TO TOYKU UMEDT
KOOPOWHaTEI

Ma(cosa;sina)
M_s(cos(—f);sin(—5))
Ma,s(cos(e + £) ; sin(a + ) )

MoacTaBMM KOOPAMHATbI TOMEK Mg Ma,M_s W M., B HOPMYNY ANA HAXOXAEHNA PpacCTOAHMA MeX Ay
HUMM. Monyynm:
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(MM..s)? = (MaM_.)?
(1—cos(a+ 8))? + (0 —sin(a + £))? = (cos(—f) — cosa)? + (sin(—fF) — sin a)?

Mpeo6pasyem Nesyko YacTb, UCNONb3Ys GOPMYbl KBajpaTa CyMMbl M PasHOCTU ABYX BblpaXXeHWi 1
TPUrOHOMETPHYECKUE TOXKAeCTBa:

1—2cos(a+ B)+ cos?(a+ ) +sin’(a+ ) =2 —2cos(a + f8)

MpeobpasyeM NpaByko YacThb:

(cos B —cosa)? + (sin f — sin a)?
=cos?’f —2cosfcosa +cos®a +sin’ B +2sinasinf + +sin’ @
=2 —2cosffcosa +2sinasinf.

CoeJMHUM NEBYH M NPaByr YacTu:
2—2cos(e+ f)=2—2cosfcosa+ 2sinasinff.
Paspenum Ha (—2) Kaxaoe cnaraemoe :

cos(a + ) = cos B cos & — sinasin §.

Monyunnu Gopmyny KOCUHYCa CyMMbI.

3aMeHUM  Bra-f W YUTEM,UTO sin(—a) = —sina , MOAYYMM HOPMYNY KOCUHYCa PasHOCTM
cos(a — ) = cos fcos a + sinasin f.

JoKaXem, UTo  cos(90°— ) = sina.

Tak Kak cos90°=0 , sin90°=1 ,TO MO (GOPMYSIE KOCUHYCAa PAa3HOCTH MONy4aeM:
cos(90° — ) = cosff cos90° + sin 90°sin
cos(90°—f) =sinB. 3aMEHUM Braa, NONYYUM
cos(90°— a) = sin a.

Tak, HanpUMep, cos23°=sin67° ,MOTOMY YTO  67°=90° —23°

OdokaxeM, YTO  sin(90° —a) = cosa

MoACTaBUM B DOPMYNY  cos(90°— B) =sinf  3HAYEHWE B= 90°—a , MONYYUM:
cos(90° — (90°— &)) = sin(90° — &)
sin(90°— @) = cos

,ﬂ.ﬂﬂ TaHredHca v KoTaHreHca Toxe cnpasegiMebl ¢OpMyﬂb|

tg(90°— a) = ctga

ctg(90°— a) =tga
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BbiBeaemM hopMyny crHyca CyMMbl U PasHOCTM:

sin(a + £) = cos(90°— (a+ p)) = cos((90°— ) — B))
=cos(90°— w)cosP + sin(90°— w)sin f = sina cosff +cos asinff

sin(a + ) = sinacos § + cosasin B
B aTOi popMyne 3aMeHuM S =—F W NoAy4Yum hopmMyny cCUHyca pasHoCTHU:
sin(e — ) = sinacos f — cosasin

sina

[INA TaHreHca ToXe ecTb (hopMyNia CyMMbl 1 pasHOCTU. 10 ONpefieNeHnto  tga =

COsa

sin(e +f) sinecosf +cosasinf

Tornatg (e+p)= , pasgenum YUCNnMTenb M 3HaMeHaTe/lb Ha

cos(a + ) h cos S cosa — sin a sin 5.

sinacosf , cosasinf
cosacosfi ' cosasinf

cos @ cos f ucoxpam - -
cosfcosa  sinasinf.

cosacosfi cosacosf

tga +tgf
t g
[ Ionyuaem (.T.)Dp MYyny TaHreHca CyMmMmbl g (x+ B) 1 _tgatop

[Nna KoTaHreHca CyMMbl M PasHOCTU NPUMEHSIIOT HOPMYIIbI:

_ ctgactgf — 1

ctg («+B) = ctga + ctgf
ctgactgff + 1

cgla—B) = —————

ctga — ctgff
Wrax, popmyIisl ciioKeHus:
cos(@— ) =cosacos f+sinasin
cos(a+ f3) =cosacos f—sinasin
sin( — f) =sina cos f—cosasin

sin(a + f) =sina cos f+cosasin

1ga+1g ‘tea —cle
1g(g+ﬁ)=g7‘1’ﬂ ('lg(a~/i)=M
l-1ga-1gp I+ctga-ctgf
ga—1g | y
Ig(a—ﬂ):‘gim (»rg(a+ﬂ):w
l+iga-1gf l-ctga-ctgf

3agavua 1 BrraucaaTs cos 75°.
» Ilo dopmyre (1) maxozmm
cos 75° = cos (45° + 30°) = cos 45° cos 30° ~
— sin 45° sin 30°=%.ﬁ_£.lzﬂ_ 4

2 2 2 4
3amenus B dopmysre (1) B ma —f, momyaum

cos (a0 — B) = cos a cos (—P) — sin « sin (—p),
OTKY/A
cos (oo — B) = cos a cos P + sin o sin . (2)

3anaga 2 BeraucanTe cos 15°.
» Ilo dopmyne (2) noxygaem
cos 15° = cos (45° — 30°) = cos 45° cos 30° +
+ sin 45° sin 30°:%-§+ﬁ- 1 —M. <

2 2 4



1.
2.

IIpakTH4yeckas 4acThb

BBIy‘II/ITe 3aBUCHUMOCTBE MCXKY CHHYCOM, KOCHHYCOM, TAH'CHCOM H KOTAaHI'CHCOM.

[IpocmoTtpuTe BUJICO MaTepuaia

https://resh.edu.ru/subject/lesson/4734/main/199309/.

3.

Bremomaute TPCHUPOBOYHLBIC 3aJaHus B BUIC

https://resh.edu.ru/subject/lesson/4734/train/199313/.

4.

481

487

488

489

Pemure 3a1aun:

C nomonpio GOPMYI CHOXKEHUA BRIYUCIHTD:

1) cos 135°; 2) cos 120°; 3) cos 150°; 4) cos 240°.
BrIUHCIHTE, He NMOJBL3YACE TAGIHIAMH:

1) cos 57°30’ cos 27°30’ + sin 57°30" sin 27°30";

2) cos 19°30’ cos 25°30° — sin 19°30’ sin 25°30’;

3) cos % cos LT _ gin T% gjp 117,
9 9 9
4) cosa—ﬂcos£+sing—“sin£.
7 7 7 1

BriunciuTE:

1) cos(§+u], ecnm sino=-— m Ocucg;

V3

2) cos(ot—f), €CJaH COSOL=—= H §<a <.

1
3
YnpoCTUTE BHIpa:KeHHe:

1) cos 30 cos o — sin O sin 30
2) cos 5B cos 2B + sin 5B sin 2B;

HafiTi 3HaYeHHe BHIpAXKEHHA:
1) sin 73° cos 17° + cos 73° sin 17°;
2) sin 73° cos 13° — cos 73° sin 13°;

3) sinéﬁcos~n—+sin}—cos—5—x;
12 12 12 12
4) s'mucosl-s'micosﬂ.
12 12 12 12
BriuHcaHuTE:
1) sin(u+£], ecIH cosO=-3 @ W <o < 3%,
6 5 2
2) sin(f—u], ecaH sinu=—‘§ H §<a <T.

YIOpOCTHTEL BLIp&XKEHHE:
1) sin (o + B) + sin (—a) cos (—B);
2) cos (—a) sin (-B) - sin (o — B);

3) cos (%—u] sin (g—[ﬁ)— sin (o - B);

4) sin (o + B) + sin [g—a) sin (—-B).

Briupeants cos (0 +P) m cos (o —P), ecam sino:=7§,
3q <ou<2m, m sinB:i, 0<Pp<E.

2 17 2

Briumenurs sin (oo — B), ecxam cos o =-0,8, —’25 <O <®|, u

——E, ﬂ<[3<3—“.
13 2

24

8(0)

TCCTAa

110

CCBIJIKE:

CCBIJIKCE:


https://resh.edu.ru/subject/lesson/4734/main/199309/
https://resh.edu.ru/subject/lesson/4734/train/199313/

492 JloxasaTh TOKAECTBO:
sin(a+p) tgo+tgh
sin(a-B) tga—tgp’
cos (-B) _ ctgo-ctgh +1 .
cos (. +P) - ctgu-ctgﬂvl'

3) cos(g+a): l?—(cosa—sina);

4) M:ctg p-tga;

cos o sin f§
5) cos o cos B = % (cos (o + B) + cos (a — B));
6) sin asin f = % (cos (o0 — B) — cos (o + P)).

493 BuiypCIHTH:

(F3 3an

. IE_ g2k
1 tg29°+ tg31° 2) e e )
1-tg 29° tg31° 1+ te 1% 12 3%
6 Ei6

3) 1+ tg10° tg55° " 1-tg13° tgl7°
tg 55° — tg10° tg17° + tg13°

494 BurIYHCIHTH:
1) tg (o + B), ecom tga=—g u tgP=2,4;

2) ctg (0. —B), ecam ctglx:% u ctg p=-1.

KoHTpoJsibHbBIE BONIPOCHI:

Haiinute pemenne ypaBHenus u3 npomexxytka [0; 90°]. OTBeT 3anumure B rpajaycax.

1. cos 0,34z cos 0, 66z — sin 0, 34z sin 0, 66z = 1

OTeet:

2.sin7,3zcos6,3x —cos6,3zsin7,3z =1

OTBeT:

3.
cos 67x cos 66z + sin 67z sin 66z =
OTBeT:

4o AT 4 7 1
51N 11:1:(305 11$+COS 11.’1.‘51]1 11:1!— B)

OTeeT:
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HNPAKTUYECKOE 3AHATHUE
CuHyC, KOCHHYC, TAHTE€HC JIBOWHOIO yrJja
eJb NpaKTHYECKOT0 3aHATHS
HayuuThcsi cBOOUTH BBIYHMCICHUE 3HAUYEHUN CHHYCa, KOCHMHYca, TaHI€HCa W KOTAaHIeHCa
OTPULATENIbHBIX YIJIOB K BHIYMCICHUIO UX 3HAYEHUH JJIS OJIOKUTENbHBIX YIJIOB.

MeToanuyeckuii MaTepuaJl
W3yuaeMble BOIIPOCHI:

1. ®opMmyJbl CUHYCA, KOCUHYCA, TAHT€HCA U KOTAHI'€HCA ABOMHOIO apIyMEHTa.

2. [Ipeobpa3oBaHre TPUTOHOMETPUUYECKUX BBIPAKEHUH HA OCHOBE HCIOJIb30BaHUS (OPMYIIBI
CHUHYCa, KOCUHYCA, TAHI'€HCA U KOTaHI'€HCa ABOWHOIO apryMEHTa.

3. Boruncnenne 3HayeHHM TPUTOHOMETPUYECKHX BBIPAKEHUI Ha OCHOBE (DOpMyNbl CHUHYCA,
KOCHHYCa, TAHI€HCAa U KOTAaHI'€HCa ABOMHOIO apryMEHTa.

4. Jloka3aTeNnbCTBO TPUTOHOMETPUYECKUX TOXKIECTB Ha OCHOBE (POpPMYJbl CHHYCA, KOCHHYCA,
TaHI'€HCa U KOTaHI€HCa JIBOMHOr0 apryMeHTa.

5. Pemenne ypaBHeHUl ¢ UCTIOIb30BaHUEM (POPMYJIIbI CHHYCA, KOCHHYCA IBOWHOTO apryMeHTa.

PaccMOTPUM BblpaXeHWe  smsm2e . [peAcTaBUM 2« KaK a«+a W NOACTABUM B hOpPMYNy CUHYyca
CYMMbI. Monyymm:

(& + ) =sinsine coscosw +coscosa Sinsing = 25N sina o5 CoO5 & = 5insin 2a (1 )
=25insin a cos cos d

3Ty hopMyny HasblBaOT CUHYC ABOMHOro apryMmeHTa.

Hanpumep, sinsin96° = 48° coscos48® . B 9TOM C/lydae 96° =2-48°

PaccMOTPUM BblpaXeHWe coscos2a ,TAE TAKXKE 2a=a+a .[IpUMeHAeM HOPMYNY KOCUHYCa CYMMbI:
(a + a) =COS5COS COSCOSE —SINSiNg SINSING =ad

Mony4ymnu GopmMyny KOCMHyca A BOMHOIO apryMeHTa coscos2a =aa  (2)

Hanpumep, coscos74° =37°37°

TakkKak o =1a ,8 a=1-a ,TONONYYUM eLWE ABe GOPMYNbl KOCUHYCa IBOMHOIO aprymMmeHTa.
coscos 2a = 1o (3)
coscos2a =a —1 (4)

PaccMOTpUM BblpaxeHne tg 2« U ¢ MOMOLLbIO OPMYNbl TaHreHca CYMMbI BbiBefieM hopMyny
TaHreHca ABOWHOro yrna. MoOMHUM, YTO  2a¢=a+a . [lONyYaem:

tgo +tgoe  2igo

tgla =t + = =
g2a = tgla+a) 1—tgatga 1-—a

2tga
tg2a =
gia 1

,rae 1-a=z0 (5)

—a

[lna KoTaHreHca AIBOMHOIO yrna npumMeHsemM Gopmyy:

a—1
ctg2a = ctga rpe ctga =0 (6)

2tg(2)
.

Hanpumep, tg(25—ﬁ) =
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®opmynbl (1)-(6) MOXHO UCMONb30BaTh KaK CieBa Hanpaso, Tak U cnpaBa Haneso. ApryMeHTOM MOXeT
6bITb HE TONBKO Yros, Ho U Nto6oe BblpaxeHue. Hanpumep,

2sinsin (45° + ) coscos (45° + a) = (45° + &) =sinsin(90° + 2a) =cos2 a

[okaxxeM Gopmyny ans TpoitHoro yrna.

MpeacTaBUM  3a=2a+a . [0 GOpMyne cUHYCa CyMMbl NONYYNM:

(2o0+a) =a coscosa + @ sinsin=

(ucnonbsyem GopmMynbl ABONHOIC apryMeHTa)

2sinsinea+ (e a) sinsing =

2sinsinaga +a sinsing —a = 3sinsinaa —a

(npumeHsiem GopMyny  « = 1a)

3sinsing (la) —a =3 sinsina —4a.

Monyunnu GopMyny CMHyca TPOMHOrO yrna:

3a

=3sinsina — 4a. (7)

MOXHO JloKa3aTb, YTO KOCMHYC TPOWHOro yria BbluucnaeTca no gpopmyne:

coscos 3o =4a — 3 coscos o . (8)

IIpakTH4yeckas 4yacThb

1. BblyunTe OCHOBHOE TPUTOHOMETPUUYECKOE TOXKIECTBO.
2. BelyunTe 3aBUCHMOCTE MEKy CHHYCOM, KOCUHYCOM, TAHT€HCOM W KOTaHI€HCOM.
3. IIpocmoTtpuTe BUJIEO MaTepuaia o
https://resh.edu.ru/subject/lesson/3489/main/292742/.
4. Brmonaure TPECHUPOBOYHBIC 3aaHuA B BHUJIC TECTa 10
https://resh.edu.ru/subject/lesson/3489/train/292746/.
5. Pemmre 3agaun:
BripasuTh CHHYC, KOCHHYC HJIM TAHIEHC, HCHOJAB3yA (HOPMYJIEL
ABoiivoro yriaa (498—499).
498 1) sin 48°; 2) cos 164° 3) tg 92°; 4) sin %“; 5) cos 5?“
499 1) sin(£+0‘.); 2) sin(£+B]; 3) cos (E—ot):
2 4 2
4) cos (% +a]; 5) sin oy 6) cos a.
BuluncauTh, He HCOONAB3yH KaaskyaaTtop (500—502).
500 1) 2 sin 15° - cos 15% 2) cos? 15° — sin? 15°;
2 tgls° o . o0y2
T 4) (cos T5° — sin 75°)°.
1-tg215°
501 1) 2 sin E.cos E; 2) cos? & —sin? &,
8 8 8 8
2tgl vz 2
3) —2; 4) —-2-—[(!08£+Ei11£) .
1—tg? & 2 8 8
. 8
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CCBIJIKE:

CCBLIKC:


https://resh.edu.ru/subject/lesson/3489/main/292742/
https://resh.edu.ru/subject/lesson/3489/train/292746/

502 1) 2 sin 75° - cos 75°% 2) cos® 75° - sin? 75°%;

6 tg75° 4 tg?22°30' -1
1-tg?75° tg 22°30"
503 BrruncanTte sin 20, ecan:
)sina=3ulca<n; 2) coso=-2 un<a<3E,
1 2 5 2
504 BrruucauTe cos 20, ecaH:
1) cosot=—4-; 2) sinaz—g.
5 5

505 Briumcauts tg 20, ecaum tg oo =0,5.
YupoctuTs seipaxesue (506—507).

506 1) 2 cos 40° - cos 50°; 2) 2 sin 25° - sin 65°;
3) sin 20 + (sin o — cos o)?; 4) cos 4o + sin? 2¢.
507 1) sin 2a : 1+ cos 211-
(sino + cosa)a-—l 1-cos 2a

508 [TokasaTh TORAECTBO:
1) sin 20 = (sin o + cos w)® — 1;
2) (sin o — cos o)® = 1 — sin 20

3) cos* o — sin? o = cos 20; 4) 2 cos® o —cos 20.= 1,
509 BuuncauTs sin 20, ecan:
1) sina+cosu=%; 2) sinafcosazfé.
510 [Joxa3aTs TOMHAECTBO:
1) : cos 2a — —ctgo—1 2) si.r.12a—2lc:sa:_2 ctg @
sSIino cosa + sIin“ o sing — sIn“ o

- 2 in2
3) tg o (1 + cos 20) = sin 205 4) 1-cos2at sin2a OHSTn u-ctg{I:l;
1+ cos2a + sin2a
a-2 cosau](2 sinzor.—l)

4 sin®«a cos?a

5) =ctg? 20

6) 1—231n2[§—%]=sin0.; 7y _SinetsinZe _ o

1+ cos & + cos 2o

511 [loxa3aTe TOMAECTBO

.9 2 22 sin [u = E]
sin- o cos™ o = 4
cosa(l+ctga) sino(l+tgm) sin 2o :
512 PemuTs ypaBHEeHHE:
1) sin 2x - 2 cos x = 0; 2) cos 2x + sin? x = 1;
3) 4 cos x =sin 2x; 4) sin® x = —cos 2x;
5) sin Zcos £+ 1 =0; 6) cos? £ = sin? X,
2 2 2 2

KoHnTpoJibHbIE BONIPOCHI:

2sind .
Me1.  Habigute i a,ec.nu sin2a =07
Tcos2a
N2, a) 445111]?1-0 -cos 140 . 6 Tl(]Smllﬁil - 12sinl14 .
sin 280 sin82 -sinf§ cos37 -cos33
Me3 tiin”’—’rr cm”—;r
o 12 12
19(sin” 84" —cos’ 84 R s
Ned. g (sln cos ) . 6 ﬁws‘%—ﬁsin‘ 137 .

cos 168 8

Me5.  Hadigwte a) 98cos2er, ecnm cosa = %; 6) —37cos2ar, ecnu cose =—10,6.

Neb. Haiignte —18cos2er, ecam sing =—0,6,
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HNPAKTUYECKOE 3AHATHUE
Cunyc, KOCHHYC, TAHT€HC ¥ KOTAHT'€HC MOJOBHUHHOIO YIJia
eJb NpaKTHYECKOT0 3aHATHS
[To3nakomMuThCs ¢ hopMmynamu CUHyca, KOCUHYCa, TAHT€HCA U KOTaHI'€HCAa [TOJIOBUHHOTO apryMeHTa.

MeToanuyeckuii MaTepuas
N3ydaembie BOIPOCHI:

1. ®opmyIbl cuHyca, KOCHHYCA, TAHT€HCA M KOTAHT'€HCa [TOJIOBUHHOTO apryMEHTAa.

2. [IpeoOpa3oBanue TPUTOHOMETPHUECKUX BBIPAKEHUI HA OCHOBE HCIOJIb30BaHUS (HOPMYITBI
CHHYCa, KOCHHYCa, TAHTCHCA ¥ KOTAHT'€HCA MOJOBUHHOTO apryMEHTa.

3. Pemienue ypaBHeHHS C UCTIONIBb30BaHUEM (POPMYIIBI CHHYCA, KOCHHYCA TIOJIOBUHHOTO apTyMEHTA.

CerogHAa Mbl y3Haem (DCZ!DM}I’J'IbIJ nosponAvnwme Ham no U3BeCcTHbIM 3HA4YEHWAM  sina;cosa
e o e

(4
tga nctga HaXoAUTb sin> | coso | tgsmcgs . VX HA3bIBAIOT GOPMYIbI NONOBUHHOMO

aprymeHTa.
MoBTOpKUM GOPMYNY KOCHHYCa ABOMHOIO apryMeHTa  cos2a = cos?a —sin®a

A €CNU YYecTb, YTO cosla=1-sina W sinfa=1-cosia ,TO NONYYUM eLlLE ABE GOPMYNbI, KOTOpbIe
HaMm CerogHsa NoHago6aTCA:

cosZa=1-2sina W cosZa=2cos’a—1
Mpumep. a) HailTU  cos2a ,ecnM  sina =102
Bbl4MCNUM  cos2a N0 QOPMYyNe cos2a=1-2sin*a =1-2-0,2% =0,92.
6) HaWTW  cos2a ,€CNMU  cosa =—09
Bbluvcnum  cos2a MO GOpMYyne cos2e = 2cos’a—1=2-(—0,9)*— 1= 0,62

" o - a
3anuiem Gopmyny KOCMHyca ABOHHOO apryMeHTa B BUAE cos2x = cos’x —sin’ x U 3aMEHUM X Ha <. Toraa

e , ..
nonydymMMicosa = cos‘g—sin‘ > YYTEM, HTO
iy 4
cos‘z = 1—sin‘£ , nonydyaem

. 2@
cosa =1 —Zsm‘z

2sin“—=1—cosa
1_
sinzg =$ (1) bopMyna cuHyca NoNOBUHHOIO apryMeHTa.
o 4
3anuwem Gopmyny KocuHyca ABOIMHOTO yrna, rae  a=2-> B BUAE
"
cosa = 2cos"——1
2
L
2cos—=cosa +1
2
1
cos2E =22 F 1 (2) hopmyna KocMHyca NONOBUHHOIO yrAa.
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" o [ 4
Mo popMynam (1) v (2) MOXKHO HAATU  sin— UMM cos— , €CIM UBBECTHbI 3HAYEHUA  sina mma cosa U

nonoXeHweyrna « ,T.€.B KaKown KOOIJ,EI,HH&THDFI HYETBEPTK OH HaxoauTcA, yTO6bl onpenennTb 3HaK
a a
BblpaxeHna sinz nnun cos—

3T hopMynNbl elLE UMEOT HasBaHue «(hOpPMYJSibl MOHMKEHUA CTEMEHMW», TaK KakK B NIEBOIA YaCcTU HaxoauTcs
BTOpas CTeneHb CMHYca U KOCWUHYCa, @ B NpaBoi — nepBas, T.e. CTeneHb NoHU3WNack. Ho 6yabTe
BHUMaTESbHbI: CTENEHb NOHUXXAETCSA, @ apryMeHT y/[iBauBaeTCs.

46°+1
Hanpumep, c05223"=¥
3 - a a a
I'Ipvlmep.MSBeCTHO,LITD cosa=0,4,§ﬁaﬁ2ﬂ . Hanpute Sinz , cos> ; tgg
a . 1- 1-04 . L@
1) sinZ  HailAéM no dopmyne: sinzg=$= =03 ; sin;=1/03

3 3
Mo ycnosuio ;{ w<2n .Pa3genus o6e YacTu HepaBeHCTBa Ha 2, Monyyaem T”{%{ x ,3HauuT

a . " a
yron 3 BO BTOPOW YETBEPTW, 3ECE CUHYC NONOKUTENBHBIW. sinz =403

a - 1 04+1 o
2) cosy ;HalpEm no popmyne coszg=$= 2+ —075= , cos==1%075=2+05V3

a " . @
Mbl y>Ke BbIACHWUIW, YTO yron 3 BO BTOPOW YETBEPTU, KOCUHYC OTPUUETENBHbBIW. cos— = —0,5V3.

@ sin% 0,3
3) TakK KakK TaHreHc aTo oTHOLleHWe CHUHYCa Ha KOCKWHYC, TO tgz = 2= 0 5\;@: —24/0,1.
coss —0,
2

BbiBeaeM GopMyny IS TaHreHca NoNOBUHHOIO aprymMeHTa. s 3Toro pasaenum neByro YyacTb GOpMyJibl
(1) Ha nesyto YacTb hopmynbl (2) U NpaByto YacTb Gopmynbl (1) Ha NpaByto YacTb hopmMynbl (2).

. o 1—cosa L2
sl E T S E 2(1 .
2= 2 __  COKpaTUM Ha 2, ¥ yYuTbIBas, 4To =1g2= , MOMYYUM:
cos?®  cosa+1 coszZ 2
2 2 2
1_
g’ =—_"%  dopMyna TaHreHca NOMOBUHHOrO aprymeHTa (3).
2 cosa+l
o 1 1+ cosa
TaK Kak KOTaHIeHC 3T0 YMCNO, B3aUMOOGPATHOE TaHTEHCY, TO 83 =1 @ =1 coeq
2

k" 24 (4 ™
Mpumep. Hantn g5 M ctgs , €C/IM USBECTHO, YTO  cosa=—06 W —<a<m
1—cosa 1+ 06 1,6
Mo dopMyne (3) HaXOOUM g2 = = - ==
bopmyne (3) A B T osatl —06+1 04

a . .
=4 ,d th =12. Hanpem nonoxeHwe yrna
o]

>

™
MoycnoBuio S<a<= (pasgenim Ha 2)
T a . ” a a_ _
< 3 yron 3 B NEepBOW HETBEPTW, TAHIEHC MONOXUTENBHbIN, tgi =2 ,a ctg— = =05

o o (3
BbiBeZeM (popmyny, M0 KOTOPOM MOXHO HAITH sina Yepes tz-.

o o a
Ansi 3TOro UCMoNb3yeM pOpMyNy CUHYCa ABOMHOTO YI/a  sin2x = 2sinxcosx , 3aMEHUB B HEM X Ha -

a @ a_2sincos3 YTEM,YTO 1= sin’> +cos’> ,TO
sinrx=sin(2-5)=251nzcos§=f Y ’ T smgTees o,

Mony4yaem
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. a
Zsmi coso
sina =

, paspgennmmMm YUCNUTENDL U 3HaMeHaTENb Ha coszg , nonyyaem.

Y L
sin“s +cos*5
2 2

a
2tg o
sing = 725: (4)
1+ tg? 7
a

r

BbiBefeM hopMyny NS cosa YEPE3 tgg, MpumeHUM GOpMYNy KOCUHYCa ABOMHOTO YrNa, TAe a = 2(5)

L L coszg—sinzg, cos:%—sinzg La
cosa = cos®— —sin®—= = i T pasgennum HUCNUTENE M 3HaMeEHaTENb Ha cos”—, NONYy4YaeMm.
2 2 1 sin? 5 + cos?3 2
1_thE
cosa =73 (5)
1+tng

" o
Mpumep. HailTh  cosa ,ecnu  tg5 =2

1—22 1-—4
Mo gpopmyne (5 = =" __ 06
(popmyne (5)  cosa 1+22 1+4
. 2tga a .
Ecnu B hopMyne TaHreHca ABONHOIO yrna tg2e = 1_71‘12“ npefcTaBuUTb a = Z(EJ, TO MONYYUM eLLE oaHY
2tga
" . a (24
hopMyny, No KOTOPOI TaHreHC yrna « MOXXHO HallTK Yepes TaHreHc yrna > tga=—22a
1—-tg<5
Z

C nomMoulbo floKa3aHHbIX Ha 3TOM YpPOKe (IJOIJMyJ'I MOXHO HE TOJIbKO BbIHNCNATE 3HAYEHWA Bblpa)KBHHFI,
HO W YNpoLWwaTk BblpaxXXeHWA, AOKa3biBaTk TOXAECTEBA W PEWATE TRPUTOHOMETPUYECKUX ypaBHEHHﬁ.

Mpumep. [lokasaTb TOXAECTBO 1-cosa tge
sin e 2
MpeacTaBUM  cosa = Coszg_ng ,a sina= Min%cos% , peo6pa3syeM NeByIo YacTb TOXAECTBa
2@ _ 2@ —cos?Z 1ginz®
1—Icosa, _ 1—(::05 az 51;1 2} _ 1 —cos I:}:2-1-51;1 3 Ho 1—coszf= sian 1o
sina Zsinicosj Zsinicosj 2 2
IIpakTH4yeckas 4yacTb
1. BoryuuTe Gpopmysibl MOJIOBUHHOTO YTIJIa.
2. [Ipocmotpute BHJICO Marepuaia 13(0) CCBIJIKE:
https://resh.edu.ru/subject/lesson/3887/main/199371/.
3. BeimonauTe TPEHUPOBOYHBIE 3aJaHus B BHU/JIE TecTa 110 CCBUIKE:
https://resh.edu.ru/subject/lesson/3887/train/199375/.
4, Pemure 3agaun:

514 HaiiTH 4HclIOBOe 3Ha4YeHHE BhIDAX(EHHA:

1) 2cos? E—1; 2) 1-2sin2 &;
8 12
3) .Jzé»fz sin? 15°; 4) —%-r?cos" 15°.

515 Ilyetb cosa=0,6 u 0 <q < % BEIYHCIHTD:

1) sin &; 2 g, 3) tg % 4) ctg <.
]31n2 )cos2 )tg2 )cg2
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https://resh.edu.ru/subject/lesson/3887/main/199371/
https://resh.edu.ru/subject/lesson/3887/train/199375/

516 Ilyers sin o= 3 a X <o <n. Buuucants:
1) sin &; 2) cos &; 3 e, 4) ctg 2.
) sin = ) = ) tg = ) ctg 2
017 BruIuHCAHTH:
1) sin 15°; 2) cos 15° 3) tg 22°30"; 4) ctg 22°30".
518 VinpocTHTh BHIpa)kKeHHe:
1) 1-.cosr;:; 2) sin a . 3) 1—c052a+sin2u;
sin o 1+ cos 1+ cos 2 + sin 2a
4) 1+cm34|1; 5) 1+c_032a+sin2u;
sin 4 sin o + cos o
6) (1 —cos 2a) ctg a.
Hokasate Tomaectso (519—520).
519 1) 2c032(1‘-—EJ= 1+ sin o 2) 2 sinz(i—ﬁ] =1-sinq;
4 2 4 2
3) 3—4cu@2a+cos4u:=tg‘a; 4)1”f“2“+°°52“=ctga.
3+ 4 cos 20 + cos 4 1+ sin 2a - cos 2a
520 1) L% g =1 2) 2 g
sin 2a 1+ cos 2«
- in2 - i
1-2sin"a _1 tgu.; 1) l+sm2a=tg(£+u}
1+sin2c 1+tgo cos 2a 4
521 [oxasaTs, uro ecim 0 <ot <§, To 1+sina — /1-sina=2 sin%.
2
522 VYinpocTHTH BHpaykeHHe 4@9———.
tg da-tg 2a
523 PemwuTs ypaBuerHe:
l}l—cosx=2sin§; 2)1+cosx=2cos§;
3) 1+cos§=2sin(:—}—%); 4) 1+cos8x =2cos4dx;
5) 2sin2§+§sin2x=l; 6) 2coszx~-;-sin4x=l.
KoHTpoJibHbIE BONIPOCHI:
MaBecTHo, YTo cosax = 0,810 < a < g
Haiinute : 8in S :cos & tg S ctg S
ﬂ\ ' 2 bl 2 ] g 2 ? g 2
T)Sing
a
2)003(?
3)t95a
4)ctg§
A /0,1 1 2
5.4/0,9
1
B. 3
r3

f1.2,/0,2
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HNPAKTUYECKOE 3AHATHUE
DopMyJibl NPUBEICHUSA
eJb NpaKTHYECKOT0 3aHATHS

[Toznakomuthcst ¢ (QopmyiaamMu IPHUBEICHUS U HAYYUTHCA UX MPUMEHSTHh NPU YHPOIICHUU
TPUTOHOMETPUUECKUX BBIPAXKEHUM, PELIEHUMM TPUTOHOMETPUUYECKUX YPABHEHMHM M J10Ka3aTeIbCTBaX
TOX/IECTB.

MeToanuyeckuii MaTepuas
N3ydaembie BOIPOCHI:

1. @dopMyITbI TPUBEICHHUSI.
2. MHEMOHHYECKOE MPABUIO i (POPMYIT IPUBEACHHUS.
3. [IpeoOpa3oBaHne TPUTOHOMETPHUYECKUX BBIPAKCHUH HAa OCHOBE HCIIONB30BaHHS (HopMys
MIPUBEICHUS.
4. Brruuciienue 3Ha4eHUN TPUTOHOMETPUIECKHUX BBIPAKCHHI HA OCHOBE ()OPMYJT TPUBEICHHUSI.
5. Jloka3aTelbCTBO TPUTOHOMETPUIECKHE TOXKISCTBA HAa OCHOBE (POPMYJT IIPUBEICHUSI.
6. Pernienue ypaBHEHMsI ¢ UCTIOIB30BaHUEM (DOPMYIT TIPUBEICHUSI.
AnA BbluMcneHna yrnos Gonblie 90 °  UCNONb3yT GopMybl NpuBeAeHUA. OHM NO3BONAIOT CUHYC,

KOCWHYC, TaHI€HC WM KOTaHreHc pasnuyHbIX YrNoB NPUBOANTL K OCTPbIM yriam.
Npumep: BbIYUCNIUTL  cos750° WM sin750°
lMNpenctaBUM YMCNO 750°=720°+ 30°= 2-360°+ 30°

PaccmMoTpuM Touky A(1;0) Ha e AMHUYHOWN OKPY>XHOCTH. MpK NOBOPOTE BOKPYT Hayana KoOOpAMHAT Ha yron
750° OHa cAenaeT 2 NoJHbiXx 060poTa  2-360° W eLLE MOBEPHETCA Ha yrol  30° . MepemMecTUTcs B

- 1
TOYKY B, B KOTOpYHO Morna 6bl NnonacTb, cAaenae NoBOPOT Ha yron  30° . 3HA4YMT, sin750° = sin30°=5

J

1

w

{
cos750° =cos30°= %

ATaK KaKk 750°=2-360°+30° ,TO sin(2-360°+30° =sin30° , cos(2-360°+30° = cos30°

KOnuuyecTBO MoMHbIX 060POTOB N0 360 © MAMMO 2r  MOXET BblpaXXaTbCs N06bIM LiENbIM YACIOM
k, KaK MoNoXuTeNbHbIM, Tak U OTpULaTeNbHbIM U HyNéM. Mpu noBopoTe Touku A(1;0) Ha yron  (a + 2xk)
,raek €z nonydyaercs Ta ke camasi TOYKa, YTO NPU NOBOPOTE Ha Yyron  «

PucyHoK 1 — TOYKM A 1 B Ha e AMHUYHON OKPY>KHOCTH
CnpaBeanvBbl paBeHCTBa:

sin(x + 2wk) =sine ,[Ae¢ keZ |, cos(a+2nk)=cosa ,IAe keZ
33



MycTb Touka A(1,0) nepemecTUnack B TOUKY B4 NpW NOBOPOTE Ha YyroN  « =145° W B TOYKY B npu

NnoBOpOTE Ha yron  45°  (puc. 2).

PUCYHOK 2 — TOYKU A, B, B1 Ha € JMHUYHOW OKPY>KHOCTK

3anuiieM 145° B BWUJE: 145°=180°—45° . Ha €[JMHUYHON OKPY>KHOCTU TOYKU By U B CUMMETPUYHbI
OTHOCUTENbLHO ocK Oy, 3HAYUT UX OpAMHATbI (CUHYCbI) paBHbl, aGcuMcebl (KOCUHYCbI)- MPOTUBOMOJOXHbIE

qyucna.
[MO3TOMY  sin145°= sin45° ,@ cos145°= —cos45°
A Tak KaKk  145°=180°—45° |, TO  sin(180°—45°% = sin45° ,  cos(180°— 45°% = —cos45°
MoMHWM, YTO 180°=x ,TOrfa sin(m — 45°) = sin45° cos(m —45%) = —cos45°
[JoKaxem, UTo ANS BCeX YINI0B  «  CnpasBefiuBbl (oOpMyIbl:

sin(mw— &) = sina

, cos(7T — @) = —cos

Bocnonb3ayemcst GOpMynoit CUHYCa M KOCUHYCa Pa3HOCTU:  sin(r — a) = sinm cosa — sin @ cos
M3BECTHbIE 3HAYEHUA  sinm=0,cosmw=—1 B (GOPMYJY, NOSTyHAEM:

sin(t—a)=0-cosa—sina-1=sina
sin(m—a) =sina (1)
cos(w — &) = cosmcosa +sinwsina = —cosa
cos(m—a) = —cosa (2)
AHanornyHo fokasbiBaroTca GopMynbl:
sin(m+a) = —sine  (3)
sin(7+a)=cosa  (4)
sin(5 +a)=—cosa  (5)
sin (g ~a)=cosa (6)
sin (32_“_ «)=—cosa (7)

cos(m+a) = —cosa (8)
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9T hopmynbl HasbiBaloTCs GOpPMynaMu NPUBELEHUA 4/ CUHYCa M KOCUHYCA.

BbiBegem (IDO[JMYHI::I ONA TaHredHca, UCNonb3ya ero onpeaeneHne

sina

tga =

cCos

Hanpém tgla +m)

sinfla+w) —sina
tgle+m)=————== = tga
cos(ea+m) —cosa
sin(e—m —sin(mr —a —sina
ta(a —m) = ( ) = ( ) = = tga
cos(a—m) cos(r—a) —cosa

tgla +m) =tgla—n)=tga
Mony4yaem opMynbil ANA TaHTEHCa U KOTaHreHca:
tgla+nk)=tga ,TA€ keZ W cglatnk)=cga ,fAe kez (13)
tg(F+a)=—ciga  (14)
()= cza (15)
tg(sz—n—a)=—ctga (16)
tg(z—n+ a) =ctga (17)

Mpumep: BbluMCINTE tg(iz_”)

1
Mpeobpasyem BbipaXeHWe B CKOOKe - ==

w() =+ D) =u(f)=1

O6paTuTe BHUMaHKWE, 4TO BCE 3T (HOPMY/bl CBA3bIBAMT CUHYCbI C CUHYCaMM WM KOCUHYCaMK, a
TaHreHCbl C TAHreHcaMu WK KoTaHreHcamu. B oJHWX ciy4Yasax CMHYC MEeHSAETCA Ha KOCMHYC M HaoB0opoT, B
Apyrux — HeT. Tak, Hanpwumep, B popmynax 1,2,3,8 u 13, rae B NeBoM 4aCTW NPUCYTCTBYKOT 7, CMHYCb,
KOCWMHYCbI M TaHFEHCbl HE MEHSAOTCH.

e ris
B ocTanbHbix hopmynax, rie B 1eBOV 4acTv NPUCYTCTBYIOT - WK ?“ , CUHYC MEHsieTCs Ha

KOCUHYC U HA0BOPOT, @ TAHreHC Ha KOTaHreHc.
QopmMyn NpUBeAEHUA MHOTO U MX He 06A3aTeNlbHO KaXKAbli pa3s BbIBOAWTbL U 3aroMUHaTb.

[na aToro npyayManu MHeMoHUYecKoe npaBuno.
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1. ECnun B NeBo# YacTu NPUCYTCTBYIOT m.2m,3x U T.4. CHHYCbl, KOCUHYCbl U TAHMeHCbl H& MEeHAKTCA.

~ T 3
ECN B NIeBO# 4acTH MPUCYTCTBYIOT - MK 7“ , CUHYC MEHSeTCA Ha KOCMHYC, KOCMHYC Ha CUHYC,

TaHreHc Ha KOTaHreHc.

1.3HaK B npasoi'l HaCcTHU CTaBUM TOT XKe, KOTOprﬁ UMENO UCXOAHOE YUCIIO B NIEBOM HYacTu, Npu YCNoBHUH

T
D<a<—,
2

CyuLlecTBYyeT nereHfja Npo pacceAHHOro MaTeMaTUKa, KOTOprﬁ BCE BpemMA 3abblBan MeHATb UK He
MEHATb CMHYC Ha KOCHMHYC W1 HaD60p0T. OH CMOTpEJ Ha CBOHO COOﬁpGSMTeJ'IbHYPO nowajb U OHa KnBana

- u T 3
roioBoit BAO/b TOI OCH, TAe CTOSM UnCna o U ?“ , muzn . (puc.3)

7

"

Y
<

.

N,

)
¢

o
N
3

PUCYHOK 3 — «nNpaBuio nowapgn»

™ 3
Ecnu aprymMeHT cofepxan S ta  WH ?“i « ,NoWaib KMBana BAoNb ocu Oy. 3TO 03Ha4ano «Ja,

MEHATb». AeCNM  a+m , KUBana BOOJb OCK OX — «<HE MEHATb».

TakK e NoOMHUTe: YETHble Yicna Buaa 2w 4m,6m W T.0. HAXOOATCA Ha ock OX cripaBa OT Hynd Ha
eANHNYHOW OKpPYXHOCTH, a HeYeTHble 3w 57T W T. [. cneBa oT HYIA.

Ecnu B BblpaXXeHUW nepen  « CTOWT MJKOC, TO TOYKa NepeMeLLaeTca No OKPYXHOCTH no yacoBoW
CTpesiKe, eC/ii CTOUT MUHYC, TO MPOTUB YaCOBOM CTpPeNKe.

MpuMepbl U pa36op pelLeHUs 3ajaHuii TPEHUPOBOYHOro Moy NA

Mpumep 1: yNpOCTUTE BblpaXeHWE  cos(8lm — a)

81r HaxoauTcd Ha ocu Ox, cneBa OT HYNA, KOCUHYC HE MeHAeM. Nepel « MWHYC, TOUKa
NMepeMELLaETCA NPOTUE 4acoBoMn CTPENKE M Nonafga€T BO BTOPYH YHETBEPTL, 3ECb KOCUHYCbI

oTpuuaTenbHble (pUc.4)

81m ¢ 80m




PUCYHOK 4 — nepeMellleHue TOUKM Mo eANHNYHOIA OKPYXXHOCTU

3HaunT

cos(8lm—a) = —cos(a)

MpuMep 2: BbIYUCTINTE  sin {4%”).

Mpeo6pa3yeM BblpaxKeHUe B CKOBKe: —= + X 7ﬂ+g . 7= Haxo#MTCcA cneBa Ha ocu OX, CUHYC

43n_42n T
T 6 6

He MeHAeM. Yron B TpeTbEﬁ YETBEPTH, CUHYCbI OTPUUAaTENBHbIE.

sin (%) =sin (?ﬂ + g] = —sin (g] = —%_

1.
2.

IIpakTnyeckasi 4acThb
Beryuure ¢popmysbl npuBeieHUs.
IIpocmotpure BUJICO Marepuaia o

https://resh.edu.ru/subject/lesson/3490/main/199402/.

3.

Bremomaute TPECHUPOBOYHELIC 3aJaHus B BUIC TECTAa

https://resh.edu.ru/subject/lesson/3490/train/199406/.

4.

525

526

527

528

529

Pemmure 3amaun:

Brrumenurs ¢ nomMomsio opMyasl npusenenus (525—526).
1) cos 150°; 2) sin 135°; 3) ctg 135°%; 4) cos 120°%
5) cos 225°% 6) sin 210°; 7) ctg 240°; 8) sin 315°.

5m, . Tx, 5w, b,
1) tg—}l - 2) sm—e, 3)coe—3, 4) ctg—3,
. _13= |, _T=m ). _2m ). _Tn

5) sm( e }, 6) cos( Y ] 7 tg[ 0 ) 8) ctg( i )

YupocTuThk Bhipaxxenne (527—528).

ctg [SAQJ—tg(n+u)+sin(32—“—a]
1) ;

cos (m+ )

sin (T —a) + cos (§+a]+ctg(1t—u)

(2 '
. 3an n
, “‘(?*“J_‘g[z*“l

ctg (2 - ) sin{rc+c:)'

2)

sin2(1t+0'.)+ sinz(g - oc)

2) ctg (i’i-a)
cOo8 (ﬁ + U.) 2
2

BHIUHCAHTE:
1) cos 750°  2) sin 1140°%;  3) tg 405°%;  4) cos 840°;

. 4Tn 25n 2Tn 21n
5 —_ 6 = 7) ctg =—; 8 =
)sm6 )t.g'4 )‘:g4 )-‘.:os4
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CCBIJIKCE:

CCBIJIKCE:


https://resh.edu.ru/subject/lesson/3490/main/199402/
https://resh.edu.ru/subject/lesson/3490/train/199406/

530 HaiiTH 3HaYeHHe BHIpAYKEHHA:

531

532

534

535

1) cos 630° — sin 1470° — ctg 1125°;

2) tg 1800° — sin 495° + cos 945°;

3) 3 cos 3660° + sin (—1560°) + cos (—450°);

4) cos 4455° — cos (-945°) + tg 1035° — ctg (-1500°).
BeruncnuTh:

1) cos = 23z —sin — 15 ctg( 11x ].
4 4 2

25x 17=n 10x
2 —— |—tg —;
) sin == S cos[ P ] tg 3
3) sin(-Tn)-2 cos%—"—tg Zf;
4) cos(—9n)+ 2 sin (—%)—ctg (—%].

Hoxasats ToxxgectBo (932—533).

1) sin(i‘--&-a}—cos(z—a) 0;
2 o - ) oin 2
a5 4] (o)

«-)

|=
+
=}
S —
I
2

w oA
+
R
N—’

+
=]
~— =]

)
-
[/+]
[
=
-
+
=]
I
|
<]
=
R/ — —
+ = ﬁ_!
|5 )
E] |
N
-

1) cos(a—iaEJ=ms( ., ]

JlokaszaTk, 4TO CHHYC CYMME JIBYX BHYTPEHHHX YIJIOB TPEYIoJb-
HHKA PABEH CHHYCY €ro TPeThero yria.

Pemuth ypaBHeHHe:
1) cos(%—x):]; 2) sin(%+x} 1

3) cos(x—m)=0; 4) sin[x—E)—l
5) sin (2x +3x) sin (3:+3“)‘sin3xms21=*l;
6) sin(5:-%)cm(2:+4x)—sin(5:+ﬂ) sin 2x =0.

jlorcasa'rh, Y4TO BHIYMCJeHHe 3HaAYeHHH CHHYCAa, KOCHHYCA H TaH-
reHca aoGoro ¥rjaa MOMHO CBECTH K BbIYHCJEHHIO HX 3HAYeHHH

LNA yria, 3aKkJ0UY6HHOr0 B npomexyTke ot 0 go f.

KoHnTpoJibHbIE BOIPOCHI:

1.

CdhopmynupyiiTe MHEMOHHYECKOE MPABUJIO.

. c0s30°
.3

. $ing

tg0

c0s90°

¢ x
9y

. cos0°”

sin—
3

No apwNo

BrIumncinTe 1 COOTHECUTE C OTBETOM
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HNPAKTUYECKOE 3AHATHUE
CymMa U pa3HOCTh CHHYCOB H KOCHHYCOB
eJb NpaKTHYECKOT0 3aHATHS

[Toznakomuthcst ¢ Qopmynamu  ¢GopmylaMu, OCOOCHHO TMOJE3HbIMU JUIS  PEIICHUs
TPUTOHOMETPUYECKUX YPABHEHUM, TaK KaK OHU MO3BOJISIOT Pa30KUTh CYMMY HJIM Pa3HOCTh CUHYCOB
Y KOCUHYCOB Ha MHOKUTEJIH.

MeToanuyeckuii MaTepuas
N3ydaembie BOIPOCHI:

1. [Ipeobpa3oBaHre TPUTOHOMETPUUYECKUX BBIPAKEHUHN C MOMOIIBI0 (HOPMYII CYMMBI M PA3HOCTH
CHUHYCOB, KOCUHYCOB.

2. Boruncnenne 3HaueHUH TPUTOHOMETPUYECKUX BBIPDAKEHUNH Ha OCHOBE (OPMYIT CYMMBI H
pPa3HOCTH.

3. HOK&B&TCJ’IBCTBO TPUTOHOMECTPHUYCCKUX TOXKIACCTB HA OCHOBEC (bOpMy.]'I CYMMBI U Pa3HOCTH.

PaccMOTpPUM Bblpa)KeHne  sin(a +B) + sin(e—p) . C NOMOLLbIO QOPMYN CHHYCa CYMMbl M pasHOCTH
npeo6pasyem ero.

sin(a + 8) + sin(a— §) = sinacosff + cosa sin f + sin @ cos § — cosa sin § = 2sin @ cos
0603Ha4YMM  a+f =X ; a—f =Y . CNOXWM W BblYTEM 3TU paBEHCTEA.
(a+B)+(@a—B)=X+V
(@+th) — (=B =X-V¥
2a=X+Y¥Y

2B=X-¥V=X-V

24

X4V  X-V
==z =3

MoactaBuM B GOPMYIY CYMMbl CUHYCOB M PasHOCTM BMECTO anf  NONYYWBLIMECA BbIpaXKeHUs , a
BMECTO a+B=X a—f=Y

1

cos

) X+V X-V
[Mony4yaem: sinX+sinV = 2sin 5

dbopmyny cymmbi cuHycos. (1)

Mpumep: YNPOCTUTE BbIpaXKeHWe  sin24° +sin36° . MpumMersem dopmyny (1):

i i 24°+36°  24°— 36° i i 1 i
sin 24° + sin 36° = 2 sin 5 cos 3 = 25in 30° cos(—6%) = 2- 5cos 6° = cos6°

TaKk KakK  sin(—y) = —siny , TO U3 QOPMY/bl CYMMbI CUHYCOB NOAYYUM QOPMYNY PasHOCTU CUHYCOB,
3aMeHMB ¥ Ha -V

sinX —sin¥ = 2 sin

X‘ycosxf 2)

Tak KaKk sin(—y) = —siny , TO U3 (POPMYJbl CYMMbl CUHYCOB Nony4Ynm GopmMyy pasHOCTU CUHYCOB,
3aMeHMB Y Ha -V
X-V X4V (

2)

sinX —sinV = 2 sin cos 2

Mpumep. YNPOCTUTE BblpaXXeHWe  sin108°—sin12° . [pumMeHaeM dopmyny (2):

- - 108° —12° 108° 4127 - N 1 -
sin 108° — sin 12° = 2sin 2 cos 3 = 258in96%cos 60" = 2 -Esin 96"

= cos 67
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AHanornyHo fokKasbiBaeTca opMyna CyMMbl M Pa@3HOCTU KOCUHYCOB:

X+V¥ X-V¥
ki (3)

cos
2

cos X+ cos¥ = 2cos

X+V X-V
LY (4)

sin
2

cosX —cos¥Y = —2 sin

Mpumep. MNMpeacTasbTe B BUAE NPOU3BEAEHNA: cosi—z+ coss?TI

Mpumetrsiem dopmyny (3):
5w 5w S5t 5w 5t 5w 15w 5
cos—+ cos— = 2 cos (— + —) cos (—— —) = 2cos (—) cos (——)
12 6 24 12 24 12 24 24
157 5w 5w 5w
= 2 cos (—) cos (—) = 2cos (—) cos (—)
24 24 8 24
1
ﬂpumep. 3anuwuTte B BUAE nponsBefeHnA BblpaxmeHne 3~ cosa

60°+a 60°—a
sin—

1 1
Tak Kak c0560°=£ , TO E—cosa=c0560°—cosa=—251n

Mpumep. PellnTe ypaBHEHUE:

sin13x —sin3x =0;

13x —3x 13x+ 3x
2 sin 3 cos 3 =0 ,

2sin5xcos8x=0 |

sin5x=0 mwm cosB8x=0

Fis

S5x=nk , 8x=z+ﬂk;

Tk T wk
= — r = — i r

5 16 8

b3
otger: ™ ; Z 4+ ™,
5 16 8

Mpumep. MNpefcTaBbTe B BUAE NPOU3BEAEHWUA BbIPaXXEHNE  sina +cosa

B popmynax (1)-(4) cknaablBaroTCA OAHOMMEHHbBIE BENUMUYMHDBI. B HalleM cnyyae HY)XXHO KOCUHYC
rs
3aMEHWTb Ha CUHYC C MOMOLLLIO GOPMY/bl NPUBEAEHNUS  :cosa = sin(z— a) .

i) i)
at+(z— a]cosa—(i—a]
2

T T T
sina +cosa = sin a +sin (E_ cz) = 2sin =2 sinzcos (cx _Z)

= 2cos(a—z)

Mpumep. NpeacTaBbTe B BUAE NPOU3BELEHUA BbIPaXXeHUE  tza + tgf.

sina@  sinf sinacosf + cosasinf

Mcnonbsya onpefeneHua TaHreHca, Nonyyaem: tga +tgh =

cosa cosfS - cosacosff

B YMCKMTENE 3annucaHa d)opmyna CUHYCa CyMMbl CMNpaBa HaneBo, 3Ha4YunT

sin(a + )

cos acos f§

tga +tgf = . Mo aToi hopmMyne MOXHO HaXOAUTb CYMMY TaHI€HCOB.

Mpumep. HaTn  tgi10° + tg70°

sin(110°+70°%) sin 180° _
cos110°cos70° cos110°cos70°

Mcnonbsyem LOKasaHHOE Bbllle PaBeHCTBO:  tgl10®  + tg70° =

[NA pelleHnss HEKOTOPbIX 3aAay, HanpuMmep Npu M3y4eHun KonedaHwid, Heo6XxoaMMo Npeo6pa3oBbiBaTh B
Npou3BeeHNe CYMMY Takoro BUJa: Asinx +Bcosx
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PaCCMOTpMM Bblpa*eHWe. sinx+ V3cosx , €CIH YMHOXWUTE U pasfennTb Ha 2, TO ero 3Ha4yeHue He
1 T

1 3
M3MEHWTCA U NPUMET BUA: Z(ESinx+%_cosx) , 3@8MEHMM KO3 PULMEHTDI, Y4UTbIBaAA, YTO = cosz a

™ b3 rs
V3_ sinT ,MMOONYYMM 2 (cos§sinx+ singcosx) , B CKOBKax hopMyna cuMHyca CyMMbl, T.€. 2 sin(g +x)
2 3

a b3
Mocne npeo6pasoBaHUii MONYUMIM  sinx +V3cosx = 251n(x+§)

BblpakeHWe Buaa Asinx+Bceosx (B A@aHHOM cnyvyae A=1, B=+3 ) NPeAcCTaBUIu B BUAE
b3 o
Csin(x+p8) ,roeC=2, g= 3 - MOXHO MPOBEPUTL, 4HTO  C*=A*-B* |, JeUCTBUTENbHO A? + B?
12443 =1+3=4= 22 = (2 . OT0 He cnyyaiHo. ECNu BbIpaXKeHWe Asinx +Bcosx  PasfieNnTb U

A . B . AZ BZ AZ +B2 Cz
YMHOXMWTb Ha C, TO NONy4nUM C(Esmx+6cosx) e

=1

@ @ -

3HayuT, Nnapa 4yncen

af

H% YOOBNETBOPAET YPaBHEHMIO OKPYKHOCTM  x2 +y2 =1

C UEHTPOM B Ha4dane KoopauHaT U pagunycom 1. Aato 3Hau4uT, 4YTO TOYKa C KoopauHaTtamMu
A B - . A
(E; E) NEXKMUT Ha eAUHNYHOW OKPYKHOCTMW. T.e. eé a6CL|,Hcca 3TO KOCHHYC, E= cosf ,dOpPAWHaTa-

B
CUHYC, E=sin3

A B
Monyyaem:  Asinx +Beosx=C (Esinx +Ecos x) =C(cosfsinx+sinfcosx) =Csin(x+ ) ,FA€ c=+A24+B?

# HasblBalOT BCNOMoOratenbHbIM apryMeHToM. A paBeHCTBO:

Asinx+Bcosx=Csin(x+8) (5) GOpPMYNOi BCNOMOraTeNbHOro apryMeHTa:

sin & +sin S = 2sin a;ﬁcosa;ﬂ
sin & —sin f = 2sin a—ﬂcosﬂ
2 2
cosa +cos ff = 2cosa;'gcosa;ﬂ
cosa —cos ff =-2sin a+ﬂsin #
sin(a + f) + sin(a — )
sinacosf = 2 )
cos(a + f) + cos(a — f3)
cosacosf = 2 s
cos(a — ) —cos(a + f3)
sinasinff = > :
IIpakTHyeckas 4acThb
1. Beryuute GpopMynsl CyMMBI U pa3HOCTH.
2. [IpocmoTtpuTe BUJIEO MaTepuaia o
https://resh.edu.ru/subject/lesson/4238/main/107830/.
3. Brinmonnute TPEHUPOBOYHBIE 3aJ[aHus B BUE TecTa o
https://resh.edu.ru/subject/lesson/4238/train/107834/.

4, Pemmmre 3amaun:

537 VupocTHTh BhIpajkeHHe:

1) sin[g+a)+sin[§—o‘.); 2) cos(f—[i)—cos(ﬁwLB):

4
3) sin? (5 + u) - sin? [E - a); 4) cos? [{1 - E) - cos? {u + EJ.
4 4 4 4
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CCBIJIKE:

CCBLIKCE:


https://resh.edu.ru/subject/lesson/4238/main/107830/
https://resh.edu.ru/subject/lesson/4238/train/107834/

538 BoruucauTs:

539

541

542

543

544

545

1) cos 105° + cos 75%; 2) sin 105° — sin 75°;
3) cos L1 4 cos 2%; 4 SIEE L
) 12 12 ) cos 1z P’
. Tn SHRE :
9) sin — - —; I i N
) T sin &t 6) sin 105° + sin 165°.

IIpeo6pasoBaTk B NpoM3BEJeHHE:
1) 1+2sino; 2) 1-2sino; 3) 1+2cosa; 4) 1 +sinao.

IlokasaTh TOMAECTBO:

sin o + sin 3o sin 2 + sin 40
1) —————=tg 205 2) ————— =ctga.
cos 0+ cos 3 cos 20 — cos 4a

YnpocTuTs BhlpakeHHE:
2 (cos o + cos 3a) 1+ sin o — cos 2a — sin 3a

] 2) .
2 sin 2a + sin 4a 2sginfa+sina-1

JloxasaTe TOXAECTBO:
1) cos* o — sin? o+ sin 20 = V2 cos [2& - f);

2) cosu+ms[g:-;3+a)+cos (%-u]:ﬂ;

sin 2a + sin 5o — sin 3a .
3) =2sinao.
cos o + 1—2 sin? 2a

BanucaTe B BHJe MIPOU3BENeHHA:
1) cos 22° + cos 24° + cos 26° + cos 28°;

2) cos = + cos I +cos Sy
12 4 6
sin (. + B)
Iokasars ToxaecTBo tg o + tg = —————— W BBHIYMCIHUTE:
cos o cos P
5n Tn
1) tg 267° + tg 93°; 2) tg—+tg —.
) tg g ) g = g 12
PaznoxuTr Ha MHOMHTEIH:
1) 1 —cos a+ sin o 2) 1 -2 cos o + cos 20;
3) 1+sina—coso—tiga; 4) 1+ sin o+ cos o + tg o.

KoHTpoJsibHbIE BONIPOCHI:
1.

2
3.
4

Cdhopmynupyiite GopMyiay CyMMBbI CHHYCOB.
Chopmynupyiite hopMyay pa3HOCTH CHHYCOB.
Chopmynupyiite popmyiay CyMMBbl KOCUHYCOB.

Cdhopmynupyiite popMyiny pa3HOCTH KOCUHYCOB.
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IMPAKTUYECKOE 3AHSTHUE
TpuroHomerpuyeckue ypaBHeHuUs!

eJb NpaKTHYECKOT0 3aHATHS
Hayuutbcs pemarts NpocTenilne TPUroHOMETPUUECKUE YPABHEHUS .

MeToanueckuii MaTepuas

W3yuaeMble BOIIPOCHI:
Pemenne ypaBHeHUs COS X = a JyIsl TAOTMYHBIX 3HAYCHUH.
ApPKKOCHHYC 4HCIIa, IPOCTEUILINE TOXKIECTBA C APKKOCHHYCOM.
Pemenue ypaBHeHuUs COS X = a Il NPOU3BOJIBHBIX 3HAYCHUH.
Pemenue ypaBaenus suia cos(kx + b) = a.
Pemenue ypasuenus Buna (k cosx + b)(mcosx + a) = 0.
Pemenne ypaBHeHus Sin x = a a1 TaOTUYHBIX 3HAYEHUH.
ApKCHHYC yucia, IPOCTEHIINE TOKIECTBA C APKCUHYCOM.
Pemenue ypaBHeHus Sinx = a 11 IPOU3BOJIBHBIX 3HAYCHHM.
Pemenue ypaBuenus Buza sin(kx + b) = a.
Pemenue ypasuenus suna (k sinx + b)(msinx + a) = 0.
Pemenne ypaBHeHUs tg x = a i TaOJIUYHBIX 3HAYCHHM.
ApKTaHreHc yucia, MpOCTEHIINE TOKIECTBA C ADKTAHT€HCOM.
Pemenue ypaBHeHus tg x = a 1y MPOU3BOJIBHBIX 3HAYCHUM.
Pemenne ypaBuenuns suna tg(kx + b) = a.
Pemenue ypaBuenus uga (ktg +b)(mtgx + a) = 0.

©ooNo kLN

e Y ol
abrwdE O

ApPKKOCUMHYCcOM Yucnam (lm| <1) Has3blBaeTcd Takoe YUCNO O, YTO: cosa=m W O0ZLa<m

APKKOCHHYC YMCNla m 0603HAYaoT.  arccosm

PelueHne TPUroHOMETPUYECKOT0 YPaBHEHUSA cosa = m Ha MNEPBOM aTare LenecoobpasHo BbIMOHATL C
UCMONb30BaHWEM TPUIOHOMETPUYECKON OKPYXXHOCTU. M3 pUCyHKa BUAHO, YTO MPU |m| > 1, TAKUX TOYEK
HeT, NpU Im| = 1, Takaa ToYKa ofHa, NPU |m| < 1, TAKUX TOUEK [BE.

2 Y
ms-1
m<-1 -14m<0

(0:1)

0<m<]l

m=1 | 51

I [ | J(l:ﬂ]‘ g

PUCyHOK 1 — ToYKM nepeceyeHusi NPsiMOiA X = M C TPUrOHOMETPUYECKON OKPYXXHOCTBHO

/
PaccMOTPUM pellieHNe YPaBHEHUA  cosq = ”2_

Mpamas = % nepecekaeT TPUrOHOMETPUYECKYHO OKPY)KHOCTb B [IBYX TOYKaX:

M(T/6) 1 N(-T/6).
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(0;1)
“M(w/6)

(.
| M

IK(-n/6)

PWCyHOK 2 — PelleHue ypaBHEHUA  cosa = ?

Touka M(/6) cooTBeTCTBYET BCeM Yncna Buila g+ 2k, k €Z
Touka N(-1/6) cooTBETCTBYET BCEM Yucna Buia —g +2nk keZ

TakKMM 06pa3som, pellieHUe ypaBHEHUA  cosa = ? MOXHO 3annucaTb Tak:

m
a:+g+2nk,k (=94
™
OTBeT: a=to+2mkk€Z

YTo6bl yMETb pellaTh ypaBHEHWE cosa=m [N MPOU3BONbHbIX 3H@YE€HWI M, BBOAMTCA NOHATWE
apKKoCHHyca.

ApKKOCHHYCOM YyuUcna m (Im] £1) Ha3blBaeTCA TaKoe YUCNO U, YTO: cosa=m WU O0<a<n
APKKOCUHYC YUCna m o803HaYvatoT:  arccosm

,ﬂlﬂﬂ jm| =1 cos{arccosm) = m

ECNMU  cosa=m W 0=Za=<n ,TO arccos(cosa)=a

[Ba NpocTeillnx ToxAecTBa ANA apKKOCUHYCa.

. cos{arccosm) =m ONA noéorom: |mj<1
. arccos(cosa) =a /1A NNOBOMO C: 0 < a< m

M3 pycyHKa BUAHO, YTO  arccos(—m) = m— arccosm

TM-arccos m arccosm
m /

\\/

PHC)’HOK 3 — CBA3b MeXJay  arccos(—m) ] —arccosm
PelweHunem YPpaBHEHWUA cosa=m ABNANOTCA BCe YMCIa BUa

o =tarccosm+ 2wk, k€ Z
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Ne1.PelinTe ypaBHEHNE  cos(2 — 3x) = cos(4x —5)
B oTBET 3anuULIMTE HaMMeHbLLIWA NONOXUTENbHbIA KOPEHb.
PelweHune:

2—3x=4{4x —5)+ 2nkk€Z

[2—3x—4x+5—21rk=0

2 _3x+4r—5-2mk=0F %

[?x—?+21rk:0 kez

x—3-2nk=0"'

[J;:l—Z‘n:k

—342m €2

Mpu k=o nonydaem [‘=]

Mpu yBENMYEHUM 3HaYeHW k 3HaueHe NepBOro KopHs 6yAeT oTpullaTeNlbHbIM, @ 3Ha4eHWe BTOPOro
KOpHA 6yOeT yBeNMYUBATLCA.

Mpu yMEHbLUEHUN 3Ha4yeHui k sHayeHwne NnepBoOro KOpHA ﬁy,EI,E'T YBENWMYMBATbCH, a 3Ha4YEeHWE BTOPOIo
KOpHA 6)I’,ELCT oTpulaTenbHbIM. [103TOMY HaMMeHbLUEE NONOXUTENbHOE 3HaYeHUe KopHA 1.

OTBeT: 1

1 -
Ne2.PelnTe ypaBHEHUE  cos(x? —4x +;—r) =5 . OnpepenuTe, CKOMbKO PelLEHNIt UMEET 3TO ypaBHEeHMe Npu:

OTBeT: 4
1. k=2
OTBeT: 4
PeweHue:
3anuilem pelleHue AaHHOro ypaBHeHWa B BUAE:
x2—4x+f—+f+2nkkez
4 —3 ’

3
xz—él-x—E—an:U

Torpa: I kEZ
x2—4x+§—21rk=0

T
=2+ —
x=2% 4+12+21rk
keZ
=2t 4—?—ﬂ+21rk
r=e= 12

MepBoe ypaBHEHUE UMEET peLleHune, eCNU 4+f—2+znkzn .ToeCcTb  k=z-—-= , UM k=0
7
BTopoe ypaBHeHWe MMEET peLleHUne, ecy 4—£+2nk20 .Toectb kz=— -2 WM k=0

MoaToMy NpM k=0 YpaBHEHWe GyeT MMETb 4 pelleHnus, anpu k<0  HW OJHOTO.
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ApPKCHMHYycOM YMcnam  (Im| =1) Ha3bIBAeTCA Takoe YNCNO O, YTO: sme=m W —

SR

ApPKCHUHYC YyMucna m 0603Ha4arT:  arcsinm

3aMeTUM, UTO TaKoW NMPOMEXYTOK ANA o 6epeTcA NOTOMY, UTO CUHYC Ha OTpe3Ke [—g; g] NPUHUMaET
BCE& CBOW 3HAa4Ye€HWA POBHO NO OQHOMY pasy.

M3 onpepeneHvsa cneflyet, uto And  |m| <1 sin(arcsinm) =m
C ApYyrov CTOPOHbI, €CIM  sina =m 4l —g Za Sg , TO  arcsin(sina) = a.
TakuMm obpasom, nonydyaem ABa NPOCTENLUUX TOXAECTBA AN1A apKCHHYyca.

1. sin(aresin m) = m ANA TKO60M0 M: |m| <1
2. arcsin(sing) = a JIN1A NOGOTO € —> < a <

b

. TaK Kak sina siBNAeTCA abcumccor ToUkM M(a) KOOPAMHATHON OKPYXXHOCTH, TO /IS PELLEHUA YpaBHeHUA
sina =m HYXHO CHaJyana HaiTh Ha 3TOi OKPYXHOCTU TOUKM, UMEIOLLIME aBCLMCCY M, TO €CTb TOUKK
nepeceyeHUa OKPY»XHOCTH C MPAMOI X=m. EC/K [m| = 1, TO TAKMX TOUEK HET, €CAU |m| = 1, TO Takasd Touka
OfIHa, EC/IN |m| < 1, TO TAKWUX TOYEK [IBE.

m>1

(0:1) m=1

[ )

(107 X

m=-1

m<-1

[Tocne oTbICKaHWUA ATUX TOYEK HYXKHO HaWlTK BCe TaKkuWe Ynucna da, KOTOpPbIE COOTBETCTBYHOT 3TUM TOYKaM.
MHOXeCTBO Takux YUCEN U 6)(,El,eT pelWeHneEM YpaBHEHUA  sina =m

Mpumep.
Bbluncnuntb arcsin"{_g_
2

PelweHne:

b3 w
Tak Kak sh%:? MW —S=o<5 TO0 aeini"=

w) =

b3
OtBET. =
3
3apaHue.
BbIUMCINTD  aresin(—25)
2

OTBeT: —z

Ha pucyHKe nokasaHo, Kak cBA3aHbl Apyr ¢ ApYroMm Yyncnammu  arcsinm.

N3 pUcyHKa BUOHO, YTO  arcsin(—m) = — arcsin m.
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B\ M(arcsin m)

N(arcsin(- m))

3anuwem TENEPE C NOMOLWbH apKCUHYCa pEellEHWNE YPABHEHNA  sine=m

OAHUM U3 pelleHNIA YypaBHEHUA ABNACTCS YUCNO a=arcsinm . TAaK KAK  sin(m— o) = sina
m—arcsinm  TaKXe ABMAETCA pelleHNeM AaHHOMO YpaBHEHUA.

Toyka Marcsinm) COOTBETCTBYET BCEM YUCNaM BUAA  arcsinm + 2mk,k € Z.
Touka A(m — arcsinm) COOTBETCTBYET BCEM YHMCNAM BMOE =m—arcsinm+ 2mkk € Z.

Takum oﬁpaaom, PELlleHUEM YpaBHEHUA sina=m ABMAKTCA BCe YMCNa BUa

_ [ arcsinm + 2mk *
R_Lr—arcsinm+2nk’kez ( )

Mpumep.
Pelwnm ypaBHEHWE  sina = —0,6
PeweHne:

TaK KaK  arcsin (—0,6) = —arcsin0,6 , TO M0 Hopmyne (*) nonydaem:

_ [ —aresin0d,6 + 27k
a= [n + arcsin0,6 + Zm’c’k €z
3w ﬁ
PaccMOTpUM pelleHne ypaBHeHUA sin(zx - T) ==
PeweHwne:
Tt onk
- T
3 3im_|3
arcsini_:E ,MO3TOMY  2x——==|5 kez
2 3 —+ 2nk
3
3r w 13m
S t3t 2mk -z 12 k
Otciopa  2x= 3ﬂ+2ﬂ+2 k,kEZ LM 2x = 17ﬁ+2 k,kez
g 3T 12 "
13w
g"‘ﬂ.’k
Torpa «x= 17H+ k,kez
24 "
13w
—+ 7wk
OorBeT: x=|2* Jkez
24 T

ApPKTaHreHcoOM 4YMcna m HasblBaeTcA TaKoe YUCO O, YTO:  tga=m U —g < a <g

APKTaHreHec yncia m 0bo3HavyaroT..  arctgm
APKKOTaHreHCOM 4Yucna n HasblBaeTcA Takoe YACMNO O, YTO:  ctga=nul<ag<m

ApPKKOTaHreHc yucna n 0603HaYaroT:  arcctgn.
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PellieHMe TPUroHOMETPUUECKOr0 YpaBHEHWUS Tg a= m Ha NepBOM 3Tane LenecoobpasHo BbINONHATE C
MCMNOSb30BaHWEM TPUTOHOMETPUYECKON OKPYXKXHOCTW. 13 pUcyHKa BUAHO, YTO Npu |m|>1, Takux Toyek
HeT, Npu [m|=1, Takaa TouKa ofiHa, Npu |m|<1, TaKWX TOYEK ABE.

PUCYHOK 1 — TOYKH nepeceyeHus NPAMOIR Y = MX C TPUTOHOMETPUUECKOH OKPYXHOCTbIO
PaccMOTpuM pelleHne ypaBHEHUA  tga =+3
MpAmMas y=+3x nepecekaeT TPUrOHOMETPUYECKYHD OKPYXHOCTb B [IBYX TOUKEX:
M(T/3) 1 N(41/3).
PUcyHoOK 2 — PelleHWe ypaBHEHUA  tga =43
3TW TOYKM COOTBETCTBYHOT BCEM YMCNa BUAa §+nk,k £z
TakuM 06pasoM, pelleHne YPaBHEHWUA  tga=+3 MOXHO 3an1caThb Tak:
o= g +mnkkeZ
OTBET: a=Z+mkkez
PaccMOTpUM pelleHne ypaBHeHUA  ctga=—3
MpAmMas y=-3xr nepecexkaeT TPUrOHOMETPUYECKYHO OKPYXKHOCTb B ABYX TOUKaX:
M(51/6) 1 N(-Ti/6).
PucyHok 3 — PelleHne ypaBHeHuda ctga=  —/3
3TW TOYKM COOTBETCTBYHOT BCEM YMCNa BUAa %’H mik € Z
Takum 06pa3oMm, pelleHne YpaBHEHUA  ctga =—/3  MOXHO 3anucaTb Tak:

ST
:x=€+rrk,kEZ

) 5
OTBeT: a’:?ﬁ+nk,kez

YToBbl YMETb PELLATh YPABHEHUS tga =m W ciga =n  [J15 TPOM3BOMbHbBIX 3HAYEHMIA M 1 N,
BBOAATCA NOHATUA apKTaHreHca u apKKoTaHreHca.

ApPKTaHreHCoOM 4Yncia m HasblBaeTCA TaKoe YACNO O, YTO: tga=m W —;j < ﬁf<g
ApKTaHreHc ynucna m 0003HaYaroT.  arctgm

APKKOTaHreHCoOM Yucia N HasblBAETCA TAKOE YMC/O O, YTO:  ctga=n W O0<a<n
APKKOTaHIreHe Yucna n 0603HavYaroT:.  arcctgn

N3 onpepeneHnA cnegyer, YTo  tglarctem)=m WM. ctglarcctgm) =m

EcniM  tga=m M —;< a<; , TO  arctgltza) =«

OBa I'IpOCTeleLIJHX TOXAECTBaA ANA apKTaHreHca.

. tg(arctg m) = m ANA N060ro m
. arctg(tg @) = a 151 IHOBOrO Q —g ca< g

EcniM cga=n W o0<a<m ,TO arcigltga) =«
OBa I'IpOCTeI:‘ILIJHX ToOXOecTBa ANA apKKoTaHreHca.

. ctg (arectg n) = n 115 IFOBOrO N
. arcctg (ctg o) =« A1 NHOBOM0 € 0 < a < w.

M3 pUcyHKa BUJHO, YTO  arctg(—m) = —arctgm
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PUCYHOK 4 — CBA3b MeX[Y  arctg(—m)marctg m

PelleHMeM ypaBHEHUA tga =m  ABNAKOTCA BCE YWCNa BUAa
a=arctgm+akk €Z

W3 pucyHKa BUHO, UTO  arcetg(—n) = = — arcctgn.

PUCYHOK 5 — CBA3b MeX Y  arcctg(-m) narccg m

1.PewnTe ypaBHeHWe  tg(2 —x) = tg(3x + 4)
B oTBeT 3annwuTe 3HadeHne k, Npyn KOTOPOM X 6yAeT HauMeHbLUIMM NONOKMTENbHbBIM YMCIIOM KOPEHb.
PeweHne:

2—x=3x+4+nkkeZ

4x=-2—-nkkeZ

x:—D,S—%k,kEZ

Mpu k=0 nonydaem x=-0,5

Mpu yBENMYEHNU 3HaYeHWIA k 3HaYeHUA KOpHSA 6yayT oTpulaTte/bHbIMK. [o3ToMy 6yaeM paccMaTpuBaTh
oTpuuaTenbHble 3HaYeHus K.

k=—1r=—05+; .TaKKaK :>> ,T0 —05+7>0

r.3
4 4
MpH YMEHbLUEHWW 3HAYeHWIA Kk 3HaYeHnA X 6yayT YBENUYMBATLCA.
Mo3aToMy MCKOMOe 3HadeHue k pasHo -1.
OTBET: -1
2.PelnTe ypaBHEHUE  ctg(x? —6x+g) =+3 . OnpepgenuTte, CKONbKO pelleHnid UMeeT 3TO YpaBHeHWe Npu:
. k=-3
OTBeT: 0
. k=0
OTBeT: 2
1. k=2
Pelwexue:
3anuiieM pellleHue AaHHOro ypaBHeHWA B BUIE:
x2—6x+f=f+m’c,k €z
6 6
x*—6x—mk=0,k€E€Z
Torpa: x=3+vVo+mkkez

YpaBHEHWE UMeeT pelleHne, eCNUu 1+ 2xk=0 .10 eCcTb kz—l S MM k=0

2m

BTopoe ypaBHeHWEe UMEET pelleHne, ecN - 9+xk=0 .TOECTb k= _?_r M k=-2

MoaToMy NpU  k=-2 ypaBHeHWe ByAeT UMeTb 2 PeLeHWs, anpu k<2  HW OQHOTO.

OTBET: 2
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IIpakTnyeckasi 4acThb

1. Brryuute onpeneneHust apkKocHHyca, apKCUHYCa, apKTaHTeHCa.
2. BoryuuTe Gpopmynsl Ui pelieHrs TPUTOHOMETPUYECKUX YPaBHEHHUIA.
3. [IpocmoTtpuTe BUJIEO MaTepuaia o

https://resh.edu.ru/subject/lesson/6317/main/199685/,
https://resh.edu.ru/subject/lesson/4736/main/199746/,
https://resh.edu.ru/subject/lesson/4737/main/199808/.
4. Beinonnure TPECHUPOBOYHBIC 3aJaHus B BUJC TeCcTa
https://resh.edu.ru/subject/lesson/6317/train/199689/,
https://resh.edu.ru/subject/lesson/4736/train/199750/,
https://resh.edu.ru/subject/lesson/4737/train/199812/.

5. Pemure 3agaun:
568 1) arccos 0; 2) arccos 1; 3) arccos ‘;—2;
4) arccos —;—; 5) arccos {—%]; 6) arccos (— %]

589 1) 2 arccos O + 3 arccos 1; 2) 3 arccos (—1) — 2 arccos 0;
3) 12 arccos %—!hm:coe (—%J;

4) 4 arccos [-%]+6arccos (——JEE—J

§70 CpaseEETH uHCHa:

1) arccos J—j- H arccos —;—; 2) arccos (—‘%] u arccos (—1);

3) arccos (—QJ H Arccos (—l].
2 2

Pemute ypaBenue (571—573).

&7 1) cosx=1/-2_g; 2) cosx=~-‘/2—3; 3) cosx:—%.
8§72 1) cosx=g; 2) cos x =-0,3; 3) cos x:—%.
573 1) cos4x=1; 2) cos 2x = -1; 3) \@cosf=—1;

4) 2cos£=+3; 5) cos[x+-’5]=0; 6) 005[21:— E]:o.
3 3 4

574 1) cos x cos 3x = sin 3x sin x;
2) cos 2x cos x + sin 2x sin x = 0.

575 BriACHHTB, HMeeT JH CMEIC] BhIpaykeHHe:
1) arccos (V6 —3);  2) arccos(J7 —2);  3) arccos (2—+10);
4) arccos (1 — v5); 5) tg(3arccos%].
576 Pemurts ypaBHeHHe:
1) cos? 2x =1 + sin? 2x; 2) 4 cos® x =3;
3) 2cos? x=1+ 2 sin? x; 4) 2J2 cos? x =1++2;
5) (1 +cos x) (3 —2cos x)=0;
6) (1 —cosx)(4+3cos2x)=0;
7) (1+2cosx)(1-3cosx)=0;
8) (1-2cosx)(2+3cosx)=0.
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CCBIJIKE:

CCBIJIKCE:


https://resh.edu.ru/subject/lesson/6317/main/199685/
https://resh.edu.ru/subject/lesson/4736/main/199746/
https://resh.edu.ru/subject/lesson/4737/main/199808/
https://resh.edu.ru/subject/lesson/6317/train/199689/
https://resh.edu.ru/subject/lesson/4736/train/199750/
https://resh.edu.ru/subject/lesson/4737/train/199812/

590

591

592

593

594

595

596

597

607

610

611

612

CpaBHHATH uHcia:

1) arcsini— H arcsin (—i-]; 2) arcsin (—%] u arcsin (-1).

PemnuTe ypaBHeHHe (589—592).

1) 9i111=—-‘@: 2) sin I=£; 3) sinx=--L.
: 2 V2

1) sinx=g; 2) sin x=—l; 3) sinx=—5.
T 4 3

1) sin 3x=1; 2) sin 2x=-1; 3) @sin§=-1;

I
&

4) 2sin§=af§; 5) sin(x+::—“]=0; 6) sin(21+g)

1) sin 4x cos 2x = cos 4x sin 2x;
2) cos 2x sin 3x = sin 2x cos 3x.

BeiACHHTE, MMeeT JIH CMBICJ BBIpaKeHHe:

1) arcsin (v/5-2); 2) arcsin (V5 - 3);

3) arcsin (3—17); 4) aresin (2 - V10);

5) tg (6 arcsin—;-); 6) tg [2 aresin %]

Pemnts ypaBHeHHe (594—596).

1) 1 -4sin xcos x=0; 2)\f§+4sinxcosx=0;

3) 1+6 sin = cos = =0; 4) 1-8 sin £ cos £ =0.
4 4 3 3

1) 1 + cos 5x sin 4x = cos 4x sin 5x;
2) 1 - sin x cos 2x = cos x sin 2x.
1) (4sinx-3)(2sinx+1)=0;
2) (4sin3x-1)(2sin x+ 3)=0.
1

HaiiTu Bce KOpHH ypaBHeHHs sin 2.1::5. NpHHAANeXKAIHE

otpeakv [0: 2xl.

BriuncauTe (607—608).
1) arctg 0; 2) arctg (-1); 3) arctg(-g]; 4) arctg J3.

1) 6 arctg J§—4arcsin{—71§—];

2) 2 arctg 1+ 3 arcsin [—%);

3) 5arctg (- J3) — 3arccos {—%]
CpaBHHTE yHCHA:
1) arctg (-1) = arcsin [—-‘L—E]; 2) arctg V3 u arccosé;
3) arctg (-3) u arctg 2; 4) arctg (-5) u arctg 0.
Pemiute ypaBaeHHe (610—612).
1) tg x=—L; 2) tg x=3; 3) tg x=—+3;
J3
4) tg x =-1; 5) tg x=4; 6) tg x =-5.

1) tg3x=0; 2) 1+tg§=0; 3) J§+tg%=0.

1) (tg x - 1) (tg x +V3) = 0;
2) (V3 tgx+1)(tgx—V3)=0;
3) lgx-2)(2cos x—1)=0;
4) (tgx-4,5 (1 +2sin x)=0;

5) {tgx+4){tg§—l]=0;
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613

614

615

616

617

818

619

HaiiTe HauMeHBIIMH MOMOXHTENBHEIH W Hauboabmwuit oTpHLA-
TeNbHBIH KOpHEH ypaBHeHus 3 tg x — VY3 =o.

Peminte ypasHeHme:

1) arctg {5x—1):g; 2) arctg (3 — 5:):-%.
Hoxazate, uto tg (arctg @) =a npw aw6om a. BrrumcanTe:
1) tg (arctg 2,1); 2) tg (arctg (-0,3));

3) tg (m — arctg 7); 4) ctg (g +arctg 6 ]

HNoxaszars, uro arctg (tg o) = o npu —g <o <X, Berumeants:
1) 3arctg (tg -g). 2) 4 arctg (tg 0,5);

3) arctg (tg %ﬁ) 4) arctg (tg 13).

BriapcruTs:

1) arctg [ctg %"); 2) arctg (ctg %}

3) arctg (2 sin %’3], 4) arctg (2 sin -:-;]

HokazaTs, 4To npH J11060M ZelCTBHTebHOM 3HAYeHHH @ CIIpa-
1

l+a

BeIINBO pPaBeHCTBO cos (arctg a) = -
2

C noMolBI0 MEKDPOKAJNBKYAATOPA PENIHTh YpAaBHEHHE:
1) tgx=9; 2) tg x=-7,8.

KOHTpOJII)HbIe BOITPOCHI:

Cdhopmynupyiite onpeseneHrne apKKOCHHYca.
Chopmynupyiite onpeeneHrue apKCHHyca.

ChopmynupyiiTe onpeeneHne apKkTaHTeHca.
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HNPAKTUYECKOE 3AHATHUE
Tpuronomerpuuyeckue pyHKunu

eJb NpaKTHYECKOT0 3aHATHS

Hayuurtbes onpenenats D(f) u E(f) TPUTOHOMETPHUECKUX GbyHKIHR
Buza y=af(kx+b)+c u y=[f(k|x|+b)|. PopmupoBanue npeacrapaeHuii 0 HeYETHON U YETHOU (DYHKIIMH,
0 TIEPUOUYECKON (PYHKIIMHU, O HAMMEHBIIEM IOJIOKUTEIBHOM Teprojie. M3ydennue cBOiCTB GyHKINN
y=COS X, MOCTPOCHUE rpaduka QyHKIUH, IPUMECHEHHE TTOJIYYCHHBIX 3HAHMI Ha MPAKTHKE. M3YUYCHHE
CBOMCTB M TpPHHIUIA IMOCTpOeHUs Tpaduka (yHKIUH Y=SINX. MO3HAKOMHUTHCS CO CBOWCTBAMH M
rpagukamu;

byakum Y=tgx u y=ctgx.

MeToanuyeckuii MaTepuas
H3yuaemMble BOIPOCHI:

nn

1. OgiazieHre MOHATHIMHU "00J1acTh onpeaeneHus ", "o0J1acTh ONpeIeICHUs TPUTOHOMETPUIECKUX
byuknuit", "MHOXKeCTBO 3HaueHWH (yHKIUHU', '"MHOXXECTBO 3HAYEHUN TPUTOHOMETPHUUECKUX
byHKIHI".

2. Haxoxnenue o0acTu OnpelesieHus 1 MHOXKECTBA 3HAYCHUH TPUTOHOMETPUYECKUX (PYHKIIUH
Buga Yy=af(kx+b)+c u y=|f(k|x|+b)|, rme f(X) - kocuHyc, CHHYyC, TaHI€HC WM KOTAHTCHC
JICUCTBUTEILHOTO YKCIIA OT 3HAUCHHS KO3(GHUIMEHTOB &, K, b.

3. OOBbsicHEeHHE 3aBUCHUMOCTH OOJIaCTH OIpENeNIeHUST M MHOXKECTBA 3HAYeHWH (YHKIMH BUIA
y=af(kx+b)+c u y=|f(k|x|+b)|, rae f(X) - kocuHyc, CHHYC, TAHT€HC WM KOTAHTEHC ICHCTBUTEIBHOIO
YHCIIa OT 3HAYCHUs KodpduuueHtos a, K, b.

4. AKTUBU3UPOBATh 3HAHUSA O YETHOCTH (DYHKIIHIA.

S. dopMupOoBaHUE YMEHUH OMPEEIATh YETHOCTh U HEUETHOCTh TPUTOHOMETPHUYECKIX (DYHKIIHA.
6. dopmMHUpOBaHUE YMEHUH ONPENEIATh HAUMEHBIINI TOJI0XKUTEIbHBIN TEPUO/.

7. ®opmupoBaHuEe YMEHUHN OCTPOEHUSI U OTOOpaKeHUs CBOMCTB rpaKoB QYHKIIH ) =COSX.

8. AKTHBU3UPOBATh UHTEPEC K NOJYUYEHUIO HOBBIX 3HAHUM.

9. dopmMupoBaHUE TOYHOCTH M AKKYPATHOCTHU IIPH BBIIIOJHEHUH YEpTEkKEH.

10.  Hcnonb30BaTh 3HaHUS O CBOMCTBAX y=sinx B KOHKPETHBIX CUTYalLlUsX.

11.  MByuuTh pacnosyio’keHue MPOMEXKYTKOB MOHOTOHHOCTH, TOUKH HAaWOOJBIIET0 U HaUMEHBIIETO
3HAYEHUS.

12. CpaBHHBaTh AaHATUTUYECKYIO H TEOMETPUIECKYIO MOAETh (PYHKITUH )=SinX.

13.  BmiBectu cBoiicTBa pyHKIIMM Y=1gX U y=cltgX.

14. OOBSACHATH 3aBUCUMOCTb CBOMCTB U I'pa)UKOB (PYHKIINH.

06nacTbio onpegenelns QyHKLUWUIA V = Sin XU ¥ = cOS X ABNAETCA MHOXXECTBO R BCEX AeMCTBUTENbHbIX
ymncen.

MHOXeCTBOM 3HauYeHWit PYHKLMM ¥ = Sin XU y = coS X ABNAETCH OTPe3oK -1 <y < 1. [laHHble QYyHKLUM
orpaHuyeHbl CBEPXY U CHU3Y.

O6nacTbio onpegeneHns GYHKUWM y = g X ABNAETCA MHOXECTBO YMcen x = /2 + nk, k€ Z.
O6nacTblo onpefeneHus GYHKUMM ¥ = cfg X ABNAETCA MHOXECTBO YWCEN X = Tk, kE Z.

MHOXeCTBOM 3HaYeHWn QYHKUMM y = g X1 y =ctg X SBNAETCH MHOXECTBO R BCEX AeNCTBUTENbHbIX
Yucen, T.K. ypaBHEHUA g X =a U ctg X = a UMET KOPHU Npu IFO60M JAeNCTBUTENIbHOM 3HAYEHUN a.
®YHKLWMU HEorpaHWYeHHbIE.
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Oyukumio y = f(z), € X HasblBatoT YETHOIA, eCNU ANA NHOBOIO 3HAYEHUA X U3 MHOXKECTBA X
BbinonHsieTcsi paBeHcTBo f(—z) = f(z)

OyHkumnio y = f(z), z € X HasbIBatOT HEYETHOM, €CNU ANS NOBOr0 3HAUEHWUA X U3 MHOXKeCTBa X
BbiNonHseTcs paBeHcTBo f(—x) = —f(x)

dyHKUMIO y=f(X), XEX Ha3blBalOT YETHOM, €CNIN ANA NO60ro 3Ha4YEHNA XU3 MHOXKECTBa X BbINOJIHAETCA
paBeHcTBO f(-x)=f(x).

®yHKUMIO y=f(X), XEX Ha3blBaIOT HEYETHOW, ECNM ANA NOGOro 3HAYEHUA X U3 MHOXXECTBa X BbINOIHAETCA
paBeHcTBO f(-x)=-f(x).

Mepnog hyHKUWIA, NpeacTaBNAOWMX COB0M CYMMY HeNpPEepPbIBHbIX U NEPUOAMYECKMX DYHKUMWIA, paBeH
HauMeHbLUeMY KpaTHOMY NePUOAOB claraeMblx, €CNM OH CYLLecTBYeT.

KocuHyc (cos a) — 3T0 TpUroHoMeTpudeckas GYHKLWSA OT yria a Mex Ay rMnoTeHy3oi 1 KaTeTom
NPAAMOYTONbHOro TPEYronbHWUKa, paBHan OTHOLLIEHWIO ANWHbBI NpUNeXallero kateta |OA| K AnnHe
rMnoTeHysbl |OB|.

YA

Sin «

Cos «

1

O6nacTb. onpeaeneHns GyHKUMM (D) — MHOXECTBO R BCex 1eMCTBUTENbHBIX YNCEN
MHOeCTBO 3HaueHuit dyHKUMK (E) — oTpesok [-1; 1], T.e. KOCUHYC BYHKLMA —OrpaHudeHHas.

[ns Toro, 4To6bl ONPefAennTb YETHOCTL QYHKLMK KOCHHYC NPOBEPUM CRedytoLue onpeaeneHns:
byHkuna weTHan, f(—x)=f(x) n dyHkuMO HeuyéTHas, f(-x)=-f(x).

Hanpumep, cos(60°) = 2 = cos(—60°)—3T0 3HAYmT, 4TO : COS(~X)=COS X ANA BCEX XER W y=coOSX—4€THaA

CumHyc(sin ) — 3To TpUroHomMeTpuyeckas QYHKUMA OT yria a Mexay rMnoTeHy30M 1 KaTeTomM
NPAMOYIoNbHOro TpeyronbHUKa, paBHas OTHOWEHUK ANWHBI NpoTUBONeXalero kateTa |AB| K gnvHe
runoTeHy3bl |OB|.

YA

Sin «
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O6nacTb onpegenenuns dyHkummn (D) — MHOXeCTBO R BCEX AEWCTBUTENBHBIX YMCEN.
MHO#ecTEO 3HaYeHnn dyHKUMK (E) — oTpesok [-1; 1], T.e. cuHyc dyHKUMA —orpaHuyeHHas.

On# Toro, 4To6bl ONpeaenuTe YETHOCTE GYHKLUMW CHHYC MPOBEPUM CRefyoLLMe oNpeaeneHna: GyHKUMA
yétHan, f(-x)=f(x)u dyHkumo HeuéTHas, f{-x)=-1(x).

Hanpumep, sin(30°) = ¥z sin(—30°) = =¥ =310 3HauuT, yTo : sin(-x)=—sin (x) Ana Bcex xER n y=sinx—
HeYéTHas

b4
x = 3 + T, neZ
E € (=om; +m)

y=tgx —HEYETHanA

OS5 X

v =ctgx =

sSInx
X & Th, neZ
EE I::—DU;—|-DQ}
v =ctgx —He4YeTHas

Mepyod dyHKUKMA Y=5in X, y=CcOS XpaBeH 21, nepuol dyHKLUKWA tgx, ctgx paBeH .

_ . In
Mpumep 1. BoIACHUM, SBNAeTCA N1 GyHkuus ¥ = 2 +sinxeos(T +x)

YETHOW UMW HEYETHOMW?

3w
y=2+sinx cns{?+ x)

cos(- +x) = —sinx
¥ = 2 + sinx sin(—x)
y =24 sin’x
(sin{—x))* =sin’x
y(=x) = y(x)

filx) — wéTnan

Mpumep 2. [lokasaTs, 4TO YMCNO 2T ABNAETCA HAWMEHBLUWM MOMOXUTENbHBIM NEPUOACM hYHKLWW Yy=COS
X

MycTe T>0 — Nepuof KocuHyca, T.e. Ana NBora X BhINONHAETCA paBeHCTBO cos (x+T)= cos x. Monoxus
x=0, nony4um cos T=1. Otctona T=2nk, xR. Tak kak T=0, TO MOXET NPUHUMATE 3Ha4YeHua 21, 411, 6T,..., U
No3ToOMY NEPUOL HE MOXET DbITe MeHblUe 2T
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AMHHI‘IT?AE — MakcuMmManeHOE 3Ha4YeHWe CMeWeHA MW U3MEHEHMA I'IEEDEME‘HHDﬁ BEENMMYHUHBI OT
CcpegHEero 3Ha4eHMA NpM konebaTensHOM UAKW BOMHOBOM OBHMEHWW.

dyHruMa y=f(x) Bo3pacTaeT Ha uHTepBane X, ecnu ANA MOBBIX  x€X M x€X , x> xs
EbINOMHASTCA HEPABEHCTBO  flx) > flx,) . Jpyrumun cnoBamu — GoneWemMy 3HAYEHWIO aprymMeHTa
COOTEETCTBYET Gonbluee 3HayeHWe GyHKLMK.

dyHruma y=f(x) ybbiBaeT Ha wHTepBane X, ecv ANa NOBbIX  x €X W x,€X , x:>x BbINOAHASTCA
HEPaBEHCTBO  flx:) < flxy) . [Jpyrumu cnoBamu — BonbLIEMY 3HAYEHUIO apryMeHTa cooTBETCTBYET

MeHblUee 3HaYeHue hYHKLHK.

TouKy Xg Ha3bIBAOT TOUKOW MakKcuMyMa GyHKUWMK y=f(x), ecnn ona Boex X U3 ee OKPECTHOCTH
cnpaBefIUBO HEPABEHCTBO  flx) = f(x) . 3Ha4eHue dhyHKUMK B TOYKE MAKCHMyMa
Ha3bIBaT MaKCUMYMOM GYHKUMU M 0D03HAYART Vi qy-

TouKy Xg Ha3bIBAKOT TOUKOH MUHUMYMa hyHKUMKM y=(x), ecnu Lna BCEX X U3 ee OKPECTHOCTM
CMpPaBefIMBO HEPABEHCTEBO  flx) = f(x) . 3HAYEHME DYHKUMM B TOUKE MUHUMYMA
Ha3blBaT MUHUMYMOM GYHKLMH M 0803HaAYaroT Y-

HanomHuM, 4TO BCe TPUTOHOMEeTpUYecKMe hyHKUKMW SBNAI0TCA NepuogudYeckumMmn dyHkumamu. SyHxLMKn
y=sina W y=cose [OBTOPANOTCA Yepes kawable 360° (unm 2n paguan), nostomy 360° HasbiBaeTen
nepuopom 3Tux hyHKuWiA (puc.1).

¥ — y=sn [

¥= GO

AN KN
Y%

3,
L]

Puc. 1 — rpadmMku GyHKUMA  v=sina W v = cosa

DYHKUMM  y=sin2a W  y=rcosla MOBTOPATCA Yepes Kaxable 180° (unu 1 paguan), nostomy 180° —
3TO Nepuoa ANa AaHHbIX hyHKUWi (puc. 2).

Puc. 2 — rpaduku dyHKUMA v =sin2a Wy =cos2a

B obuiem cny4ae ecnM  y=sipg W y=cospa (TA€ p — KOHCTaHTa), To Nepuof QYHKLMKM paBeH
360° 2 -
> (wnu > paduaH). CnegosaTenbHO, €CNW y =sinda |, TO NEPHOSA 3TOM GYHKUWKW paBeH
360° 360°

=120 , €CNHKH y=rcosda , TO MEPAOO 3ITOW d]YHKLlMI-‘I paseH

= a0°
3

AMNNWTYAONW Ha3bIBAETCA MaKCHMalIbHOE SHaYeHne CMHYcoMabl. Kamabin s rpadmkos 1-4 umeeT
amnnuTyay +1 (T.2. oHW KonebnoTea mexay +1 1 -1).
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Y= sin x
0

Puc. 3 — nsobpaxkeHune aMnauTyabl rpadUKoB y=sina WUy = cosa

OaHako, ecnu  y =4sina  , K&XXAaA U3 BENUYUH  sina YMHOXaeTCAa Ha 4, Takum O6p830M,

MaKCUManbHaaA BeNuYuHa aMnautyabl — 4. AHanornyHo ANa  y =S5cos2e  aMNAMTyAa paBHa 5, a nepuog
360°
2

= 180°

Puc. 4 — rpaduk dyHKUMK v = Scos2a
CeoWcTBa hyHKUMWA v = cosx

. O6nacTb onpefeneHns - MHOXecTEo R Boex AeNCTBUTENbHbLIX YUCEN.
. MHoM)ecTBO 3Hadenun - oTpesok [-1;1].

. DYHKUKWA v = cosx NepUogUYeckan, T=2m.

. DyHKUMA v = cosx - YETHaA

. DYHKUMA y = cosx MPUHUMAET:

o W R =

w
3Ha4eHWe, paBHOE D, Mpv x = 3 +wn, 1 € Z;
HawbBonblwee FHa4YeHUWe, paBHOE 1, NpW x=2an,nE Z
HanmMeHbLLES 3HEGYEHWE, paBHOE _1J npux=w+2rnn e I
4

T,
nonoxK1TenbHblE 3HAYEHWA Ha MHTEREBane (_E'E] W Ha MHTEepBanax, nony4aemblx caByUramMM 3toro

MHTEPBaNa Ha 2rn,n € I,
In
oTpyuaTenbHele 3HA4YSHWA HA3 MHTEPBane [;—r,?) W Ha MHTepBanax, nony4aemelx CABUramMM atoro

WHTepBana Ha 2an,n € Z.

1. ©YHKUMA ¥ = cosx:

BO3pacTaeT Ha OTpe3ke ['I'[;2TL] M Ha OTpe3Kax, NnonydyaemMmblx cCOBUraMK aToro OTpesKa Ha Zrn,n € Z;
yﬁbIBGET Ha OTpe3Ke [Oj'l'[] WM Ha OTpe3kax, nony4daemelx COBUramMn 3TOrQ OTpEe3Ka Ha 2ann € Z.

WHTepecHo, 4To rpadMKamMm TPMrOHOMETPUYECKMX DYHKLUMIA —KOCHHYC MU CMHYC OMWUCBIBaKOTCA MHOTWE
NpoLecesl B HaWel usHu. Hanpumep, paBoTa cepaua. CaenarHan snekTpokapanorpamma (3K
npeacTaBnaeT cobon rpatduK CUHYCOMbI, OTPaXKaLLYH GUO3NEKTPUYECKYH aKTMBHOCTb cepaua. Mnu
ellle NpUMEp, 3MeKTPOMArHUTHBIE BOMHBI K HUM 0THOCATCA: MoBunsHble Tenedorsl, GecnpoBogHad
CcBA3b, paguo, CBY-ne4u Toxe pacnpocTPaHATCA MO 3aK0HY CMHYCa MKW KocuHyca. Mx cyllecTsoBaHue
Gbino NpefAckasaHo aHruAckum dusukom Dx.Makceennom B 1864 rogy.
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AKTYANN3ELMA 3HAHWA

HanoMHUM, 4TO MHOXKECTBO SHAYEHWH BYHKUWMKM y=cosx NpuHaanexmT oTpesky [-1;1], onpeaenena
OaHHaa QYHKUWA Ha BCER YMCTIOBOW NPAMON W, CNefoBaTeNbHO, GYHKUWA OrpaHuYeHa W rpadmk eé
PacronoXeH B Mofoce Mexay NpaMelMu y=—1#u y=1.

Tak kak QYHKUMA Neprognyeckan ¢ NepMoaoM 2t |, TO AOCTaTOYHO MOCTPOMTE €€ rpadrk Ha KakoMm-
HUEYAb NPOMEXKYTKE AAMHOW 27, HAMPWUMEP Ha OTPE3KE -m=x=m  [0OMa Ha NPOMENYTKAX,
NoMyYeHHbIX CABMIaMu BolGpaHHOTo oTpeska Ha 2mneZ | rpaduk OyaeT TakKMM XKe.

GYHKUMA v =cosx  ABNASTCA YETHOW. MNoaTomy eé rpad MK CUMMETPUYEH OTHOCUTENBHO ock Oy, [lnA
NOCTPOEHUA rpadMka Ha OTPe3Ke -—g=x=n [JOCTATOMHO NOCTPOWTL ANSE O=x =g & 3aTEM
CUMMETPUYHO OTPa3UTh Ero OTHOCKTENBHO ock Oy (puc. 5)

¥
A\’ —

/_\ =
L AN W U1| AL 3T 2z A
2 Z 2 Z

. 1
nPHMEP 1. Hangem BCe KOPHW YpaBHeHHWA CO5 COS X =3 npuHagnexawre OTpe3KY —ma=x=2rm

MocTpouM rpatdMkn dYHKUMA  y=cosx WMy (puc. 6)

Y-

AT

L]

10w -08n -0bs -Ddw -0.2In o 0Zn Qd4mn Oé; OBn 10n 12n 14 1é4x 1&n

Puc. 6 — rpadukm GyHKUMA  y=cosx My =%

Mpadrku NnepecekatoTca B TREX ToUKax, abcuMcehl KOTOPBIX  %,%.%  ABNAOTCHA KOPHAMW YPaBHEHWUA

1 1
coscosx =3 . Ha OTpe3Ke oT  [0,x] KOPHEM YypaBHEHWA ABNASTCA YACNO  x; =arccosarccos (5) =§ .H3
T
PUCYHKE BUOHO, HTO TOYKHK X4 WU X7 CUMMETPHUYHEI OTHOCHUTENEHO OCH Oy, cnegoeaTtentHoe x; =-3 - A
—n it
Xy =i, m=—
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- 1
I'Ipumep 2.HauTtn BCE pPeleHWA HEPABEHCTEBA  roscosx < 7 npyuHagnexawue OTPpe3KY -—-m=x=2nm

W3 pucyHka 6 BUaHO, 4TO rpaduk dyHKUMKM  y=cosx  NEXWT HUMXKE rpadmka dyHKUMK  y = Ha

Pl | =

b
npoMexyTkax [-m—3) W (%;SS—H}_
OTBET, -m=x<—2 , Fepeo®

3 3 3

CUHYCcOMAON Ha3bIBAETCA MHOMECTEC TOYEK MNOCKOCTKH, KOTOPOE B HEKOTOPOW CUCTEME KOOPAMHAT
ABNAeTcA rpatMkom QyHKUMKW v = sinx ,rae az0.

Yucno |a| HasblBaeTcA aMNANTYRON.
CeorcTBa BYHKLUMH v = sinx

1) D(y) =R;

2) E(y) =[-1:11;

3) Nepuog dyHKUMKM paBeH 21

4) dyHKuKMA YETHaA/HEUYETHaR,

5) ®yHKUMA y=six  NPUHUMAET:

3Ha4YeHWe, paeHOe 0, NP x = 2mn,neZ;
3
HaWMeHbLWIEE 3Ha4YeHWe, paBHOe -1, NPy « = 51T+ 2mn, neZ,

1
Hawbonelwee JHa4YeHWe, paBHOE 1, npu x = 37 + 2mn,neZ,

NoONOXUTENEHBIZ 3Ha4YEHWA Ha MHTEPDEBAane {U]n’) W Ha HHTEPBanax, nonyv4aceMelxX COBWUIramMK 3TOMO
MHTEpBana Ha Zen,n € Z;

oTpyUaTenkbHble 3Ha4YeHWA Ha MHTepBane (m;2x) M Ha MHTEpBanax, Noy4yaemMblx cABUramMu 3Toro
MHTEpBana Ha 2mnn € Z.

6) DyHKUMA ¥ = sinx

wom
BO3pPacTaeT Ha OTpe3ke {_E'E] WM Ha OTpe3Kax, Nnony4daemMblx COBMIaMK 3TOMNC OTpEe3Ka Ha an,n € Z,
T
}’6bIBEET Ha OTpe3Ke (E;zﬂjld Ha OTpe3kax, nonyvyaeMblx COBWramMKu 3TOro OTpe3kKa Ha an,n € 2.

N3meHARs aMnnnTyoy U 3Ha4eHWe apryMmedTa dyHKLUMKM CUHyca rpaduk BefeT ceba cneayrolMm obpasom
(puc.1)

IpaduKkm cuHyca

— =50 %)
— =2 50X )

—=5in | 2X)

Puc. 1 — rpadukm cunyca
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Caewr rpadwka eneeo/Bnpaeo sAONb 0CH abcunce

Ecnw k aprymeHTy ©yHKUMW [063BNASTCA NOCTOAHHAA, TO NPOUCXOAUT CABWT (NapannenbHeli nepeHoc)
rpaduka BooNE ock Ox.

MNpaewnno:
1) 4TOBLI NOCTRPOWTL rPAdMK QYHKUMKW vy =sin(x+b) |, HYMHO CABWHYTE rpaduk Baons ocn Ox Ha b
e0WHWUL, BNEEBO;

2) 4ToBbl NOCTPOWUTL TPAQMK QYHKUWMWN ¢ =sin{x—b) |, HYKHO rpadMk cABWHYTE Boonb ocM OX Hab
eJWHWUL, BNpaso.

. 1
nPHMEp 1. Hallgem Bce KOpPHW YpaBHEHHA E=-3 NpUHagnexallWe OTPpE3KY —a=x=2n

MocTpoum rpaduKkn DYHKUMA  y=sinx W 3-=_% (puc. 6)

L

o -Suun/6 ~ftuf6 na/6 1on/6

Adm 12w -1.0% -0.8n O.6m -Qd4m 02 0 Oy Od4n O.5m O8m t0m 1.2m 14w e 1z

Puc. 7 — rpadmkn dyHKUMA  y=sinx M ¢ =_%

[padMKn NEPECEKaHITCA B YETHIPEX TOUKaX, a6CUNCCEI KOTOPBIX  %,%:.%,%,  ABNAKTCA KOPHAMM
1
YPaBHEHWA  sinx=—- . Ha BbIGPAHHOM OTpe3Ke OT  [-m2r]  KOPHM yPaBHEHWA CUMMETPUYHbI:
w=x W m=x, .3 PUCYHKE BUOHO, YTO CUMMETPUYHOCTE KOPHER 06 BACHAETCA MEPUOONYHOCTEHD

. 5 7
DYHKLMK: r1=_?"+g,¢=?”=x3 aHanorM4HO ONA  x,ux,

OTBeT: r1=_5;_";x3=7;_“; S
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Mpumep 2.HanTK BCE pelUEHMA HEPABEHCTBA  sinx > —% , MpUHagnexalWme OTpe3KyY —r=x=2x

1
WMz pucyHKa 7 BMOHO, 4T rpaduk YHKUMKM  y=smx  NEXWT BbllWe rpaduka dyHKUMK v =-3 Ha

7
NPOMEXYTKAX [-m - M (505 n %o
6 £ 6 3
S T Fid 11w
OtBer. - = -z =z e
T=x< G 3<x{ﬁ ' 5 <x s

AcumMmnTOoTOR KpWBOW HasblBaeTCA NpAMaNR, paccToAHWE [0 KOTOPOR OT TOYKMW, Nexalled Ha KpUBOA,
CTPEMMTCA K HYNH MPW HEOrpaHWYeHHOM yaaneHMyn oT Hadana KoOpAWHAT 3ToW TOYKKW No KPUBOWA.

TaHreHcompa —rpaduk GyHKUMK ¥ = 1gx; NNoCKaA KprBaa, n3otparatoulan
W3MeHeHWe TaHreHca B 3aBUCMMOCTU OT M3MEHEHWA ero aprymeHTa (yrna).

N3yyeHue cBoncTB QyHKUMM y=tgx Ha4HeM C NnocTpoeHusa rpaduxa. 06paTMMca K eAMHUYHON

OKPY)XHOCTM:

OCh KOTANTEHCOB
-J3

puc.1 TPUroHOMETPUYECKUIA KPYT

nepeHOCMM OCHOBHbI€ 3Ha4Y€HWUA YrNoB Ha KOOPAWUHATHYHD MJIOCKOCTb. Mo ocu aécumnce oTKNagbisaem
yron e paguaHax, no oCv opanHaT — 3Ha4eHWUA TaHreHca yrna.
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puc.2 Mpad K y=tgx Ha NpoMexyTre (—;;;)

Kak noBan TpMroHoMeTpuYeckan dyHKUWW, hyHKUWA TaHreHca NepuofiMyecKan, Aenas napannenbHbii
nepeHoc NoAyYaem:

puc.3 padumk y=tgx

3ameTum, 4To rpa¢wn< CUMMETPUYEH OTHOCUTENTBHO Ha4Yala KoopaAuHaT, cnegosaTteibHO CDYHKU,VIR
TaHreHca HeYyéTHana. MCHOI’Ib3yF| ﬂOCTpoeHHblﬁ Hamu rpa¢>m<, BblBEeM OCHOBHbIE CBOWCTBA y=tgx:

1. O6nacTe onpeaenerns GYHKUMKM y = tgX BCe AeACTBUTENbHbIE YUCNA, KPOME Yucen BuMaa

n
x=3+1m,n€Z:

2. DyHKUMA NEpUoOANYECKan C NEPUOLAOM , T.K.  tglx — r) = tgx = tg(x + n);
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3. OyHKUMA HEeYeTHaA, T.K.  tg(—x)=—tgx . [padvk HEYETHON QYHKUMKW CHMMETPUYEH OTHOCUTENBHO
Havyana KoopaWHaT;

4. DYHKUMA BO3PACcTaeT Ha BCEM MHTEpBAane,;

5. @YHKUMA HE OrPaHMYEHa HI CHKUZY, HM cBepxy. OYHKUMA HE MMEET HW HaWB0NkELIEro, HW HaMMEHBLLIEND
SHaYEHWIA,

b. E(f) = (—w; +x);
7. DYHKUMA v =ty NPUHUMEET:

3Ha4YeHWe, paBHOe 0, NPH x = mn,nel,
NoNoOXWUTENbHBIE 3HAYEHWA HAa MHTEpBane (J'm,'g +mnln € Z;
OTpUUaTeneHbIE 3SHEYEHWA Ha MHTEPBAnNE f—; +mn;an),n € Z.

Ona nocTpoeHWA rpadMka  y=ctgx MOMHO NPUAEPHMBATLCA ANFOPUTMY PACCMOTPEHHOMY NPW
NOCTPOEHWM rpatiika  y=tgx , OfHAKO -zgfzh ) =ctgx (hopmyna npueeneHua). T.e. cMmellan
TaHreHCoMay Ha g efWHWL BNEBO W fenaem CUMMETPUIO OTHOCKTeNbHO ock Ox 3a CYéT
koahduumrenTa —1, nony4yaem:

y=etgx

1
I A an n
2 2 2 2 2

puc.3 Mpaduk y=ctgx
OcHoBHble cBONCTBaA y=ctgx:

1. O6nacTb onpegenenns GyHKUMK y = Ctgx BCe AEACTBUTENbHBIE YUCNA, KPOME YUCen BUAE

X=mne€z
2. ODyHKUMA Nepuoanyeckan c Nnepuogom =«
3. OyHKUMA HeYeTHaA. paduk HeYETHOM QYHKLMM CUMMETPUYEH OTHOCUTENTbHO HaYyana KoopAWHar;,
4. OyHKUMA y6blBaET Ha BCEM UHTepBane;

5. OyHKUMSA He orpaHMyeHa H1 CHU3Y, HU cBepXxy. OYHKUWUA He UMeeT HU HaubonbLUero, HM HauMeHbLUero
3HaYeHUN,

6. E®=(—=+=)
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Mpumep 1.
Haingem BCe KOPHM ypaBHEHUA tgx=1 , NpUHAANEXalne OTPesKy -msx<=2x

MocTpoum rpadukn GyHKUMA y=tgx U y=1 (puc.6)

AY
5.0

45
4.0
3.3

3.0

5.0
A40n 0% O&v D4r 02¢ 0 02n O4m O6n O8n 10n 12n tém l&r 18

Puc. 4 — rpadmkm QyHKUMIA y=tgx U y=1

MpaguKn NepecekarnTcA B TPEX TOYKaX, 36CLWMCCh] KOTOPBIX  w,xx;  ABNAKTCA KOPHAMM YPaEHEHWA

-1 T Sm in

Y=l m=gm=TgiNe=p
. b o 3n
OTtBeT: M=gim= TN
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Mpumep 2. HaiiTK BCce pelleHWA HepaBeHCTBa +-Y  npuHagnexawme oTpesk —T=x<2m
ot 3

Ladl

pPUC.5 rpadvKK OYHKUMA  y=tax W _1,-=%

Mpaduku NepecekaTCA B TPEX TOYKAX, 36CUMCCEl KOTOPbBIX  x,,%,,%;  ABMAKTCA KOPHAMM ypaBHeHWUA

3 3 & n

h _ N —_— _
cgx=-3 - XTFiXSFiXa=-

OTtgeT: t1=:;rg= Tox

IIpakTH4yeckas 4yacThb

1. Beryuure ompenenenuss oOnactu ompeneneHuss (GyHKIMH, OONAacTH 3HaueHUs (QYHKLUH,
AMIUIUTY/IbI, YETHOCTH, HEYETHOCTH.

2. Brryuute criocoOsl mpeoOpazoBanus rpa@uKoB (GYHKIIHIA.

3. [TpocmoTpute BUZICO Mmarepuaia o CCBUIKE:

https://resh.edu.ru/subject/lesson/6111/main/200549/,
https://resh.edu.ru/subject/lesson/3923/main/200611/,
https://resh.edu.ru/subject/lesson/4920/main/200706/,
https://resh.edu.ru/subject/lesson/5570/main/200799/,
https://resh.edu.ru/subject/lesson/3943/main/200826/.
4, Brinmonnure TPCHUPOBOYHBIC 3aJaHUus B BHUJIC TECTa 110 CCBIJIKE:
https://resh.edu.ru/subject/lesson/6111/train/200553/,
https://resh.edu.ru/subject/lesson/3923/train/200617/,
https://resh.edu.ru/subject/lesson/4920/train/200710/,
https://resh.edu.ru/subject/lesson/5570/train/200802/,
https://resh.edu.ru/subject/lesson/3943/train/200833/.
5. Pemure 3agaun:
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691

692

693

694

695

696

697

698

700

701

702

703

Haiitu obnacth onpegeneHua GYHKIMHU:

1) y =sin 2x; 2) y=cos§; 3) y=cos X;

X
4) y=sin 2; 5) y=sin Vx; 6) y =cos f"—*l
x x+1

Haittn MHOXecTBO 3HaueHHil GQyHKUMMU:

1) y=1+sin x; 2) y=1-cos x;

Haitti ofnacTs onpefenennsa dynkuuu (693—695).

Dy=—2- 2y=-2, 3 y=teX; 4)y=tgbx
cos x sin x 3

1) y=4sinx+1; 2) y=cosx-1; 3) y=1gsin x;
4) y=y2cos x-1; 5) y=,1-2sinx;  6) y=1In cos x.

2
1) y= —5+—s 2) y=—5-2—;
2 sin“ x - sin x cos” x —s8in“ x
1
3) y=.—-l'.—'—‘= 4) y=—35——.
sin x — sin 3x cos” x + cos X
HaiiTn MHOMXeCTBO 3HAUEHHMH (QYHKIMH:
1) y = 2 sin? x - cos 2x; 2) y=1-8 cos? x sin® x;
2
3) y=1-r-8?—.f—-1; 4) y =10 - 9 sin? 3x;
5) y=1-2|cos x|; 6)y=sinx+sin(x+%).

Haititn nHauboJjbliee ¥ HAUMEHbIIee SHa4YeHMA DYHKIHHK
y =3 cos 2x — 4 sin 2x.

HafiTh MHOMecTBO SHaYeHHH QyHKumH y = sin x — 5 cos x.

HaitiTH MHOKecTBO 3HaYeHHH GyHKLHH
y =10 cos® x — 6 sin x cos x + 2 sin? x.

BoisicHUTH, ABJsieTCA JM AaHHAA QYHKUHUA YETHONH MM HEYyéT-
ot (700—701).

1) y = cos 3x; 2) y =2 sin 4x; 3) y=12—rtg2 x;
4)y=xcos§; 5) y = x sin x; 6) y =2 sin? x.
1) y =sin x + x; 2) y=cos(x—§)—xz;

3) y=3-cos (§+x] sin (1t - x);

4) y=é—cos2x sin (—3n—2x)+3;
5) y=m+sinxcosx; 6) y=xz+l—+%“
x

IokasaTs, uTo GyHKnus y = f(x) ABIAETCA NMEpHOAMYECKON
C ImepHogOM 27, ecau:

1) y=cosx-1; 2) y=sinx + 1; 3) y=3sin x;
4) y=c°: J:; 5) y=sin(x—§]; 6) y=cos (x+-2?“).

Torasats, uto PyHKuus y = f(x) ABAAETCHA NMEPHOAUUTECKOMN
¢ nepuogom T, ecnu:

1) y=sin 2x, T=m; 2) y=cos§,T=4u;

3) y=tg 2x, T =%, 4) y=sind®, 7=-5 4.
) y=tg ; ) ¥ 5 2
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704

709

710

711

712

713

717

718

719

OnpepenuTs, ABAAETCA MU JaHHAaA (PYHKUHUA YETHOM MIH He-
YETHOM:

1-cos x ysin? x
1) p=———— 2) y=—m——;
1+ cos x 1+ cos 2x
cos 2x — x° x% + sin 2x
) y=——mm; 4) y=—--;
sin x cos x
8) =g 6) y = x |sin x| sin® x.

(YerHo.) BoigcHuTs, Bo3pacTaer HJAM yObiBaeT QYHKuUSA
Y = COS X Ha OTpe3Ke:

1) [3n; 4x]; 2) [-2n; -n); 3) [21:; 5?"]

1) [—g; ol: 5) [1; 3]; 6) [-2; ~1].

.

Pa3buTh faHHBIA OTpE30K Ha JBa OTpe3Ka TaK, YTOoObl HA OZHOM
M3 HUX QYHKUMA Yy = COS X BO3pacraja, a Ha Apyrom ybGniBaja:

1)[5;3—2’!:; 2)[—§;§]; 3)[0;%]; 4)[—n;§].

Hcnonpsys cBO#CTBO BO3pacTaHWA HAM yOeIBaHMA QYHKUHH
Y = COS X, CPABHHTH YMCJA:

I)cosEncosgﬁ; 2)cos& Hccew—u;
7 9 7 7
3) cos(—ﬁ—“] ncoa(—ﬁ]; 4) cos[—ﬁ] HCOS(*-E];
7 8 7 7
5) cos 1 u cos 3; 6) cos 4 u cos 5.
HaiiTu Bce KOpHM ypaBHeHud, NpHHALIexKalue orpesky [0; 3n]:
1) cosx=%; 2) cosx=i2_2—; 3)cosx=—i2_2—; 4)cosx=—%.

Ha#iTu Bce pellleHHs HepaBeHCTBA, NPHHAJENKAIIHE OTPE3IKY
[0; 3x]:

1) cosx)l; 2)cosx>~l;
2 2

&, e

3) cos x < —=; 4) cos x < —.
2 2

ITocrpouTs rpad¥k PyHKUMHE ¥ BHIACHHTH €€ CBOMCTBA:
1) y=1+ cos x; 2) y =cos 2x; 3) y=3cos x.

Ha#itn MHOMeCTBO 3HAaYEeHMH (QYHKUHH J = COS X, €CJH X IpPH-
HAJJIEIKHT MPOMEXKYTKY:

1) [g. n]: 2) [544'; 74—")

ITocrpouTe rpaduk GyHKIMH:
1) y=]|cos x|; 2) y=8—-2cos(x-1).
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720

721

722

725

726

727

729

730

731

732

(YerHo.) BeiACHUTL, IPY KAKHMX 3HAYEHUAX X, MPHHALIEKAINAX
orpesky [0; 3n], pyHKuMA y = sin x NpUHEUMAaeT:

1) snauenue, paBHoe 0, 1, -1;

2) nonoxkuTeJbHBIE 3HAYEHHH;

3) oTpuuaTenbHEIE 3HAYEHHA.

(YerHo.) BrlacHuTh, BO3pactaer uJaM yOwiBaeT QPYHKUUA
y = sin X Ha NMPOMeXyTKe:

v[Egf ok 9 (w-g)

272 ]
4) [ﬁ—;; 2l ) 24 6) (6; 7).

PaabuTe MaHHBIKA OTPE30K Ha /Ba OTPe3Ka TakK, 4TOoOh Ha OHOM
M3 HUX PyHKIMA y = sin x Bo3pacTaJia, a Ha Apyrom ybGniBana:

1) [0 ) 2) g;zu} 3) [-m 0 4) [-2m; —n).

Haiitu BCe penieHus HepaBeHCTBA, NpUHaIJdexamue OoTpes-

ky [0; 3n]:
V2 V3

1) sin x> l; 2) sin x € —=; 3) sinx>—l; 4) sin x < ——=,
2 2 2 2

BripazuB KOCHHYC 4Yepe3 CHMHYC no ¢GopMyjsam NpuBejeHus,
CPaBHHUTL 4HCJIA:

1) sin X u cos &; 2) sing—"- ncosg—’f;
9 9 8 8

3) sin® ncos5—"; 4) sin X ucosﬂ.
5 14 8 10

HaiiTu Bce KOpDHM YypaBHEHM#, NpPHHAAJEKAN[ME OTPE3KY
3n

-—; m|:
2
1) sin 2x=—%; 2) sin3x=—‘/—§.
IMocTpouTte rpaduxk PyHKIHMHM H BHIACHMTL e€ CBOMCTBA:
1) y=1-sin x; 2) y=2+sin x;
3) y =sin 3x; 4) y = 2 sin x.

HaijiTn MHOXXecTBO 3HAUEHHH QYHKIOMH Y = sin x, ecJau X mpH-
HANJIEIKUT TMPOMEKYTKY:

) 3x, 5a
1) [g, ﬂ:|, 2)[4 H 4:|.

IMocTpouTs rpaduk GyHRIMHUH:
1) y =sin |x|; 2) y =|sin x|.
Cujla mepeMeHHOr'0 JeKTPHYEeCKOro TOKa ABJaAeTcA QyHKIUueH,
3ABMUCSAINEH OT BPeMeHH, M BBIpa)kaercs GoOpMYyJioi

I = A sin (0t + 9),
rge A — aMnauTyga KonebaHusa, ® — YacToTa, () — HadajlbHadA
¢dasa. [TocTpouTs rpaguk 3TOH (QYHKIHHM, €CJH:

1)A=2,m=1,¢=i5; 2)A=1,m=2,q>=§.
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733

734

735

744

745

746
747
748

749

(YerHO.) BRIACHUTB, IpU KAKUX 3HAYEHHMAX X U3 IIPOMEXKYTKA
[-7; 2n] dyHKUHA y = tg x NpuHUMAaeT:

1) 3sauenue, paBHoe 0; 2) NOJIOKHTENbHBIE 3HAYCHUSA;

3) orpumaTesibHBIE 3HAYEHHS.

(Ycrro.) BrisicanTs, ABadercsa Ju QYHKUUSA Y = tg X BO3pacTaio-
e Ha NMPOMEIKYTKe:

1) [f g] 2) (-’22 n); 3) (—’5‘; g] 4) [2; 3].

C nomompio cpoiicTBa BogpacraHua PyHKUHMH y = tg X cpas-
HUTh YHCJIA:

1) tg X utgX; 2)tg 1= t8—5;3t(-ﬂ] t(_S_n);
)gsng7 )gsngg ) tg 3 u tg 3
4) tg(—%) H tg(—g); 5) tg2 u tg3; 6) tgl u tgl,5.

IMoctpouTsh rpadMk PYHKOHH ¥ BLIACHHTL €é CBOMCTBA:

1) y=tg|x+ 5]; 2) y=tgX.

) y=1tg 5 ) y=tg e

Haiitu mHoecTBO 3HAaYeHUI pyHKUMH Yy = tg x, ecAH X npwH-

HAJIJIEXKUT IPOMEXKYTKY:

1) [—f; -ﬂ; 2) (%E 125) 3) (0;n); 4) [f: %]

ITocTpouTs rpaduk ¢pyaxnuu (746—748).

1) y=tglx|y 2) y=|tgx|; 8) y=ctgx; 4) y=—>

ctg x

1) y =tg x ctg x; 2) y =sin x ctg x.
1) y=tg[3x—f]; 2) y=ctg[3(x+g]].

Pewrnts HepaBeHCTBO:
1) tg?x<1; 2)tg?x>3; 3)ctgx>-1; 4) ctgx>+3.

KOHTpOJII)HbIe BOITPOCKHI:

1
2
3.
4

Yemy paBeH nepuos GyHKIUH Y=Sinx?.
Yemy paseH nepuo pyHkuuu y=tgx?.
[TpuBenure npumMep 4ETHOM (HYHKIMH.

[IpuBeaurte npumep HEUETHON PYHKIINU.
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NPAKTHYECKOE 3AHATHUE
Crenennasi QyHKIus

eJb NpaKTHYECKOT0 3aHATHS
[TomyunTh 3HaHUA O CTENIEHHOW U APOOHO-PALMOHATIEHON (PYHKIINU.

MeToanueckuii MaTepuas
N3yuyaemMblie BOIPOCHI:

3. [Tonatue creneHHON YHKINU C HATYpabHBIMU MOKA3aTEISIMH.
4, OcHoBHBIE CBOWCTBA QYHKITUH ) = X" U ) = x¥™1,
S. [TonsiTst B3aMMHO 00paTHOM U IPOOHO-TMHEHHON (QYHKITUH.

Onpepenenue. DyHKUKMA BUOaE v =x" ,r4e n- N0G0e QeACTBMTENbHOS YUCNO, HA3bIBAKOT CTENEHHOM
QyHKUMER,

Onpepenenune. DyHKUMIO y=f(x), xEX HA3bIBAOT OBPATUMON, ECNW NOE0E CBOE 3HAYEHWE OHA NPUHUMEET
TONbKO B OAHOM TOMKe MHOXeCTEa X (MHbIMKM CNOBaMM, ECNTM Pa3HbIM 3HAYEHWAM aprymeHTa
COOTBETCTBYHT PasHble 3Ha4eHna QYHKLMK).

Onpegenenue. DyHKUWA Buaa y=x", roe n- nioéoe AeNCTBUTENBHOE YUCO, HA3bIBAKOT CTENEHHOM
hyHKUMER.

C HEKOTOPBIMW M3 TaKKMX DYHKUMIA Bbl yKE NO3HAKOMMWNWCE B Kypce anretpel /-9 Knaccoe 3To, Hanpumep,
GyHKUMKM y=X"=%, y=x7, y=x". [p1 NPOM3BONBLHOM HaTyPanbHOM N rpaduKK U cBocTBa MYHKLMK y=x"
aHanorMyHel M3BeCcTHEIM rpaduKam M CBONCTBaM YKasaHHbIX QyYHKLMWA.

Ecnu nokasaTent CTENEHW N — HATYPansHOe YACNO, TO CTENEHHaA GYHKUWA 3a0aETca dopmynoi y=x".

Mpw n=1, y=x' unu y=x — npamas (PucyHok 1).

PucyHoK 1 — rpadmK dyHELMK y=X'
Mpw n=2, y=x* — napa6ona.

Mpw n=3, y=x> — KyGU4eckan napadona.
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[padukK cTenedHoM dyHKUMMK y=x", roe n — 4éTHoe uncno (4,6,8...), NPUHUMEET BUI Napatonsi.

44

-3 2 -1 [ 1 E
x

PucyHok 2 — rpaduk @yHKUMK y=x", roe n — YETHOE YWCNo
Mpaduk cTeneHHoM dyHKUMK y=x", roe n — HeYyéTHoe yncno (5,7,9..), NpUHUMaET BUI KYEMYECKo

napaéonsl.

| .

PucyHok 3 — rpaduk dyHKUMK y=x", rie N — HeYETHOE YUCNO

Ecnuv nokasaTens cTenedn — Uenoe oTpyuUaTENbHOS HUCNO, TO CTENEHHAA d}‘jI'HI'(LI,HFl 3apaeTcA

dopmynoi y=x"" uwnm y=1/x".
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Mpaduk cTeneHHOM GYHKUMK y=x"", B cy4as, Koraa n — 4éTHoe yncno (4,6,8..), NpuHUMasT Bua;

PucyHok 4 — rpaduk @yHKUMK y=X"", np¥ n — YETHOE YMCNO
Hanpumep, Takoi BUA NPUHUMAKOT rpaduKku GyHKUWR y=x"%y=x"8.

MpadMk cTeneHHOW dyHKUMKM y=X"", B CNy4ae, KOraa n — HeYéTHoe uucno (5,7,9...), NpuHUMaeT BUL
runep&onsl:

PucyHok 5 — rpadmk @yHKUMK y=Xx"", Npr N — HEYETHOE YMCNo

Hanpumep, Takol BUI NPUHUMEHOT rpaduiu yHKUMR y=x"2y=x"1".

DYHKLMKW TAaKOoro BMAA Ha3bIBaHTCA OPOBHO-NMHERHBIMM.

PaccMOTpUM rpadimkm cTeneHHbIX GyHKUMA y=x"'" ¢ NoNoMMUTENbHbIM APOo6HbIM NOKasaTenem m/n.

L
"

1. CreneHHan dyHKUMA . _
IHaMeHaTenq).

,rie  “s1 > HenpaBunbHasa Apo6b (YNCMNTENb GOMbLLE
n
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[paduK — BETEL Napabonbl:

L

G

LR

2 {
f

PucyHok 6 — , —.% ,rae

roe e

1]
E
k]

CeoicTBa QyHKUMK
1.D(f)=[0;+00);
2.E(f)=[0;+c0);
3. He ABNAETCA HW YETHOMN, HM HEYETHORN,
4. sospacTtaet npu x£[0;+00);
5. He MMeeT HanBoNbLUero 3Ha4YeHWs, Yaau=0;

6. He orpaHWYeHa CBepxy, OTPaHUYeHa CHU3Y;

7. BbINYKNa BHWU3;

8. nenpepebiBHa.
— npaBunbHaa Apobb (YHCIUTENE MEHLLE

m
=y, TOE 0<—<1

2. CrenenHan @yHKUMA
IHaMeHaTenA).
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Pucyrok 7 - dyHKUMA

CeoWCcTBE PYHKUMK 4 =
1.D(f)=10;+c0);
2.E(f)=[0;+co);

3. He aBNASTCA HW YETHOM, HW HEYETHOM,

4. BozpacTaeT npu x£[0+00);

5. HE UMeeT HaWBONbLIEro 3HAYEHMUA, Yoau=0;

6. He OrpaHW4YeHa CBepXy, OrpaH1YeHa CHU3Y,

7. BbINYKNa BEEpX;

8. HenpepbiBHa.

PaCCMDTpHM CTeneHHbIE quHKLI,I»-"II-’I C OTpHMUaTenbHbIM APDsHbIM noKasaTenem CTeneHW

lpadhmk — BeTBb rMNepionbI.

PUCYHOK 8 - DYHKUMA = v 5

-1

o
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PucyHok 8 - dyHrumMA

Mpathuk UMEeeT ropuM3oHTaNbHYH acuMnToTy ¥=0 U BEpTUKanNbHYH acumnToTy Xx=0.

y=x n

CeoicTBa yHKLMK
1.D(f)=(0;+00);
2.E(f)=(0;+00);

3. He ABNAETCA HU YETHOMW, HU HEYETHON;
4. yewigaeT npu x=(0;+co);
5. HE MMEET HM HAaWOONLLEro, HW HAWMEHBLLETD ZHAYEHWUA,

6. HE OrpaHWYeHa CEEpXY, OrpaHM4YeHa CHIU3Y;

7. EbINMYKNa BHU3;

8. HenpepbiBHa.

WTak, Ha OCHOBaHWKW BCEro Bblllenepe4uMcnedHOro, MOXHO CAENAaTE BbIBOO B BHAE Tabnuubl:

Tadnuua 1 - BelBOL

DyHEIAA Ig::::" MuowecTse ":“m' Boapac- | ¥Gusa-
g=x* i amasnil . TAHME HHe
p=2n, R el wiTHAR x>0 &0
nas N |
p=2n-1, R R HeubTRLA re R —
ne N
p==2n, R. w=i AETHAR x<l x=0
ne N xel
p==(2n=1) R, R, wegETRAN - <
ne N =0 pzl x=0
p=0, pe R, 20 L] — 20
F— HRelen0E
p<h, pe R, =0 =0 — — x=0
B — menenoe
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PaccmoTpum ewe ogHy dyHKLKIO.

Onpepenenue. OyHKUMIO y=f(x), xEX HA3LIBAIOT OGPATUMON, €CNK NHOEB0E CBOE 3HAYEHWE OHA NMPUHUMAET
TONBKO B OOHOM ToUYKE MHOMECTEA X (MHBIMKM CNOBAMM, ECNW PAa3HbIM 3HAYEHUAM apryMeHTa
COOTEETCTEYHOT Pa3Hble 3Ha4YeHWA yHKLMK).

Teopema 1
Ecnu dyHkumAa y=f(x), xEX MOHOTOHHA Ha MHOXECTEE X, TO OHa 0BpaTHMa.
Teopema 2

Ecnw dyHKkUMA y=Ff(x) Bo3pacTasT (YEbIBAET) Ha MHOXecTEe X, a Y - 06NacTh 3HAYEHWA GYHKUMK, TO
o6paTHasa dyHKuWA x=f'(y),yEY Bo3pacTaeT (y6biBaeT) Ha MHoxecTse Y.

Teopema 3
Toukwn Mia;b) u P(b;a) cMMMETPUYHEI OTHOCUTENEHO NMPAMOR Y=X.
Haxomaenune dopmynbl Ana GyHKLWK, 0BpaTHOW JaHHOK

MNonbayace dopmynoi y=Ff(x), cnegyeT BbIpasWTe X YEPE3 Y, @ B NONYYEHHOA
tdopmyne x=g(y) 3aMeHUTL X Ha y, a ¥ Ha X.

Mpumep:
DNana byHxuma y=x7, x€[0;+00). HaitTh o6paTHyto dyHKUMIO.

3apaHHaa GyHKUWA Bo3pacTaeT Ha npoMeyTKe [0;+00), 3HAYMT, oHa UMEET oBpaTHY dyHKUM. M3
ypaBHeHMA y=x’ HaxoaumM: x=.,% unu x=-y .[pomexyTky [0;+c0) NpUHaANEXaT NULLbL 3HAYEHUA
DOYHKUMKW  x=y . 370 W ecTk 06paTHad dyHKUWA, KoTopad onpedenseda Ha npomekyTre [0:+00).

MoMeHAB MECTaMMW X W Y, Nonydum:  v=x  xE[0+00). (paduk 3T0R hyHKUMKM Nony4asTcA M3 rpaduka
dyHKUMKM y=x7, XE[0;+00) C NOMOLLLIO CUMMETPHMM OTHOCHTENEHO NPAMOIA Y=X.

.
y
s
s
’
7
<
y=x"r € [0;+2) ,’
s
7
Ve
7
’
s
/
T P
s
7’
s
”
”
s
s —
s y=va
z
1
7
7
7’
7/ X

PucyHok 9 — rpadmk GyHKLMM, 06paTHOM y=x>
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MNel.

WN3o6pazute cxemaTUYecky rpaduk GyHKLMK 3-=%
[padmkom gaHHOW QyHKUKWK ABNASTCA rMnepbona.
Bosbmem ToUKK:
X[-3|-5|-2[-6|0 -8
w(-A4 -2(2 11
BepHelA oTBET:
—5
-10 -5 0 |
’ -5
PucyHok 10 - rpaduk dyHKLKMK 3-=%

Ne2. EcigennTe BospacTaloWwyd QYHKUMKD vy =xF  1pu x=0, ecnn

1
\bﬂ:‘

I
¢n

LY
="

= i e
T OO oo
4%
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|_||]l-"l MEHKMM OaHHYHD Taén MUY K pelueHWH) Hallero 3adaHuA

f .
dyurunn [ Dtlmn-ri.- | MmosecTno "Iélthm-t.'h. Boapac- | ¥Euma- l
g=x* il [T P— TAHME HEHe
| menna pocrs | |
p=2n, | R gyl wéTHAR 20 xel
ne N | -
p=2n-1, R 1.4 HEWETHLA re R —
AE
p==2n, R, p=0 wETHAR x<0 x>0
as N xwid
p==(2n=1), R. R, WENETHAR x <,
ne N zel gl | =0 |
p=0,pe R, z»0 p20 20 -
f — Relenoe
| p=0,pe R. x>0 g0 | — — x =0
|_p — menenoe o

Tagnuua 1 — BeIBOAOBI
MNpu p=0 QYHKUKWA BO3pacTaeT.

CooTBETCTEEHHO, BEPHLBIR OTBET,
1. p=8
2. p=9
3.p=-5
4 p=-3
5 p=4
6. p=11

IIpakTH4eckas yacThb

1. Beryunre onpeneneHus CTeneHHON (QyHKIIH.

2. Briyunte onpenenenue oopatHor QyHKITHM.

3. Beryuute onpenenenue 1poOHO-TUHEMHON (QYHKIIUH.

4. [Ipocmotpute BHJIEO Marepuana o
https://resh.edu.ru/subject/lesson/5540/main/327003/,

5. Beinonnure TPEHUPOBOYHBIE 3a7aHus B BUJIE TecTa o
https://resh.edu.ru/subject/lesson/5540/train/327007/,

6. Pemnre 3anayu:

119 MHaobpasuTs cxemMarHdeckd rpadrk GyHKOHE B VKAIATE e ob-
NACTE OTPefele A H MHOMECTED JHAYSHHANR; BRIACHATEL, ABIAET-
cA A8 (PYHEKOUA OTPAHHYEHHOH CcBepXy (cHH3Y):

1) y=a5 2) y=x% 3) y=x";
4) y=x% 5) y=x"% 6) y= x5,

120 (¥erHo.) BuAcHrTe, ABnAeTcA O QYHKIMA ¥ = x¥ BOIPACTAID-
mweid (yimpawwedt) npu x > 0, ecan:

1) p=T; 2) p=16; 3) p=-3
4) p=-T; 5) p=—4; B) p=-107

121 Hajitu nanbonemese 1 HARMeHBINSe JHAYEHHA (QYHKIMH HAa 3a-

AAHHOM OTpEIKe:

1) y=.t",. x e [-1; 2); 2) y=.1:"r, x e [-2: 3];
3) y=x"', x e[-8; -1]; 4) y=x" xe[l; 4]

122 Ilonsayachk cBOHCTBAMM CcTeneHHoH QVHKIHMH, CPABHHTE C eJH-
HuDed:

1) 4,1'% 2) 0,2% 3) 0,7% 4) (V3)®; 5) 1,3% 6) 0,87
78

CCBIJIKE:

CCBLIKC:


https://resh.edu.ru/subject/lesson/5540/main/327003/
https://resh.edu.ru/subject/lesson/5540/train/327007/

123

124

125

126

127

128

129

130

[MocTpouTe rpadur GYHKIOHHE, YVKAIATE 8 00NACTE ONpedeleHHA
¥ MHOMECTBO 3HAYeHAA. BRIACHATE, ABAAETCA A0 GYHKIHA BO3-
pacTamed (vOrBawmei), apasercs A1 QyHKOHA OrpAHHYEH-
HOH, TPAHAMAET AH 0HA HAROOARIMEee (HAMMEHLINEES) JHAYEHHE:
1) y==(x-2¢¥-1; 2) y=(x+3)+2.

CpaBHHTH 3HAYEHHA BBIPAMEHHH:

a ]

1) 8,17 u 4,37; 2) [E] X [E] .
11 11
3} 0,3° u 0,2% 4) 2,57 u 2,6%

o (1) = (5)5 o () =(8)"
7) (44/3)° u (344)7"; 8) (2V6)° u (632)°.

B ognoit cMcTeMe KOODIMHAT NOCTPOMTE Ppaduen GyHKUHE,
HAXOAA cHadana ux ofaacTi ONpejeNeHHd H MHOMECTBA 3HA-

qeuuii:
1 1

liy:xauy=x5; D y=x*uy=x';
3 y=x"my=x"% ) y=x"my=x"
HaiiT npoMesxyTEH, HA KOTOpRX rpadux gyHRmAN:

1
1) y==x% 2) y=x* — nemur seime (Hmie) rpaduxa QyHk-
OHH I = X.
HaobpasnTe cxeMarndeckn rpadux GyHKouM o HalTA eé 00-
NACTE ONpejeeHHA W MHOMKeCTBO 3HAYEHHH; BRIACHUTE, ABAALT-
ce Jau pyHKLHUA BoapacTawmein (yOniBawied), orpaHAYeHHOMN
CEEDXY (CHHAY):
1) y=(x-2052) y=(x+1)% 3) y=(x+2)% 4) y=(x-1)"
IMoasayacs pucyakoM 13 (c. 45), HAHTH DpoMesyTHH, HA KOTO-

1 5

peix rpagur dyHRIHH: 1) y= xg; 2) y= x® — nemur BBimIE
{Hnxe) rpaduka PYHEOHHE § = X.

IMoeTporTs rpaduk GYHKINE ¥ YKAZATE eé obIacTs onpeleleH s,
MHOMECTREO JHAYEHAHR H NPOMEXYTEH BOIPACTAHHA H VOLIBAHNA;
BEIACHHTE, ABIAeTCA A0 QVHKIHA OrpAHHYeHHON cBepxy (CHHAY):

[N

% 3 y=|xl"+1
1
4) y=|x[" -2 5) y=lx+2[%; 6) y=|2x|7

HafiTe KoOpAMHATHE TOYKM Nepecedenns rpabuxop QyHKIAME:
&

4 a
1) y=3Vz u y=x%; 2) y=¥x n y==x".

1) y=|x|%; 2) y=|=x

o e
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138 Haften dyeExOouio, obpaATHYI K JAHHOH:

1 3 3 1
1) y=-x%; 2) y=-x°; 3) y=2x2%; 4) y=-2".

137 .Ha ozHOM pHCYHKe NOCTPOHTE TrpadHk IZaHHOH GYHKOIHH

H yHRUHMH, obpaTHOH K JAHHOH; HAHTH obiacTe onpegeneHHA
H MHOMECTEO JHAUYECHHHA HAMION U3 HHX:

1) y=3x-1; 2]y=%:

3) y=x"-1 nupn x = 0;
4) y=(x -1 upn x = 1;
5) y=x"-2; 6) y=(x-1)%

T y=+vx-1; 8) y=vx+1.

KOHTpOJILHLIe BOITIPOCHI:

1
2
3.
4

Kak naiftu o6nactb onpenenenus cTeneHHon QyHKIuu?
Kak naiitu 061acTh 3HaU€HUN CTENEHHON (yHKINH?
Chopmymnupyiite TeopeMy 006 oOpaTuMocTy QYHKIIUH.

Cdhopmynupyiite TeOpeMy 0 MOHOTOHHOCTH 00paTHOW (DYHKIIUH.
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NPAKTHYECKOE 3AHATHUE
HppannonajibHble yPABHEHHUS M HEPABEHCTBA

eJb NpaKTHYECKOT0 3aHATHS
[TomyunTh 3HaHUS 00 UPPALMOHATIBHBIX YPABHEHUSIX U HEPABEHCTBAX.

MeToanueckuii MaTepuas
N3yuyaemMblie BOIPOCHI:

1. Onpenenenus UppalMoOHABHBIX YPaBHEHUI U HEPABEHCTB.
2. OcHOBHBIE BUIbI UPPAITUOHATIBHBIX YPaBHEHUMN.
3. OcHoBHbIE MpaBUjIa pEHICHHs] UPPALMOHAIBHBIX YPAaBHEHUIN U HEPABEHCTB.

HPPHLI,HDHEIHEIHDE YPaBHEHWE — 3TO YPDAaBHEHWA, B KOTOPbBIX HEM3IBECTHOE HaxXoAWTCA NoA4 3HAKOM KOPHA.

CBOWCTBO: NPV BO3BEAEHWW 06ENX YaCcTel YPABHEHWA B HATYPanbHYH CTENEHb NONYYaeTCA ypaBHeHWe —
cneAcTEWE AaHHOrO.

PaccMoTpMM BWAbI MPPaUMOHaNbHbIX YPaBHEHWH

Jflxl=a

B aToM cnyyae Mbl MOXEM BOCTONb30BATLCA ONpeaeneHeM KBaapaTHOrD KOpHA.
W3 Hero cnepyet, uTo a=0,Torga  a)i=a

[na Hawero cny4aa nony4um

Wflx))P=a MK - flx) =4°

Ml FHaeM, 4TO CyMMa NONOHKUTENBHBIX HHCEN PaBHa HYNHD TOrgda W TONbKO TOr4a, KOrga Kaxjoe 13
chnaraemMelx paBHO HYNMH.
Te [fix)x=0gx)=0

Vi) =3

Mo onpegeneHyo KBagpaTHoro KopHA flx) = 0. Takum oBpasom, YToBkl HAaWTK TakKMe 3HaYeHMA
HEW3BECTHOW, NPW KOTOPbIX BEINOAHAKTCA CNedyoLlne YCNoBWA:

[fix)=0g{x) = 0f(x) = g(x)

MNpumepbl:

dl.'\-."?‘i:!

"

1l

b
[¥]

-
Il
Y

OTteeT: x=4
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T.vxr2+x—2=0

x+2=0
—&=0

{x— —2x
x=4
cnefoeaTenkHoO, DELLIEHI.-"II::'I HEeT

OTBeT: pelleHHid HeT

GI'IP'EAEHEHHE. HEDEBEHCTEIO, cojepAHallne nepemMeHHYH No4 3HAKOM KOPHA, Ha3kIBaSTCA
MppaUuroHanbHBIM.

MppauxoHaneHoe HEPABEHCTEC, KaK NPaBWo, CBOQWTCA K PABHOCHIBHON CUCTEME (MM COBOKYMHOCTU
CUCTEM) HEPABEHCTE.

1. JFe) > Va0 & (gx) 2 0,7(x) > g(x)
2. Jfm) 2ol = (8 2 0,0(x) 2 g(x)
3 = e = () 20,90 =0, flx) < g°(x)
4. Jfa) = glx) = (%) 2 0,g(x) = 0, flx) < g°(x)
5. JFlx) = g(x) = ((80) <0.£(x) 20 {gl) = 0.5(x) > g*(x)
6. Vi) =g(x) = (8 < 0.7(x) = 0 {g() = 0,f(x) = g°(x)
Mpumep 1.
Pewwm ypasHeHue: Jx=x-2
Bossenem B KBagpaT ofie YacTh YypaBHEHWA, MOAYHMM:
x={x—2)% | KOTOpOE He ByOeT PaBHOCHMIEHO MCXOOHOMY YPaBHEHWD, MOTOMY YTO Y 3TOMO YpaBHEeHWA
IEa KOPHA x =1x =4 ,@aY NEpPBOHAYansHoro ypagHeHWA TONbBKO OIMH KOpeHs X=4.
Ne1.
MoaYyepKHUTE KOPHW OAHHOTO YpaBHeHWd
:.'l -yt =:,"l—x‘z
1.0:1
2.-1:0:1
3.-1;0
Pewwum gaHHoe ypaBHeHMe.
[l-x*z01-x=01-x*=1-x
MNonyyaem TpW KOPHA M3 NocnegHero ypasHeHua: -1,0;1
BepHel oTBET: 2
1.0:1
2.-1;0;1
3.-1,0
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Mpumep 2.

PelwuTe ypaBHEHWE. x—5=+2x—3

1 cnocob:

PaccmMmoTpum obnacTe onpefenedna GyHKUWA
[x—5=02x—3=0
[x=5x=15

¥-h=2%-3

¥=-2, HO -2 He BXOAWT B 06nacTe onpefensHMa GyHKUWIA, cnefoBaTensHo, PeLeHi HeT.

OTBeT: pelleHuit HeT.
2 cnocob:
X-5=2x-3
¥=-2
MNpoeepka:
J=21-5= \-—_?. -7 =0
J2=D —3=+v—7,-7T<0
3HaumT, x=-2- NOCTOPOHHKWIA KOPeHb

OTBEeT: peleHuil HeT

HpaKTH'—leCKaﬂ 4acTb

1. Belyunte onpeneneHnst HppauMOHAIBHBIX YPAaBHEHHI U HEPABEHCTB.

2. BelyunTe npaBuiia pemeHns uppalroHaIbHbIX YPAaBHEHUIN

3. IIpocmotpure BHUIIEO MaTepuala o
https://resh.edu.ru/subject/lesson/5569/main/159267/.

4, Brinmonnure TPCHUPOBOYHLBIC 3adaHUus B BHUJIC TECTa
https://resh.edu.ru/subject/lesson/5569/train/159271/.

5. Pemmure 3agaun:

138 Pemuts ypaBHeHHE:

_ . 2 | 1,
1) (x+7)-3=2x+ 14; 2)x+r2_4~4+x2“4,
22-1 x2-1 (x-3)(x+2) x+2
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CCBLIKCE:

CCBLIKCE:


https://resh.edu.ru/subject/lesson/5569/main/159267/
https://resh.edu.ru/subject/lesson/5569/train/159271/

139

147

148

149

150

152
153
154

155

156

157

158

159

160

PaBHOCHMJIBHEI JIH CJEAYIOIMe YDPaBHEeHMA:
1) 3x-7=5x+5 u 2x+12=0;

2) Lax-1=1n 32=1-y;
)5(x ) B =

3) x2-3x+2=0 mw x22+3x+2=0;
4) (x-52=3(x-5) u x-5=38;
5) x2-1=0 m 2* 1=0;

6) |x-2|=-8 u 3 =(-1)%

2
PemuTe ypaBHEeHHE —— — 2 5X 3x

3x+1 B8x-1 9x2-1 1-9x2

HajiTi KOpHHM ypaBHEHHA:

) 3 _4x—1=x2+5_5;

x-1 x+1 x2-1

2) x+2_x(x—-4)=x_2_4(3+x)-
x-2 x4 x+2 4 x2

PemuTe HepaBeHCTBO:

1) 2 -3x2+2x-6>2x% - x% +4x - 2;

2) 2% —3x%—4x+12>-3x%+ 2% + 12x - 4.

IlokasaTh, 4TO ecau kKaxkpas u3 byHrnui f(x), g (x) 1 ¢ (x)

ompexejeHa Ha MHoxkecTtBe X M ¢ (x) # 0 ana Bcex x € X,
TO ypaBHEHHHA

f(x)=g(x) u f(x) ¢(x)=g(x)- ¢ ()
PaBHOCHJILHEI.
PemuTe ypapaenue (152—161).

1) Vx+1=38; 2) Vx-2 =5; 3) 4+ x=+2x-1.
1) Y2x+3=1; 2) Y1i-x=2; 3) 4/3x? -3 =8x.
1) x+1=+1-x; 2) x=1+Jx+11;
3) Vx+3=+5-x; 4) Jx?-x-3=3.

1) Vx—x=-12; 2) x+vJx=2(x-1);
3)m=x—3; 4)m=1—x.

1) V2x -84 =1+x; 2) J5x +14—-x = 8;
3) V15+ x + 3+ x = 6; 4) V3-2x-J1-x=1.
1) Jx2+2+ [x3+x% =0; 2) Y1+ 2t =V1+22.
1) V5-x -6+ x=2; 2) Vi2+x-J1-x=1;
3) Vx—-2+Jx+6 =0; 4) Jx+T+Jx-2=09.

1) V1-2x -4J13+x =vx +4;
2) Vix+1-v6-x=15+2x.
1) Vx-2=2; 2) Y2x+7=38(x-1);

3) 4/25x% - 144 = x; 4) x2=.J19x2-34.
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161 1) 3x3-2=x-2; 2) 4x3-5x2+16x-5=x-2.

162 BbIACHUTH C MOMONIEIO rpad@UKOB, CKOJIBKO KOPHEH MMeeT ypas-
HEeHHne:

1) vx-6 = -x2; 2) ¥x =(x-1)2;
3) Vx+1=x2-T; 4) x} -1=+x+1.

Pemute HepaseHcTBO (166—171).

166 1) Vx> 2; 2) JVx <3 3) Vx> 1;
4) ¥2x <3; 5) V3x > 1; 6) v2x < 2.
187 1) vx-2>3; 2) vx-2 <1;
3) vV3-x < 5; 4) Vd—x > 3;
5) V2x-3> 4; 6) Jx+1?%;
7) V3x-5 <5 8) J4x+5s§.

168 1) Jx>-1>1; 2) J1-2% <1;

3) J25-x% >4 4) J25-x <4

Pemure rpaduueckn HepaseHcrso (172—173).
172 1) Vx>x 2) Jx<x 3) Yx>x-2; 4) Jx< x-2.
173 1) Jx <2x; 2) Vx> 0,5x;

3) Vx>2x-1; 4) Vx> x2.

174 Pemutr HepaBeHCTBO:

1) Jx®-3x+2> x+3; 2) ,/2x2-7x-4>—x—i.

KoHnTpoJibHbIE BONIPOCHI:
1. Chopmynupyiite onpesenenrne uppaoHaIbHOTO YPaBHEHUS.

2. Chopmynupyiite mpaBuiia pelieHus: UppaloHaIbHbIX YPABHEHUN U HEPABEHCTB.
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HNPAKTUYECKOE 3AHATHUE
IMoka3zarenbHass pyHKUIMSA

eJb NpaKTHYECKOT0 3aHATHS
CdopmupoBaThs cucTeMy 3HaHMI, CBSI3aHHBIX C [MOKa3aTelbHOU (YHKIIMEH: omnpesesieHne, CBONCTBA U
rpaduk.

MeToanueckuii MaTepuaJ
W3yuaeMble BOIIPOCHI:

1. [TonsTHe MOKa3aTenbHOU (HYHKITUH.
2. [Ipumeps! pealibHBIX MPOLIECCOB, OMUCHIBAEMBIX TOKA3aTEIbHON (YHKIIHEH.
3. YMeHHEe 0CyIIECTBIATh CAMOKOHTPOIIb.

DyHKUWA BWOa y=a", 40, a7 Ha3bIBaeTCA NOKasaTeNbHOW QYHKLUWEH ¢ OCHOBaHHWeM a.

Takoe Ha3BaHWe oHa nony4yuna noTomMy, 4To HE3aBUCKHMMaARA NeEPeEMEHHEA CTOWT B NOKa3aTene. OcHoBz
d — 3afaHHOE YKMCno.

,ﬂﬂﬂ NONOMMTENEHOMO OCHOBAHMA SHAYEHUE CTENEHW &% MOMHO HalTK 0na nHEoro aHadYeHua
NOKa3aTena X — W Uenoro, v paukMoHaneHOro, U HppauWoHanbHOro, To eCTe 4NA nw6oro AeRcTEMTENE
3HaYeHHA.

Chopmynupyem OCHOBHbIE CEORCTEA NOKa3aTensHOR DYyHKLUMK.
1. OBnacTe onpegeneHnA.

Kak mMbl yKe ckasanu, cTeneHb &' gna a>0 onpefeneda AnAa N6oro AeRCTBUTENBEHOMO 3HAaYEHUA
nepeMeHHoM X, NO3ToMy 06nacTb onpeaeneHna nokasatensHon pyHKUuMm Dyy)=R.

2. MHOMecTBEO 3Ha4YeHMA.

Tak Kak oCcHOBaHWe CTENEHMW NOMNOXMWTENBHO, TO OYEBWMOHO, 4TO Cb‘fHKLI,I-“Iﬂ MOHET NMPUHWUMEaTE TONBKO
NoNoAUTENbHBIE 3HAYEHWA.

MHoKecTBO 3HaueHui nokasaTenbHoi GyHKUMK Eqy)=R™, unm Eqy)=(0; +oo).
3. KopHu (Hynu) dyHKLWAK.

Tak Kak ocHoBaHWe a>0, TO HM NPW KaKMX 3Ha4YeHMAX NepeMeHHOR X OYHKUMA He obpawaeTcAas 0w
KOpHeRl He MMeerT.

4. MoHOTOHHOCTE.
Mpw a=7 dyHKUWA MOHOTOHHO BO3pacTaeT.

Mpw O<a<T PyHKUMA MOHOTOHHO yBLIBaET.

=]

5. MNpw NKOBOM 3HAYSHUW & 3Ha4YeHMe dyHrUMK y (0) = 8% =1.

6. MpaduK QyHKL KW,
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Mpn a=7

La
’// .

A0 A28 L0 -L5 -l L5 L] [E3 Ly 15 £l 15 x
TOCTRoRH H8 caifme vt

PucyHok 1 — Tpadwuk nokasaTeneHON QYHKUWMK NpK a>7

Mpu O=a<7

] 23 il L3 -1 k] 0 i Lo 13 1% 15 1]
MocTRoes Fa caie yobong

PucyHok 2 — lpaduk nokasatensHoW @yHKUKMK Npu O<a<7

HesaBWCHMMO OT 3HAYEHWA OCHOBAHWA a rpaduk GyHKUMK MMEeT ropu3oHTanbHy acumnToTy y=0. [lna
O=za<7 npw x cTpeMALLEMCA K NIOC G8CKOHeYHOCTH, 4NA 3> NpK X CTPEMALLEMCA K MUHYC
BECKOHEYHOCTH.
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2. PaccMoTpum npumep uccnenosaHna dyHKLUMK y=—3%1.

Pewexne:

1) O6nacTe onpegenseHlAa dyHKUMK — Nro6oe AeAcTBMTENEHOE YMCAD.
2) Halgem MHOXECTBO 3HaqYeHWA dyHKUMK.

Tak kak 3%=0, To =<0, 3HaumT, —F*+7<1, TO eCTb MHOMECTEO 3HAaYEeHWA QyHKUMK y=—3t1 npegcTaenaer
COBOMH NpoMeXyToK (-0o; 1).

3) Tak kak dyHruwA y=3* MOHOTOHHO BO3pacTaeT, TO PYHKUWA y=—3* MOHOTOHHO Y6bIBaAET. 3HAYMT, W
GyHKUMA y=—3"%1 Takke MOHOTOHHO yobIBaeaT.

4) 3Ta dyHKUWA BYyAeT UMeTk KopeHs: —3+1=0, 3*=1, x=0.

5) MNpadmk GyHKUKMK

=11

-

BT T K T
PozTEoes Fa ceifme wgbon,

PucyHok 3 — Mpaduk dyHKUMK y=—3"+1
6) [lnA 3Toi GyHKUWMK rOpU3oHTaNsHoW acMMNTOToOR ByOeT npamMan y=1.
3. Npumepbl NPOLECCOB, KOTOPbIE CMMCLIBAKTCA NoKasaTeneHOW QYHKUKMER.

1) PocT pasnuyHelx MUKPOOPraHMaMoE, GakTepui, ApoxcHed ¥ GepMeHTOB onucbiBaeT gopmyna: N=
Ng-a*, N— Yucno opraHusmoB B MOMEHT BpeMenu t, t — Bpemsa pasMHoxeHus, a u k — HekoTopble
NOCTOAHHBIE, KOTOPBIE SABUCAT OT TeMNepaTypkl Pa3MHOXEHMA, BWOOE 6akTepuil. Booblue 3TO 3aKoH
PA3MHOMEHWA NPU BNAFCNPUATHLIX YCNOBEKMAX (OTCYTCTEVE BPAroB, HanW4Me HEoBX0OWMOro KONWYEeCTEa
NWTaTeNbHbIX BEWECTE M T.M.). JU€BMOHO, YTO B PEaNbHOCTH TaKoro He NPOWCKoaMT.

2) laBnexue Bo3ayxa nsMeHseTcA no sakoHy: P=P,-a™", P— gasneuue Ha soicoTe h, Py — gasnenue Ha
ypoBHe Mop#A, h — BblcoTa Haf ypoBHEM MOpPA, @ M K — HEKOTOPLIE NOCTOAHHLIE.

3) 3akoH pocTa gpeseckHbl: D=Dy-a", D- usmeHeHue Konu4ecTsa ApeBeckHbl Bo Bpemenn, Dy —
Ha4anbHOE KoNU4YeCcTBO ApeBeckHbl, t — BpemMA, @ W k — HeKoTopbIe NOCTOAHHEIE.

4) Mpouecc M3MeHEHWA TEMNEPATYPE! YaRHWKa NPW KUNEHWW ONKckIBaeTeA Gopmynoi: T=To+H(100- Ty)e
kt

5) 3akOH NOrNOLEHWa ceeTa cpefoi: I=lye*, s— TonwmHa cnos, k — KoahdHLKEHT, KOoTopbIR
XapaKTepusyeT cTeneHb 3aMyTHEHMA cpedbl.
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6) MaBecTHO yTBEpHKASHME, YTO KONWYECTED MHDOpMaUWK yasameaeTcA Kaxgele 10 neT. MsoBpasum aTo
HarnaaHo.

MNpumenm KonW4ecTEO MHQOPMAaUWMK B MOMEHT Bpemern 1=0 3a eguHuyy. Torga 4epes 10 neT KONUYECTEO
MHDOPMaUUK YOBOWTCA W &yAeT pasHo 2. Ewe 4epes 10 neT Konu4ecTEo MHDOpMaLWK YABOWTCA elle pas
W CTaHeT pasHo 4 n T.4.

Ecnw npeanonosnTe, 4TO NOTOK MHQOPMaLMM M3MEHANCA NO TOMY #e 3aK0OHY A0 TOro roga, KoTopbIA
MNPWHAT 3a HaYaneHbIA, To ByaemM ABMraTecA No oCK abecuMce BNEBO OT HaYyana KoopaMHAaT M Hag
3HavYeHMAMM aprymenTa -10,-20 1 T.4. 6YAeM HAHOCHTE Ha rpad MK 3Ha4eHnA QYHKUMK YiHe B NopAaKe
yBbIBaHWA — YMeHbLUAaA Kaxabli pas BaBoe.

L

- - 0 10 2030

PucyHoK 4 — MpadWk dyHKUWK y=2" — U3MEHEHMWE KonWdiecTea MHQOpMaLUKnu

3aKoH U3MeHeHWA KONTMYeCcTBa MHbOPMaLMKM ONUCEIBAETCA NoKa3aTeNbHoN DyHKUWeR y=2"
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Mpumep 1.
BelGepuTe NnokasaTenbHble GyHKUWMMW, KOTOPbIE ABNAKTCA MOHOTOHHO YEbLIBAMOLLMMM,

1. y=3""
2. y=(04y*
3. y=(0,7)"

()

7
5. },:3-2):
6. }":1 GZ:( +1
PeweHwne:

MoHOTOHHO yﬁblBaIOI.LLMMH ABNAKTCAH NOKa3aTENEHBIE {b}"HKLLI-"IH, QOCHOBAHWE KOTOPBIX NONOXHATENBHD W

MeHBbLE eAMHWLE!. TAKMMK OYHKUMAMK ABNARTCA: 2) U 4) (HE3aBMCHMO OT TOTO, YTO Ko3hUUNEHT
—

nokasaTtene dyHkumMK 4) pasen 0,5), 3aMeTUM, 4To DYHKUWIO 4) MOXHO NEPENUCaTs B BUIE. = ||:;)
\

MCMNONB3YA CEOWCTEO CTENEHEN.

Take MOHOTOHHO YBbIBAKILLER BYOeT hyHKUMA 5). Bocnone3ayeMcA CEOMCTEOM CTENEHEN W NPEACTABNM
ee B BUAE

y=3"%=(30)7= G];

oree: 2} 4) 5)
Mpumep 2.
HaitnuTe MHOXECTBO 3Ha4yeHnil dyHkLmMKn y=3"1- 3.
PeweHune:
PaccmoTpum dyHKUMIO.
Tak kak 3*71>0, To0 3= 3>-3, TO eCTb MHOKECTEO 3HAYEHWIA:
(- 3; +co).
Mpumep 3.
HaiguTe MHOMECTBO 3HaYeHWA hyHKUKMK y=|2"- 2|
PaccmoTpum @yHKUMHO,

2%-2>-2, HO, TAK K&K Mbl paccCMaTpUMBaeM MOJyNb 3TOMD BbIPaMeHua, To nonydaem: [2°- 2| = 0.

IIpakTHyeckas 4yacTb

1. Briyunte onpenenenue noka3aTeabHON QyHKITUH.

2. [TpocmoTpuTe BUJIEO Marepuaia o CCBUIKE:
https://resh.edu.ru/subject/lesson/3841/main/225577/.

3. Brimonnure TPECHUPOBOYHEIC 3a1aHUusA B BUIC TECTa 110 CCBIJIKE:
https://resh.edu.ru/subject/lesson/3841/train/225583/.

4, Pemmre 3agaun:

90


https://resh.edu.ru/subject/lesson/3841/main/225577/
https://resh.edu.ru/subject/lesson/3841/train/225583/

192

193

184

1956

196

197

199

201

202

IlocrporTs rpadek GyVHEKIIHH:
- g (1)
1) y=3% 2)y (3] .

C nomouiwio rpaduka dyeEknun y = 3° HaitTH npubanxéHHoe
3HavYeHHe:

2
1) V3; 2) 38: 3) L, 4) 318,
) ) N

Haobpasute cxemarnueckn rpaduk (QYHKIIHH:

1) y=0,4%5 2) y=(V2)*; 3) y:[—lJ-E-J ;o 4) y*_-(\l@)x-

(¥YerHo.) Henonbaya cBoiicTBO BO3pACTAHUA HAM yOBRIBAHWA MO-
KasaTelbHOH (QYHKIIHHE, CPABHHTL YHCJIA:

1) 1,7 u 1; 2) 0,3% u 1; 3) 3,21 u 3,219,
'\r'rE 1.4
4) 0,23 u 0,2%  5) (%] u (é) . 6) 3" u 331,
CpaBHHTb ¢ eHHHIEN 4YHCIO:
Jﬁ- —l.2
1) (0,1)'2; 2) (3,5 3) 27 4) (?] .

HaiiTH KOODAMHATH TOUKH IepeceueHHA TpadHKOB GYHKIMI:

y=2"n y=8; 2) y=3" = y-%;
1)" 1 1"

3) y=|= == 4) y=|= =9.

”[4) T )y (3] v

(¥erro.) PemuTes ypaBHeHHe:

1) 57=1; 2) 77=d9; 3) [é]'ﬂ’ﬁ; 4) (%)L"iﬁ.
(¥erro.) BelscHuTs, ABIAETCA JIH BO3pacTalomed uiau yOsinaio-
med QYVHEKIHA:

1) y=0,3" 2) y= (%)_x; 3) y=1,3% 4) y=0,7%
P.s‘um'n:;r rpaduuecku nfpaaenc-rm:

1) (%) >1; 2) (%] <1; 3) 5°>5 4) 5:<§.
ITocTpouTts rpaduk hyHKIUHU:

1) y=3*-2;2) y=[%)x+3;3) y=2"1,4) y=3*"2

X
OKAa3aTh, 4TO rpadHKu HEIUR y =2 u y= 1 CHMMeT-
it pad by Yy V=13

PHYHLI OTHOCHTE/JILHO OCH OpPJHHAT.

HaiiTy HanbGo/bllee ¥ HauMeHbINee 3HAYEHWA (QYHKIMHMH y = 27
Ha orpeare [-1; 2].

Haitty Haubonblllee ¥ HaMMeHblIee 3HAYeHUA ByHKIUY y = 2! ¥/
Ha orpeske [-1; 1].

[locTpouTs rpaduk GyHEKOHM:

x|
1) y=2; 2 y=(§]l i 3 y=[3"-2|; 4) y=2-3
ITpu pasjHOAKTHBHOM pacnaje KOJH4YeCTBO HeKOTODPOro BeLecT-
Ba YMeHBIIaeTCA BABOe 38 cyTKU. CKOJBKO BelllecTBa OCTaHETCA
or 250 r uepea 1,5 cyrok? uepes 3,5 cyrox? Beluscnenus npose-
CTH HA MHKDOKAJBKYJIATODE.

Ha HeKOTOPOM JEeCHOM V4YacTKe MOXHO 3aroTosutsh 4 - 10° m°
apepecuHEl. EskerofHelit npupoct gepesbeB paBeH 4% . Ckoabko
MOYXHO 3ArOTOBUTH APEBeCHHEI HA 3TOM Y4acTkKe wepea 5 jer?
BriuMcieHHA TPOBECTH HA MHKDOKANLKYJIATODE.
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KoHTpoabHbIe BONIPOCHI:

5. BriGepute mokazarenbHble GYyHKIIMU, KOTOPBIE SBISIOTCS MOHOTOHHO YOBIBAIOIITUMU.
Y= 102::+1
y = (0,4)741
y=(0,7)"
Y= 32—1
y=37
y= (3
6. Pacrionioxxure HoMepa rpadukoB Y = a* B MOPSAKE BO3pacTaHHs 3HAYECHHUSI OCHOBAHHUS CTEIICHH

a 6e3 mpobOeIoB.

10035 )(2)(4)

7. Haiinute 6 cnoB o teme "mokasaresnbHas GyHKUUS U ee rpaduk".
Jlu (@ |w n|r|{d|lw|ls|c|K|wWwW/w|ag|w
Kla|p|r|y|m|e|H|T|o|Aa|bl|T|B|N
d|B|lc|mMm|u|(n|a|m|¥|d|bl|0o|K|wWwW|r
rfeclm|é6|w|é6|r|é6lw|/nja|y|/n|n|p
6|lu|a3|lu|/x|a|lwl|é|alo|n|bi|o|3
e|M|3|B|lW|B|3|Ww(é|d|c|N|K|K|QH
w|c|M|c|a3|w|a|B|N|X|H|4Y|bl|a|T
ylc|T|e|ln|le|H|b|lA|lo|o|c|y]|3|n
njaltw|e|(n|a|bi|p|d|le|B|Yy|x|a|B
ylo|o|u|lw|k x|€|Bla|kK|3|T|w
T(M|4|6|T|3|T|u|lalM|H|Cc|X|e|x
Ale|ala|k|w|(x|n|B|&|u || bi|n|p
Wi K|o|ple|lH|b|x|Uu|lK|e|#A|c|b|n
Xx|c|lujw|T|w|s. Ulw|k|u|T|d|p
w|é | e|6|z|le|d|ejlw|ly|n|u|a|lin| 3

8. Beinenure ypaBHeHue QyHKIUH, TpaduK KOTOPOM H300paskeH Ha PUCYHKE.
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L y=2"14
Doy -4
o oy=4-_3%=
L y=—2"44
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IMPAKTUYECKOE 3AHSTHUE
Iloka3aTenbHble ypaBHEHHS U HEPABEHCTBA

eJb NpaKTHYECKOT0 3aHATHS

CdopmupoBaTh cuCTEMY 3HAHUM U YMEHUI, CBI3aHHBIX C PEIICHHUEM MTOKa3aTeIbHBIX YPaBHEHUH U X
CUCTEM.

MeToanuyeckuii MaTepuas
W3yuaeMble BOIIPOCHI:

1. Onpenenenne NoKa3aTeabHOrO0 YpaBHEHUS.
2. Pemienue nmpocTelmx noka3aTeabHbIX YPaBHEHUM.
3. Pemienue nmokazaTenbHBIX YpaBHEHUH pa3HbIMHU CIIOCOOAMHU.

MokasaTenbHBIM Ha3kbIBAETCA YpaBHEHKWE, B KOTOPOM NEPEMEHHAA BXOAWT TONMBKO B NOKA3aTENK
CTeneHex, npW 3agaHHOM OCHOBaHWK.

YpaBHEHWA BMIA of@=p , of@=g8*)(a=0a=1) HA3ILIBAIOTCA NPOCTEHLUMMH NOKA3ATENbHBIMU
YpaEHEHUAMM.

B camom NPpoCcTOM Cny4Hae ypaBHeHHWE NpUHHUMAET BMO. a*=h

Tak Kak MHOMECTBO 3Ha4YeHWi NoKa3aTenbHON QYHKUMKM  f(x) =a* - MHOXECTBO NOAOKWUTENBHbBIX
YWCEn, TOMPM  »=0 YPABHEHWE PELIEHMIA HE UMEET.

Tenepb paccMoTpUM ciydai b=0.

BcnomHum, 4T NoKasaTeneHan q}}’HKLI,I:“IFl MpH a>1 MOHOTOHHO BO3pacTaeT U NPUHUMAET BCE
nonNoAKMTENEHBIE 3HAYEHWA, Kax Ooe DOBHO O0WH Pas. B cnydae 0

1T

=

PucyHok 1 — MANKOCTPaUMA peWeHa NPpOCTEAWEro NOKA3aTeNEHOTO YPABHEHWA  gr=p , 321
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PUCYHOK 2 — MANKCTPaUMA pelleHUA NPocTeMLEro NOKa3aTeNsHOMO YPaBHEHUA  av =5 |,

Ana Toro 4yTo8el peLwMTE NPOCTERLEee MOKa3aTeNbHOE YPaBHEHHE o~ =b (a»0a=1) , HYKHO YHCAD
b NpefcTaBuTe B BHAE CTENEHH YHCAAE a.

—

Paccemotpum npumep. 13+ = Y189

fpeacrasum Y168 B BHAe cTeneru yiucaa 13; 169 = 1335

Tenepb nepenuiieM JAHHOE YPaBHEHHE B BHAS:  13° =13¥% |, M03ToMy x=2/5.
Oreer: x=2/5.

2. Tenepb nepedgemM Kk PellieHiro 601ee CAOXHBIX MOKa3aTenbHbix YPDaBHEeHWH.
2.1. PaccmoTpum ypaBHeHHe BHAA.

ky cagfEe L Al Ly kn-aﬁﬂ'”l —h

Ta ecTe Mbil BHIWM, 4T IEBaA YaCTh 3TOM ¥paBHeHHA MpeACTaBNAEeT cob0o CYMMY, cRnaraeMbie KoTopora
OTITHYaoTCH KOS@JQEJHHMEHTHMH (k) M IOK33aTenH cTeneHed ¢ OQUHAKOBEIMK OCHOBaHHAM
OTMTHYaKTCA cnaraeMbiMKe  (t)

Hna pelienna Takux ypasHeRnil NEBYH0 YacTh NPE0OpasyroT CASAYIOWMM 05pa30M. BHIHOCAT 38 CKOBKY
CTEMEHE ofl@tm  (YACTO, YTOOE! M3OEMAETE APOOHBIX KO3MEHUUHEHTOE, BEIHOCAT CTEMEHS C
HaHMEHbLLUMM MOKa3aTenem).

ﬂf[zllm{ki.ar,—m 4k -atetm) = b

Mbi BUOMM, YTO BEIPaXEHHE B CKOOKAX NPefcTasqeT COB0R YHCo.

b
ky - af T ok kgt

HOSTOMJ’ BbIPa3HM  aflxltm= W peLliim H,GOCTEH"LUEE NnoKazarenbHoe YpasHeHHe.

PaccMmoTpum npumep:
64+ 35651 =71
Pewenue:
(Mpeospasyem NeByO YACTb M BEIHECEM 33 CKOBKY &1
B5L{67 +35) = 71
65171 =71
=1
gl =gt
x-1=0
x=1
Otger: x=1.

22 PECCMOT,DHM elje aqHe YpaBHEHHWE, KOTOROE PeliaeTeAd C MOMOLW b BEIHECEHHA 348 CKGﬁK_}f obuwero
MHOMHTENA.

g4r _ gx-05 _ gr+lhb _ gix-1
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Fewenpme:
llpeotpasyem ypaBHeHHE: NepereceM CTeNeHI ¢ OQHHEKOBEIMK OCHOBAaHHAMK B O4HY YacTs.
grpgumlE o grtls g geds

Teneps NpeoGpasyem MofyYEeHHOE YPaBHEHNE K BUAY.  of® = g% . [1Aq 3Toro pasgenum 06e 4acTi
YpaBHeHWA Ha 3% pHa 3.

HF e g
G -3
x-05=1
x=145
Oteer: x=1,5.
2.3, Elje oquH BHA NOKa3aTeNbHbIX YPaBHEeHWA — YDaBHEHMA, CBO4ALMECA K KEa4PaTHbIM.
Ky -aifSita g g, cpflE it g, = 0

B 3TOM cry4ae BBOAAT HOBYIO MEPEMEHHYIO;  p=af® . [lony4um BCROMOraTensHoe ypasHeHune:
byp®+ bap+ Ky =0

locne peleHna 3TOre YpasHeHua MoJYYHM NPOCTeRIWNE OKA3aTelbHbIE YDaBHEHHA.
PaccmoTtpum npumep:
165 -5 4"+ 4=10
Pewenwne:
Beenem HOBYIO MEPEMEHHYIO.  t=4*
Januiiem BCIoOMOraTe/bHoe ypasHeHne., t:—St+4=0
Paccmotpum npumep:
1435657 =71
Pewenue:
(Mpeospasyem NeByO YACTb M BEIHECEM 33 CKOBKY &1
E5H67 +35) = 71
71 =71
671 =1
6=t = 6°
x-1=0
x=1

Oreer: x=1.
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22 PECCMOT,DWM elje oqHC YpaBHeHHE, KOToRoe PellaeTeA C NOMOUWbHY BEIHECEHHA 38 CK’OEK}f oelero
MHOMHTENA.

4% _ 3x—05 _ gr+dE _ gix-1
Pewerune:
(Mpeobpasyem ypaBHERHE, NEPEHECEM CTENMEHM C OAMHAK0BBIMMW OCHOBAHMAMM B O4HY YacTb.
4744708 = 3wHOS 4 3-S5

{£ZL1 . BepHemcs k nepemerHor X:

.
orser: [FZ°

1

2.4. Elye oquH BHG VPaBHEHHH, KOTOPBIA CBEAETCA K PELLEHIMID KBAPaTHOIro MK YPaBHEHHA TpeTeld
CcTefieHm, 310 O4HOPOAHOE YpaBHEeHHE.

OgQHOpogHBIM MOKA3aTeNbHEIM YPAaBHEHHEM HA3bIBAETCA VPABHEHWE BUAAE!
af" +a "l tay Mg a8t = 0
3nece Fu g gyHrymy Buga:  fix) =™, glad =), a,—  KO3DPHyMeHTBI

O,aHO,DO,I]HbIE NoKazaTteflbHblie YpaBHeHHA pelliaraTea JeneHHeM Ha g MWW Ha ™ H HOCHE.‘;&}"}OM-E‘!E

3amMeHoi. t =£
PaccmoTtpum npumep:

34T 4209 =5.6*
Pewenune:

JaMmeTumM, 4To  4F =2% |,  9F =3 ¥ =2¥-3% . Joectb YpaBHeEHHE MOMHO 3aNMcaTeh B BHAE.

328 4.3 5. 0w 3w

Iz

2 2"
Pasgenum ypasHenne Ha 3% |, MOAYYHM YpaBHeHHe. 3 { 3] +2= 5(3) . Tenepe sBEgeM HOBYHD

2 &
nepemMerHyr.  t= (5) W NoayyYHM BCioMaorare/lbHoe ypaBHeHHe!

1 -5t+2=0 , PELHM ero!

OrBeT; [x=0x=1
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lMpumep 1.
PellnTe YpaBHEHME,  33° 3. 3% +xe 4 321z —
Pewenue: 3anuwem ypasHeHHe 8 BHgE!

(3_,2]2 -2 3::2 _3;45 + (_33;5}2 =0

TakuM 0BpasoM, YPaBHEHHE ABAAETCA OAHOPOAHBIM OTHOCHTENEHO MYHKLMIA

Pazgenum ypasHerre Ha  (35*6)T i NOAVYHM.
(35%-5€) = 23564 1=0
Eeefem HOBYIO MEPEMEHHYH. = 3*-=—5
BeornomoratensHoe ypagHeHHe:
t2—2t+1=0

(t—1)2=0

Bepremca K HCxoqHOA NepeMerHOoH:

33‘—.!—& =1
¥ —x—6=0
{Ix =3
==2
. x=3
Orser: X7,
flpumep 2.

64°F + B4 = 12

Pewunte cHcTeMy. { 54547 = 443

Pelerne: Beegem HoBble MepemMeHHbIe; {: = 2‘:‘:.

Paccmo TPHM BCNOMOraTenbHYRD CHCTEMY.

[af+b2=12
ab = 42

Boaseem BTOPOE yPABHEHHUE B KBAOPAT:

{";:;2‘_?212 . Pettiti MoayyYeHHyH CHCTEMY OTHOCHTENBHO  at
a’=4 {a’ =8
{bz =g M oy

Tak kax {E = g:: , TO ECTb MOMOXHUTENBHBIE, TO

a=2 a=22
{b=2~ﬁ: il { =12

BE',OHE‘MCH’ K HCXOQHBIM NepeMeHHbIM.

647 =2 = = 23
[ P [64 =22

64 =242 64 =2
Orcroga:

r=1/6 r=1/4

[)': 4 WM Ey: 1/6

Otger: (1/6; 1/74); (1/4: 1/6)
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IIpakTH4eckas 4acThb

1. Briyuute onpeneneHust ppalMoHaIbHbIX YPABHEHU U HEPABEHCTB.

2. BriyunTe npaBuia pemieHus UppaloHaIbHbIX YPaBHECHUN

3. [IpocmoTpuTe BUJIEO Marepuaia o
https://resh.edu.ru/subject/lesson/5627/main/159325/.

4. Beinonnure TPECHUPOBOYHBIC 3aJaHus B BUJC TeCcTa
https://resh.edu.ru/subject/lesson/5627/train/159329/.

5. Pemure 3agaun:

PemuTs ypasHenue (208—223).
dx -2
208 1) 4*"'=1; 2) 0,3%*-2=1; 3) 22r=2443; 4) (%] =(%) .

209 1) 27*=1. 2)400:=L1; 3 (l] =25; 4) (l) =1,
3 20 5 3

81
210 1) 3-9°=81; 2) 2.4 =64;
sl
3)3 2.372=1; 4) 0,5°*7.0,5' "% = 2;
2x 2x
5) 0,6 -0,6° = 28", 6) 6% -l=6-(l) .
0,6° 6 6

211 1) 3% !4 3% =108; 2) 23=+2 _ 28x-2 _ 3,

3) 2571 4251 4 27 = 28; 4) 3* 1 -3*+3*"1=63.

212 1) 5*=8%  2) [%J =(%) . 8) 3°=5%; 4) 4*=32,

213 1) 9°-4.3*"+3=0; 2) 16— 174"+ 16=0;
3) 25" -6-5"+5=0; 4) 64" -8 -56=0,
214 1) 3x=+x-12:1; 2) 2:2-7.1'-10:1;
L R
3) 2%°2 =4; 4) 0,5% =4*+1,
-x?_2x+3
215 1) 0,35 -="+=-1=1; 2) (2%) =1;
lz-3) 2
3) 5,12 =5,15,1; 4) 100*" -1 =10'-%%,

216 1) 10*=Y100; 2) 10%=310000; 3) 2252* -2 = 15;
4) 107°= —L__; 5) (y10)* =10%*-%; 6) 100=* "' =10'-5*,

4[10000
1, -0,06 \
217 1) 2’*-[%)‘ = V8; 2) 5"-'*-[%) = 5%";
Ji-x -1 2x
3) [,1_] .(l] = [l] : 4) 0'74:42,0,7—2:0'7-':_
2 2 2
218 1) 7*-7""1=6; 2) 3%-143%-2_3W-4=315;
3) 5% +3.5%"2=140; 4) 2**'+38.2°"'-5.2"+6=0.
219 1) 7 i=3% "7 2) 2=-3=38-=;
x+2 x-3
3) 3 4 =5x-2; 4) 4 2 -32(=-3)

99

110

CCBIJIKE:

CCBIJIKCE:


https://resh.edu.ru/subject/lesson/5627/main/159325/
https://resh.edu.ru/subject/lesson/5627/train/159329/

220

221

222

229
230

231

232

1) (0'5)12 -4x4+3 _ (0’5)2_'2 +x43, 2) {0’1)3+2x = (0'1)2_,= .

- x Ji-x
oo -
3) 3 3%; 4) 3 .
1) glx-2| — glx+4] . 2) 1'5I5-r]= 1’5|x-1| .
3) 3|x+1|=32‘-|11; 4} 3|r =3l2—:|—1‘

1) 3343 =T""14+5.7%

2) 3x+4+3‘5:+3=5x+4+3x+3;

3) 23-x+75—x=74—x+23-1.11;

4) 2;«1+2x—l_31-1=3x-2_21-3+2_3x-3.

1) 8- 4 -6-2"+1=0; 2)[41] +(%J -6=0;

3) 132+ _13*-12=0; 4) 3%**1-10.3*+3=0;
5) 233+8*2:—ﬁ*22x=0; ﬁ} 5Bx+l+34_52x_7_5r=0.
Tpn KaKuX 3HAYEHMAX X CYMMa 4ucen 27~ I, 2*~%y 2*~2 paBna

cymme GeckomeuHo yOniBalomieill reoMerpuueckoil nmporpeccHu
6,5; 3,25; 1,625; ...?7

PemnTe HepaBeHcTBO (228—220).

1) 3> 9; 2) (l] > 1, 3) [l] <2
2 4 4
x=1
4) 4* < 1; 5) 28+ > L, 6) [l) <1
2 2 3 9

1) 5*-1<+5; 2)3259; 3) 3 -421; 4) 52=2-187,

PemnTes rpadHvecKk ypaBHEeHHe:

1 l]’= 13 2 [l)l -1
) (3 * Ya) =%
3) 2"=—x—%: 4) 3 =11-x.
PemnTs HepaseHcTso (231—232).

. 7 2x?-3x 9
1) 2-*"43x < 4; 2) [—] 2=

9 7
x?-3x 6x2+x
3) [E] <121, 4) [23] <7i,
11 169 3 9

1) 3**% + 3% 1< 28; 2) 25-1425+3 5 17;
3) 281 4 2824 230 > 448; 4) 5%+ 1 - 5% 9 < 624,
HaiiTn mesnmle pelneHMs HepaBeHCTBA Ha orpeske [-3; 3]
1) 9*-3*-6>0; 2) 4* -2 <12;
3) 5%**1 4+ 4.5*"-1>0; 4) 3-9+11-3"<4.

Haittu obsnacts onpenenenns GyHKOHH:
1) y=,[25‘—5‘; 2) y=,}4‘—1.

X
IIpm KaKMX 3HAYEHHAX X BHAYEHNA QYHKIHH Y = (i) Gonbiie

x
3HaAYeHHH QYHKOHH Y = (%) +12?

PemuTh rpadmueck® HEpaBEHCTBO:

1) (-‘.) > x+1; 2) (l) <x-1
3 2 2

3) 2¢:<9-1y, 4) 3> -2,_1
3 3 3
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237 PewnTh rpaduyecKH ypaBHEHHE:

1) 2*=3 - 2x — x% 2) 3% = Jx;
3) [l] =-38, 4) [1] = x% -1
3 x 2
238 PewnTs HEpABEHCTBO!
1) 11958 5 115, 2) 0,3¥30-* 5 0,3+,

KOHTpOJILHLIe BOITIPOCHI:

1. Cdhopmynupyiite onpeeneHue noka3aTeIbHOTO ypaBHEHHUS.

2. Cdhopmynupyiite mpaBuiia penIeHus OKa3aTelbHbIX YPaBHEHUH H HEPABEHCTB.
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HNPAKTUYECKOE 3AHATHUE
Jlorapupmmuueckasi pyHKuus

eJb NpaKTHYECKOT0 3aHATHS
[ToryunTh 3HaHUA O TOrapuPMHUUECKON (YHKIIHH.

MeToanueckuii MaTepuas
N3yuyaemMblie BOIPOCHI:
[TonsTue norapupmMudeckoi PyHKIUH.
BEIsSICHUTB, 3aBUCST JIM CBOMCTBA JOrapu(MUUECKON QYHKIIMH OT OCHOBAHMS Jlorapudma.
CgoiictBa JiorapumMudecKoi GyHKIIUH.
I'padux norapudpmudeckoit pyHKIUH.
[Ipumenenue cBOMCTB PYHKIMH [Tl CPAaBHEHUS JIOTApU(PMOB U PEIICHUS YPaBHEHUH.

agrwpnE

Oynkuuio Buaa log, x, rne a — 3amaHHoe uucio, a > 0, a # 1 Ha3bIBalOT Jorapupmuyeckoi
(yHKuei.

CeolcTBa norapubmuyeckoin pyHKLMK:

1. O6nacTe onpegeneHua — MHOMECTEO BCEX NONOMUTENBHbIX YMCEN.  (0; +w=) . 3TO cnefyeT u3
onpefeneHua norapudma (T. K. NnorapudmM cyUecTEYET TONBKO NONOXUTENBHOMO Yucnal)

2. MHoXecTBO 3HaYeHNA norapu@mMmudeckol GYHKUMK — MHOXECTBO BCeX AeUCTBUTENEHbIX YMcen. R
3. HeorpaHnuexHaa dyHkuKA. (CnegyeT Hanpamy U3 2 CBOMCTEA.)

4. BospacTawwas, ecny a > 1, 1 ybeigawowaa, ecnm = o0=<a =1

Jdokaxem Bo3pacTaHWe No onpedefeHnio Bo3pacTatowen GyHKUWUK, eCAN x, <x, ,TO  filxy) < filxs)
MycTe a>10<x <xs

Mo ocHOBHOMY NOrapuMUYECKOMY TOMOBCTBY  x; = a*,x;=a®, CCNEN0BATENbHO o =a® . [lo
CBOWCTBY CTENEHEN C OAMHAKOBLIM OCHOBaHWeEM, Bonbwrm 1 uMesem: o <x, . I. e. Gonblemy
3HAYEHUIO aPrYMEHTa COOTEETCTEYET GoNblUee 3HaYeHUe DYHKUMK, clefoBaTensHo, GyHKUMA
BO3pacTaroWwan. AHanorMyHo AoKaskblBaeTcA yobIBaHWe hyHKUMW MPW OCHOBaHWMM  0=<a<1

M3 3Toro cBOMCTER cnegywT ABa BaMHBIX YTBERHAEHWAL

Ecnma=0wn Xy < Xz,rEex; > 0,x: >0, Tox; < x5

EcnmlO<a<lmu Xy < Xg, raexy > 0,x: > 0, TO Xy > ¥a.

5. Hynu dymkumm: x=1(T.k. 1=0 )

6. MpoMeXyYTKN 3HAKONOCTOAHCTBA  (0;1) W (1; +eoo)

Ecnu a = 0, To thyHKUWA NPUHMMAET NONOKKWTENBHBIE 3HAYEHWE NPK X = 1, oTpULUaTENbHBIe NpU 0 < x < 1.
Ecnu 0 < a « 1, dyHKUMA NPMHUMAET NONoMKUTENBHEBIE 3HaYeHWe Npu 0 < x < 1, oTpMuaTeneHble NpM X > 1,

W3 paccmoTpeHHbIx cBOMCTE norapudmudeckon dyHkummn cnegyet, 4To ee rpaduk pacnonaraeTca
npagee ocu Oy, 06a3aTeNbHO NPOXOAWT Yepes Touky (1; 0) U UMeeT BUA: ecnu OCHOBaHWe GonbLue 1
(rpadwmk Ne1) u ecnu ocHoBaHue Bonble HyNA, Ho MeHbLWwe 1 (rpaduk Ne2),
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OTMETHUM, ECNK Xy =xz,.rea>0axlyy =017 0, TO ¥4 = X3
Ookaxem 370 YTEEDHOEHWE,

Mpegnonomum, YT xy=x, , HANPWMMEP, <, . TOTOA €CHM OCHOB3HWE e=1 B CHAY
BO3PACTEHUA DYHKUMK %, <%, . [POTUEOPEYME C YCAOEMEM 33434YM. ECNM 0<a <1 |, TOrAa dyHKUMA
YOBIBAKIWARA U x, >x, . TOME NPOTUEODEYME C YCNOBWEM 33[34M, 4TD &, =x, . CMNEQ0BaTenbHD,

Xy = X3
3T0 CEOMCTED NPUMEHAETCA NPW PELEHWM YPABHEHHA,
3apgada 1.

PelunTb YpaBHEHHWE: (3x—1)=4 .

Cnesa 1 cnpaga norapudmel No 0AWHAKOBLIM OCHOBEHWAM, 3HAYMT NPW YCNOBKMW, 4TO  3x—1>0u4>0
(MHaue norapudmMbl He CYLLECTEYHT) NPUPEEHUEAEM EbIPAMEHUS NOL norapudmamm:

In—1=44 I'I-z=h'::r.=§.
OTeeT: ; .
OcobeHHocTH rpadukoe norapudMuHeckKol GYHKUWK ¢ pa3HbIMW OCHOBAHUAMK.
NocTpoWMM B OQHOW CUCTEME KOOPAWHAT rpadukn yHKUMA  y==, y=x | y=lglg=.

ar

T
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BugHo, uTe yem GonblUe OCHOBAHWE, TEM BNWMe K OCAM KOODAMHAT pacnonoxed rpadmk. OBpatuTte
EHUMaHKE. Boe rpadMKm NpoXogAT vepes Touky (1; 0).

B opyrof cUCTEME KOOPAMHAT NOCTPOMM rpad Mkl hyHKUKMA ¢ OCHOBaHWAMKM 0T 0 00 y=x.y=x,

y=x

* X

BWAHO, 4TO B 3TOM chiydae rpadiik npuBnuxasToA K OCAM KOODAMHAT NPM YMEHBLWEHWW OCHOBAHMA. Ho
BCE Tak #e ecTh ofwanA Touxa (1; 0).

1. Ecnv dhyHHUWA BO3PACTAWEA (& = 1), NPY YEENWMYEHMM OCHOBAHWA rpadiuk NpuBNMMAasTeR K OCAM
KOODOWHAET.

2. Ecnv dyHHUWA yORIBEMWILAEA (0<a=<1) , NPW YMEHBLUIEHMKM OCHOBAHWA rpadiuk NPpUENWMKAETCR K OCAM
KOODOWHAET.

MNel. HaiguTte oBnacTe onpegeneHms yHKLMKA: ={x+1
¥
PeweHue.
OnAa dyHEuMM  y=x 00N3cTo ONpefeneHMa BCe NONOKWUTENBHBIE YMCNE, T. 8. x>0,

E paHHOW QYHKLUMKM  y=(x+1) Nog norapudMom BolDameHHe, KOTOPOoe Takxe AommHo GblTh Sonblwe
HYNA.

x4+1>=0x> -1
OTBET.  (-1; +0m)
MNe2 HaigwTe Havbonolwes sHaYeHMe QyHKUMKM HA L3HHOM NDOMEMYTKE
- i.%]
Y=gy
PeweHue:

PaccmoTpum dyHKUMED  y=x . 3T0 yObIEaOWAA GYHKUMA, T.K. OCHOBAHWE MaHblle 1. Ecriu dyHKLWA
yObIEaeT, To OONbLWEMY 3HAYEHWHD APTYMEHTA COOTEETCTEYET MEHbLLEE SHAUEHME DYHKLWW. 3HAYUT

4 81
HauGonbllee 3HaueHne QyHKUMK CYAST NPY v ==, @ HAWMEHbLUEE — MPU x=—

OTEET: 2.
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IIpakTH4eckas 4acThb

1. Brryunte onpenenenust o6actu onpeaesieHus GyHKIMA, 00JacTH 3HaYeHUs (PYHKITHH.
2. B xakoMm ciydae pyHKIMS Bo3pacTaeT?

3. Briyunte crioco6s! mpeoOpazoBanus rpaduKoB QyHKIIAM.

4. [TpocmoTpute BUICO marepuaia o

https://resh.edu.ru/subject/lesson/3834/main/198660/.

S. Beinonnure TPEHUPOBOYHBIC 3a1aHus B BHUIIE
https://resh.edu.ru/subject/lesson/3834/train/198664/.
6. Pemmte 3agaun:
266 Haitta Jorapudmel unceJ N0 OCHOBAHMIO 3!
3,9 27,81, 1, L, 1 1 33 1 493,
3 9 243 V3 3J3 V3
* Braueaunts (267—276).
287 1) log, 16; 2) log, 64; 3) log, 2; 4) log, 1.
1 1 1
268 1) log, -2-; 2) log, g 3) log, J2; 4) log, E
289 1) logy 27; 2) log, 81; 3) log, 3; 4) log, 1.
1 1 1
270 1) log, E; 2) log, E; 3) log, V3; 4) log, ﬁ
271 1) log, ~; 2) log, 4; 3) log, 5 0,125;
= 32 2 '
4) log, 5 -;: 5) logg s 1; 6) logl V2.
2
1
272 1) log, 625;  2) logs 216;  3) log, ;. 4) log, %
273 1) log, 125;  2) log, 27; 3) log, +;  4) log, 36.
5 3 ris 6
log, 6
274 1) 3’8 2) 5V’ g) 10Mme?; g (l) <5
4
6log; 2 llo
275 1) e, g (%) i 8)0,3%'%0a8; 4y 727
276 1) 8'%2%; 2) g'sa!%; 3) 16'%47; 4) 0,125"F0s",
277 PemuTh ypaBHeHHe:
1) logg x = 3; 2) logs x = 4; 3) log, (5 -x)=3;

4) logz (x +2)=3; 5) logl (0,5 + x) =-1.
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CCBIJIKE:

CCBIIIKCE:


https://resh.edu.ru/subject/lesson/3834/main/198660/
https://resh.edu.ru/subject/lesson/3834/train/198664/

200 1) logy, 5 + logy, 2; 2) log,, 8 + log,, 125;

3) log,, 2 + logy, 72; 4) log, 6 + log, %
201 1) log, 15 - log, %; 2) log, 75 — log; 3;
3) log, 54 - log, 2; 4) logs - — logg 32.
3 3 16
292 1) log,, V169 ; 2) 10;,,%;
3) log%m; 4) log, ‘UllTs'

203 1) logg 12 — logy 15 + log, 20;
2) logy 15 + log, 18 — log, 10;

3) % log, 36 - log, 14 — 3log, V21 ;

4) 21log, ﬁ-%logl 400 +3log, V45.

3 3 3

KOHTpOJII)HbIe BOITPOCHI:

1. Mooxet 1 3HaYeHue Jiorapudma Kakoro-aiudo yucia ObITh: ...
HUPpalMOHAIBHBIM YHCIOM

paBHBIM HYJIIO

LEJIBIM OTPHUIATEIHHBIM YUCIIOM

HATYpaJIbHBIM YHCIIOM

HEMPaBUIBHOMN TPOOBIO

MPaBUIILHON APOOBIO

HaiiTu obnacte onpegeneHus GYHKILHA:
1) y = logg (x* - 3x — 4); 2) y=log z(-x*+5x+6);

x2-9 x—4
3 =lo 8 H
) ¥ Bo.7 x+5 244

5) y = log, (2* - 2); 6) y =log, (3* "' - 9).
ITocTpouTe rpaduk ¢yHKOuH, HAlTH eé obinacTh onpeaeneHUA
M MHOXECTBO 3HayeHWIii:
1) y=logy (x - 1) 2) y=log,(x+1) 3) y=1+log; x;
3
4) y=log, x-1; 5) y=1+logy (x - 1).
3

4) y=log,
3_1
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NPAKTHYECKOE 3AHATHUE
Jlorapu¢gMuyeckue ypaBHeHHUsI H HEPaBeHCTBA

eJb NpaKTHYECKOT0 3aHATHS
[To3HAaKOMUTHCSI C OCHOBHBIMH BUIAMHU JOTapu(PMUUECKUX YPaBHEHUHM U CIOCOOAMU UX PELICHHUS.

MeToanueckuii MaTepuas
N3ydaembie BOIPOCHI:

1. [Tonarue nmpocreiiniero J10rapupmMIUUECKOro ypaBHEHUSI.
2. Crnioco0s!I pemieHus TorapupMUIecKix ypaBHEHHUH.

log f(x) = b & f(x) = a’

HamomHuM, 4TO 4HCIO X HA3bIBACTCA T02apughmom Yuclia b0 OCHOBaHHIO
a, ecnu a* =

Takum oBpa3zom, 1o onpeaeneHuio a'°8a? = p.

[lockoneky onepauusi BO3BelNeHMA B CTENEHb OINpeAeleHa TOJILKO IpPH
NOJIOKUTENEHOM OCHOBAHHHM CTENEHH,TO NOrapH()Mel ONpEeJeNieHbl TOIBKO MpH
NOJIOKUTENEHOM OcHOBaHUN. KpoMme Toro, W3 toro, 4to modas cTeneHk eHHHLIE]
PABHA eIHHULIE, CIEeIYeT, YTO OCHOBAaHHE Jorapudma 10/KHO OBITh OTIHYHBEIM OT
enunuLel. Jlrobas creneHs NONOKUTENEHOTO YHCIA €CTh MONOKHTENBEHOE HHCIIO,
NO3TOMY  JIOTapH(MEl  ONpeJeNeHsl TONBKO JUIS TOJOMHTENBHBIX HHCENL
CnepnoarensHo, Gpyukuus y = log, xonpenenesa npu x>0 u a=0,a#l1. D10
00CTOATENLCTBO HEOOX0IMMO YYHTBIBATE [IPH PELUEHHH YPABHEHHH, colepKaniux
norapuMel, M HA4YMHATE C OMNpeJAeleHHs O0ONacTH JONMYCTHMEBIX 3HAYEHHI,
VMHTEIBasA, 4TO BCE BBIPAXKEHHHA, OT KOTOPLIX OepyTcs norapugMel, 10MKHEI OBITE
NOJIOAKUTENLHBL.

Ormerum, 4TO W3 onpeaeneHus jorapudma cneayer, 4rolog, a = 1 ans
m000ro a, NpH KOTOPOM OIpe/ieeH TorapH(m.

HanomHuM OCHOBHBIE CBOIICTBA NOrapu(MoB:

OrMeruM, 4TO H3 onpenencHus jnorapudma cneayer, yrolog, a = 1 nns

n0oro a, NpH KOTOPOM ONpeieneH norapupm.
HanomuHuM OCHOBHBIE CBO¥CTBA JI0TapH(PMOB:

log.(a-b) =log.a+log:b
a
lﬂgc(g) = log.a—log b

log.a” =n-log.a

log.a
logya = log. b
1
logpa = log. b
1
]0855 = —log.a
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IMpumep 1.1. Pemunts ypaBHeHHE.
log, 1 (x2+x—6)2 =4
(x*+x—-6)>0
0)13:{ x+1>0
x+1+#1
(x+1)* = (x* + x — 6)*
(x*+2x +1)2 = (x* + x — 6)?

2 o, x=-7
Lx +2x+1=x +x—6,@ v =1

2+2I+1:—X—I2+6 x:_z’s
¢ yuerom OJ13, kopeHb ypaBHeHHs paBeH |
Ore:1
Hpumep 1.2. Pettnts ypaBHeHHE.
1
logg,2(6+ 2x — x?) = >
6+2x—x*>0
OJ13: 9x? #1
x=10
9x2 =6 — 2x — x*
[3x] =6 —2x —x?
x = -3
{ 3x=6+2x—x* ) x=2
3x = —6—2x + x* x=6
x=-1
cyqeroMO/[3x=-1,x=2
oTBeT: -1:;2

l'[pl{.\{ep.l.B. Pemnte ypaBHeHHE.
2loggz x = logg,(5x* — x)
x>0

OA3: [sz -x>0

logg,, x* = log,,(5x — x),

;!r:z:ExZ-Jt.c,éljt.cz—;!c:[I',;!c:[fl,:Jc::Fr

x = One ynosnetrsopser O/13.

1
OtBeT: "

1.2. Meroa noreHUHPOBAHHA

[Torenuuposanie, TO eCTh MNEPEX0A OT ypaBHEHUAlOZ ) @(Xx) =
108 (x) @ (X)k ypaBHEHHIO @ (X) = w(X).

3neck cneayer MMETH B BHAY, YTO 3TH YPaBHEHHA, BO3MOXKHO,
HepaBHOCHIEHEL. BTopoe ypaBHeHHe MoxkeT MMeTh KOpHH, He Bxoasume B O/[3
nepeoro, s kotopeix f(x) < 0, f(x) = 1 umu @(x) = w(x) < 0.

[Ipumep 1.4. Peints ypagHeHue.

lg5+ lg(x+10)=1-1g(2x-1)+1g(21x-20)

Pewenue:
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x> -—10

x+ 10> 10 1

O/13 onpeaeneHo YCIOBHAMU YCIOBHEM {2x — 1 > 0 & x = 2
21x — 20 x>0

21

3amenumM enuHULy Ha lgl0 u ucnone3zyem QopMylbl CYMMBI H Pa3HOCTH
norapudgmos. [Honyuum ypapHeHue

lg(5(x + 10)) = 1g 2221 — 20)

2x— 1
HGTEHHHPQBHHHE H COKpAalllcHHUE Ha 5 NpHBOIHT K YPaABHEHHHD
o _ 2@21x —20)
xH 0=

ITocne npupeneHus k oOlIeMy 3HAMEHATENH) M NPHBEIEHHA NOAOOHBIX
YJIEHOB MOJYy4aeM ypaBHEeHHe
2x*—23x+30=0
KopaamH, koTOpOTO ABIAKTCA wMcna x; = 10,x, = E obDa BXOOANIHE B
O3

3
Oreer:x; = 10,x, ==
2

1.3. IlpumeHenne 0CHOBHOIO JIOrapuMH4ecKoOro ToxIecTBA

[Ipu npuMeHeHHH OCHOBHOrO JOrapu(p)MHYeCcCKOro TOXIAECTBANPOHCXOIUT
nepexoj ot ypaBHenus [ (x)'08/ X9(X) = ¢ (x)k ypaBrennio @(x) = w(x).3nech
TAK#E MOT'YT MOABUTHCA NOCTOPOHHHE KOPHH.

Ipumep 1.5. Pemiuts ypaBHEHHE.

5lods* . g4 = Ig(2 - 9* — 6%)

PeleHne: NPUMEHHB OCHOBHOE Jorapu(mMudeckoe Toxkaectso al®dal = p,

u bhopmyny nlog.a = log.a™, nomy4um
lg4* =1g(2-9" - 6%)

[ToreHuupopanue 3TOro  ypaBHEHHs  [PHBOJAWT K  OJHOPOIHOMY

[OKA3aTeILHOMY YPABHEHUED
4* =2-9% — 6*
Paznennm oOe wactw ypaBHeHMs Ha 9% u  0003Ha4MM ;x =y=>0.

[Mony4yeHHOe TPH 3TOM KBaapaTHoe ypasHeHue y° +y — 2 = (0 uMeeT KOpHH
" . 2*
vy =1,y: = —2. Bropoil kOopeHb NOCTOPOHHHII | TNOATOMY ;= lLLx=0 —

pelleHHe OJHOPOJHOrO MokKasareilbHOro ypasHeHus. Tak kak x = 0 He BXOJAMT B
O/13 naHHOro ypaBHeHHs, TO 3a/la4a He UMeeT pelleHui.

1.4. MeTon BBe/leHHS HOBOI NepeMeHHO

PacnpocTpaHeHHBIM METOIOM pPeIlIeHHs YpaBHEHHIT 1 HEpaBEHCTB BooOIIIE,
H Jorapu()MHYECKHX B HacTHOCTH, CHAYKHT 3aMeHa [epeMeHHBIX (MeToxn
NnoAcTaHoBKK ). Yame BCero 3ToT METO[ MCHOJIb3YeTCd, KOIa ypaBHEHHE WIIH
HEPaBEHCTBO SIBJIAETCS KBaJAPAaTHBIM OTHOCHTENLHO (PYHKLHH, coJepikaiieii
MCKOMYHY TnepeMeHHyr. Hwuxke paccMOTpUM  HEKOTOpbIE BHAbI  3aMeHbl
MepeMeHHONH, MO3BONAIIHE 3HAYUTENLHO YIPOCTHTE WIH YCKOPHUTH MOJMyHeHHEe
pellieHHs ypaBHEeHHI cojiepkaniux KpoMe norapudmudeckoil npyrue koMOHHaIIHH
(pyHKLMIT.
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[Ipumep 1.6.Haiitu npouseeneHe kopHeil ypaBHEHHA.

lg(—x) =

lg x?

O13:x<0,x+1
lgx? = 21g|x| = 2lg(—x),Tak kak x<(
lg(—x) 3
= g ?(—=x) =9
6 Zigx) 9 X
log(—x) = 3 umm log(—x) = —3,x = —1000,x = —0,001

[Ipounzeenenune kopHeil pagHo 1
Orser:1

[Ipumep 1.7. Peumnts ypapHeHue.
?Iong“"ﬂ?r — gxlogzx _ 7
oy 2logz x _ Bxlog;x +7=0

t = xlng,x
O13:x=0,t>10

t?—8t+7=0
t,=16,=7
xlug;x — l;xlog?x -

yonorapupmMupyem oba ypaBHeHs 1o OCHOBaHHUIO 7: log, x'087% =
1; log, x'°87% = log, 7

7 lponorapudmupyem 06a ypaHeHs 1o ocHoBaHHUI0 7: log, x1087% =
log, 1; log, x'°87* = log, 7

log-xlog>-x =0; log-xlog-x=1
log, x = 0; { log-x =1

log-x = -1
x=7
x=1; 1
~7
Omeem:x =1, x=7,x = =

PaccMoTpeHHble NpHMEpbl MOKa3blBAOT, HYTO 3aMEeHa MepeMeHHOI
ek THBHEII NpueM perneHus JorapupMUHecKnX ypaBHEeHHI H HEPaBEHCTB.
[TpenmyliecTBO TaKOro npHema

Haubollee SAPKO MPOSBAAETCH IIPH
pellieHHMH  YpaBHEHMilT W HepaBeHCTB,

NpeacTaABIAIOIHX
norapumMUYecKHuX ¥ NOKa3aTelbHbIX (PYHKIIHIL

1.5. Meroa norapudmuposanus

MeTon J'Il'_'ﬁ]"ap[-{q:lMH]J(}BaH}lﬂ FAKNMHOYaeTcd B TOM, 4TO ode JacTH paBeHCTBA

KOMOHHALIHIO

HIIH HEePABEHCTBA, €C/IH OHH MOJOKHTENbHBIE, MOMKHO MpoorapH(MHPOBATE IO
O/IHOMY OCHOBAHHIO (B HEPABEHCTBAX, VYWTBIBATE [IPH 3TOM MOHOTOHHOCTH
(hyHKIHH).
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IIpumep 1.10.Pemnts ypaBHeHue.
x'9°*-519% = 0,0001
Pemenne.
OJ13 onpeneneno ycnosuem x>0. Yuureisas, uro lg 0,0001=Ig10~* =

—41g10 = —4, nony4aem

2o
xlg x=5lgx =-4

OGo3nauum y = lgx. [lonyuaem ypasuenwe y? —5y +4 = 0. Kopau

3TOrO ypaBHeHHs yq = 4; y; = 1. DTo naer JBa ypaBHEHHs JUIA X

lg?x=4ulgix=1
CnenoeartelibHO,
lgx =+2unulgx = +1

[MoTeHuupys, noayyaeM YeTeipe ypasHenus: x; = 10%,x, = 107%,x; = 10,x, =
1071, Bee kopuu Bxoaar B OJ13.
Orger: x; = 10%,x, = 107%,x; = 10,x, = 1071

IIpakTH4yeckas 4acTh

6.
7.
8.

BLIy‘II/ITe OIpCaACIICHUA J'IOFapI/Iq)MI/I‘IGCKI/IX ypaBHeHI/Iﬁ 1 HCPAaBCHCTB.

BrryuuTe npaBuia pemieHus JorapuMUUECKUX ypaBHEHHH
[IpocmoTtpuTe BUJIEO MaTepuaia o

https://resh.edu.ru/subject/lesson/4732/main/198846/,

https://resh.edu.ru/subject/lesson/3852/main/199123/.

9.

Bremomaute TPECHUPOBOYHELIC 3aJaHus B BUIC TECTAa 110

https://resh.edu.ru/subject/lesson/4732/train/198850/,

https://resh.edu.ru/subject/lesson/3852/train/199127/.

10.
336

Pemure 3agaun:
YcTaHOBHTSH, KAKOE N3 DAHHLIX ABYX YPaBHeHHI ABIAETCH cJel-
CTBHEM OPYIroro ypaBHeHHA:
1) x-83=0 m x*-5x+6=0; 2) |x|=5 =n -u[x_=5;
gy ZT3TH2 o L 2 gri2-o0;
x-1
4) logg x +logg(x —2)=1 u logg(x(x-2)=1.
Pemuts ypasnenme (337—341).
1) log, (x — 5) + log, (x + 2) = 3;
2) logy (x — 2) + log, (x + 6) = 2;
3) lg (x+3) +1g(x-3)=0;
4) lg(x-1)+1lg(x+1)=0.
1) lg(x-1)-lg(2x-11)=1g 2;
2) lg(B3x-1)-lg(x+5)=I1g 5;
3) log, (x* - x) - log, x = log, 3.

1) llg(x2+.tc—Ev)=1gr(:'nuc]|+lgL;
2 bx
2) %lg (22 — 4x — 1) = g (8x) - lg (4x).

1) log, (5x + 3) = log, (Tx + 5);
2) log,(3x—1)=logl(6x+8).
2 2

111

CCBIIIKC:

CCBIJIKCE:


https://resh.edu.ru/subject/lesson/4732/main/198846/
https://resh.edu.ru/subject/lesson/3852/main/199123/
https://resh.edu.ru/subject/lesson/4732/train/198850/
https://resh.edu.ru/subject/lesson/3852/train/199127/

342 PewnTs cucTeMy ypaBHeHHI:
1 {lg’x‘lgy=2. 2) [lcug'3 x+logy, y=2,
x—10y = 900; *y-2y+9=0.
Pemmuts ypaBHeHue (343—345).
343 1) log; x*=0; 2) log, x*=3; 3) logy x* =0; 4) log, x* = 6;
5 lgx*+1lg(4x)=2 +1g x*; 6) lg x + 1g x* = 1g (9x).

344 1) log, ((x + 2) (x + 8)) + log, =2 =2,

*+ 3
2) log; =L +log, (x - 1) (x+4)) = 2;
xX+4
3) log, x? -logy; —=— = 3; 4) log, x+4 +log, x2=5.
x+ 6 x

347 Pewurts cucTemy ypaBHeHHIA:

) {lgx-—lg‘y=7. 2) Iog2x+%logz.:;=4,
lgx+lgy=>5; xy=2.
Pemnrs ypasHenue (348—352).
348 1) log, x —2log, 2=-1; 2) log, x + log, 2 = 2,5;
3) logg x + 2 log, 3 = 3; 4) log, x—6log, 3=1,
349 1) log . 9+log  4=2; 2) log 216 —log ,; 7=2.

350 1) lg(6-5"-25.20"-1g 25 =x;
2) Ig(2*+x+4)=x-x 1g 5.
351 1) lg¥(x+1)=lg(x+1)-lg(x-1)+2I1g?(x-1);
2) 21035(4—x)-loggx{tl—x}=310g5(4—x]—lng5(2x).

352 1) Jlog, 25+3=—1

lﬂgb I;
2) J2 logZ x + 3log, x -5 =log, (2x).

353 HailiTn Bce sHAYEHHA mMapaMeTpa d, IPH KOTOPHEIX YpABHeHHE
5 logg x + log, x — 4 logy; x = a uMeer KopHH.

358 Haiitu obnacTe onpefenenus GyHRKIMK:

1) y =logg (x% - 4x + 3); 2) y=logg @;
3) y=lgx+lg(x+2); 4) y=flg(x-1)+1g (x+1).
Pemurs HepaBencTBo (359—367).
2
359 1) log, 32=250;  2) log, 22 *3 <o,
x“+1 2 =
3) lg(Bx—-4)<lg (2x + 1);
4) logl (2x+3)> log!(x+ 1).
2 2
360 1) logg (x*-4x+3)<1; 2) logg (x* -3x+2)>1;
3) log, (x* + 2x) > 1; 4) log, (x*-2,5x) <-1.
3
361 1) lg (x*-8x+13)>0; 2) log,(x*-5x+7) <0;
5
3) log, (x* + 2x) < 8; 4) log,(x*-5x-6)> -3.
2
362 1) log, log, x2>0; 2) logz log, (x*-1) < 1.
3 2
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363 1) log,, x — logg (x — 2) < log,, 3;
2) 1g x - log, , (x - 1) > log,, 0,5.
364 1) logl, x - 5 log,, x <—6; 2) logh, x + 3 log,, x > 4.
1 2
365 1 ; -8 - ;
}5ngx+1+lgx<l. 2) logz (2-3")<x+1-log, 4;
3) log ; ,(4x+T7)>0; 4) log ,_, (V6 -2x) <0.

bx-8
366 2 <7 |
3*-1 9*-2
367 4% (161" % _1+2) <4|d4*1|.
KoHTpoJibHbIE BONPOCHI:
1. ChopmynupyiiTe onpeaeneHue JorapuGpMUIEcKOro ypaBHEHHS.
2. Cdhopmynupyiite mpaBuiia perieHus JorapuGMuIeckux ypaBHEHUI U HEPABEHCTB.

113



HNPAKTUYECKOE 3AHATHUE
Crepeomerpus. [Iapa/uiesibHOCTb NPAMBIX U IJIOCKOCTEI.

e NpaKTHYECKOT0 3aHATHS
[To3HAaKOMUTH CTYAECHTOB C COJIEp’KaHUEM Kypca CTEpPEOMETPUU, C OCHOBHBIMHU MOHSATHUAMU U
AKCUOMaMU, IIPUHATBIMU B JTaHHOM KYPCC, BBIBCCTH IICPBBLIC CIICACTBUSA U3 AKCUOM, AaTb MNPCACTABJICHUC
0 F€OMETPUYECKHX TEJIaX M UX MOBEPXHOCTAX, 00 N300paKEeHUHU MTPOCTPAHCTBEHHBIX (DUTYp HA YEPTEIKE,
O MPUKJIIaJHOM 3HAYCHHUU I'COMCTPUMN.
BsecTn nonsartue napaJiyiCJIbHBIX IIPAMBIX B ITPOCTPAHCTBE.
PaccmotpeTs cBOMCTBA ITapalIeIbHbIX IPSAMBIX:

v Teopema o mapanienbHbIX MPSMBIX;
v Jlemma 0 mepece4eHUH TIOCKOCTH MapaieIbHBIMU MPSIMbBIMHU;
v [Ipu3Hak napamienbHOCTH TPEX MPSIMBbIX.

Pa3Buth norudeckoe MBIIIJICHUEC, YMCHUC YCTKO BBIIIOJIHATD YCPTCIKH.

MeToanueckuii MaTepuas

1. AKCHOMBI CTEPEOMETPHH.

2. OrnpezeneHue napamienbHbIX MPSAMbIX.

3. Teopema 0 €IMHCTBEHHOCTH MPAMON, MapaJUICIbHOW [TaHHOW, MPOXOJSAIIEH 4Yepe3 JaHHYIO
TOUKY.

4. JlemMa 0 IByX mapaijiesIbHBIX IPSIMBIX.

5 TeopeMa 0 mapanienbHOCTU TPEX MPSAMBbIX.

6. Onpenenenre napauieabHbIX IPSIMOM U MJIOCKOCTH.

7 [Ipu3Hak napajiieabHOCTH NPSAMOU U MIIOCKOCTH.

CrepeomeTrpusi- pa3ziesl TeOMETPUH, B KOTOPOM U3y4daroTcs (PUTyphl B TPOCTPAHCTBE.
AKCHOMBI- YTBEpKJI€HHUS, coiepkKalrecs B GopMyIupOBKaX OCHOBHBIX CBOMCTB MpOCTEHIINX (QUryp,
KOTOpBIE HE TPEOYIOT JJOKa3aTeNbCTBA.
B crepeomeTrpun nosipisiercst HoBasi GUrypa — MmIOCKOCTb.
[InockocTe - poBHas TMOBEPXHOCTh (IIOBEPXHOCTh CTOJa, JOCKHM), H300pakaemass B BHJE

napaesnorpaMmMa, 0003Ha4aeTcsi rpe4ecKUMU OyKBaMu o B.¥.

AKCHOMBI CTepeOMeTPHH.

Axkcuoma 1: Yepes nro0ble Tpu TOUKH, HE JiexkKallue Ha OAHON IPSIMOM, MPOXOAUT IJIIOCKOCTh, U IPUTOM
TOJIbKO OJIHA.

AxcuoMma 2: Ecnu /1Beé TOUKM NPAMOM JieXKaT B IUIOCKOCTH, TO BCE TOUKM HIPSIMOM JieXkKaT B 3TOU
IJIOCKOCTH.

Axcnoma 3: Eciin 1Be IIIOCKOCTH MMEIOT OOIIYIO TOYKY, TO OHM UMEIOT OOIyI0 IPsSAMYI0, Ha KOTOPOii
Je’KaT Bce 00IMe TOUKH ITHX TIIOCKOCTEH.

CaeacTrBuf U3 aKCUOM:
Teopema 1.  Yepes npsaMyro U HE JISKAIYIO HA HEM TOUKY MPOXOAUT IJIOCKOCTh, U MPUTOM TOJBKO
OJIHA.

TeopeMa 2. qCpCS ABC MEPCCCKAOIHNECCA NPAMBIC TPOXOAUT IIJIOCKOCTh, U IPUTOM TOJIBKO OJIHA.

Onpeoenenue. JIBe npsimble B MIPOCTPAHCTBE HA3BIBAIOTCA MapaUIeIbHBIMU, €CIIM OHU JIeXKaT B OJHOU
IUIOCKOCTH U HE TIEPECeKat0TCs.
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Teopema. Uepes mo0Oyr0 TOUKY IPOCTPAHCTBA, HE JICXKAIIYIO HA JAaHHON MPSIMOM, MPOXOAUT TpsiMas,
napajuiesibHasi JaHHOM, U IPUTOM TOJIBKO OJIHA.

Jlemma. Ecian onHa U3 IBYX NapajUIeNIbHBIX MPSAMBIX IEPECEKACT AAHHYIO IIOCKOCTb, TO M Jpyras
psiMast IEPECEKAET Ty IIOCKOCTb.

B3aumHoe pacnoJioxkeHue MPSIMO¥ U MJIOCKOCTH B POCTPAHCTBE

1. TlpsiMas NE€KUT B INIOCKOCTH @

2. TlpsMast ¥ TUTOCKOCTh UMEIOT TOJILKO OJIHY OOIIYIO TOYKY, T.€. MEPECEKAIOTCS

f

all
i
3. Tlpsimast ¥ TUTOCKOCTh HE UMEIOT HU OJHOM OOIIeH TOYKH, T.€. MapajlieTbHbI L/

Onpeoenenue. IIpsiMas 1 IIIOCKOCTh HA3bIBAKOTCS NAPAJICIIbHBIMU, €CIM OHM HE UMEIOT O0IUX TOYEK.
[TapannensHOCTh NPSMON a U TNIOCKOCTH & 0003HayaeTcs Tak: al|a.

Teopema. (Mpu3HaK MapauIeIbHOCTH MPSIMOI U INIOCKOCTH).

Ecnu npsimas, He Jiexaiasi B JaHHOM INIOCKOCTH, apajiesibHa KakoW-HUOY b MPSIMOM,JIexalei B 3Toi

IJIOCKOCTH, TO OHA MapaJlJICIIbHA JaHHOM IIOCKOCTH.
a

1R~

r~
|
i

1°. Ecau miockocTs MPOXOIHT Yepe3 JaHHYIO i /
NpAMYI0, MapajieJbHYI JAPYrod MJIOCKOCTH, H NepeceKa- e T
eT 3TY IMJIOCKOCTh, TO JHHHUA IepecedeHNs INIOCKOCTeH ma- /\ b
pajjielbHa JAHHOM IPAMOM.
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2°. Ecnm ogHa M3 ABYX mapaJuleJbHEIX NpA-
MBIX NapajiiejbHa JaHHON MIOCKOCTH, TO JApyrasa npsamMas
Janbo Takke ImapajiejbHa AaHHOH maockocTH, Aubo Ie-
JKHT B 9TOH IJIOCKOCTH.

[IpakTuyeckas 4acThb
1. BolyuuTe ompeneneHus U TEOPEMBI.

2. TIpocmoTpuTe MaTepua Mo CChUIKE:
/https://resh.edu.ru/subject/lesson/4756/main/203546/
https://resh.edu.ru/subject/lesson/6065/main/125655/
3. Beimosaute TPCHUPOBOYHBIC 3aJaHUs 110 CCBIIIKE:
https://resh.edu.ru/subject/lesson/4756/train/203558/
https://resh.edu.ru/subject/lesson/6065/train/

3anaum.
1. [Io pucyHky Ha3oBuTe:
1) miockocTH, B KoTophix jexkat npsmeie PE, MK, DB, AB, EC;
2) Touku nepecevenus npsmoii DK ¢ mtockocteio ABC, mpsimoii CE ¢ mtockoctsio ADB,;
3) Toukwu, nexanue B mwiockoctsax ADB u DBC;
4) npsimble, 1o KoTopbIM nepecekarotcs miockoctd ABC u DCB, ABD u CDA, PDC u ABC.

2. Touku A, B, C u D He nexar B 0JTHOH IITOCKOCTH. MOTYT JIM KaKHe-TO TPU U3 HUX JISKATh Ha OJHOU
npsmoii? Moryt i ipsimeie AB 1 CD nepecekarbes?
3.

Ha pacyﬁxe 17 TOIIRH.M, }V, QuP — cepeaunsl orpeskos DB, DC, 4
AC u AB. Haiijgure nepuMmerp deTelpexyroneEuka MNQP, ecin &g
AD =12 cm, BC =14 cm.
4,

Touka C nexxkut Ha oTpeske AB. Yepes Touky A npoBelleHa NJOCKOCTh,
a yeped ToukM B u C — mapaJjjienbHble NpAMble, NepeceKalomue aTy
IJIOCKOCTh COOTBETCTBEHHO B Toukax B, m C,. Halininre nauHy oTpes-

ka CC,, ecau: a) touka C — cepeauHa oTpeska AB m BB, =T cm;
0) AC: CB=3:2 u BB, =20cwm.

5.
Croponsl AB u BC napannenorpamma ABCD nepecexaloT ILIOCKOCTh L.
Hoxkaxkure, uro npameie AD n DC Tax:xe mepecekarmT MJIOCKOCTD O.

6.
Cpeausas JUHHA TPaANENMH JIEKUT B ILIOCKOcTH . I[lepecekaioT JIu
npAMEIe, COAeP:/KAIMe €€ OCHOBAHUA, NJIOCKOCTE 0.7 OTBer oOoCcHYHTE.

7.
TpeyroasEukn ABC u ABD He Je)KaT B 04HOH mrockocTH. Joxkaxure,
yro mobaA npamMas, napajiaeilbHasa oTpesky CD, mepecexkaeT NIJOCKO-
CTH AAHHBIX TPEYroJbHHKOB.
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8.

Touku A 1 B jne:xaT B ILIOCKOCTH O, a TouKa C He JEXKHUT B 3TOH ILJIOC-
KocTu, JlokaxHuTe, 4YTO MpAMAaA, NPOXOJAINAA Yepe3 CepeauHBl 0TPe3-

koB AC u BC, napajnejbHa IOJIOCKOCTH O..

Ha croporax AB u AC Tpeyroasauka ABC

B3ATH COOTBETCTBEHHO TodkKu D u E Tak,

uTo AauHA oTpe3ka DE paBHa 5 cM u g—g- %

IInockocTs o MpoxXoAUT Yyepesd Touyku B u C
4 napananenbHa orpesky DE. Haiigure gaiuny
10. orpesra BC.

OcHoBanne AB tpanmeunum ABCD napajiieJbHO ILIOCKOCTH O, a Bep-
muHa C JexuT B 3TOH MJIOCKOCTH. HJokaXuTe, uto: a) ocHoBaHue CD

Tpalneu JIeKUT B IUIOCKOCTH o 0) cpegHsada JIMHHA Tpanenuy
napajuieJbHa IJOCKOCTH Cl.

KOHTpOJIbeIe BOITIPOCHI:

1. BepHo nu, yto:

a) JI00bIe TPU TOYKH JIS)KAT B OJHOH IIIOCKOCTH;

0) nmro0bIe YeThIPE TOUYKH JISKAT B OJJHOM TIIOCKOCTH;

B) JIFOOBIC YETHIPE TOYKHU HE JICXKAT B OJTHOU TUIOCKOCTH;

T') 4epe3 JII0ObIe TPH TOUKH ITPOXOIUT INIOCKOCTh, U IIPUTOM TOJILKO OHA?
2. ChopmynupyiiTe TpU OCHOBHBIE aKCHOMBI CTEPEOMETPHH.

3. Copmynupyiite onpeneneHre napauieaIbHbIX TPSIMbIX.

4. Copmynupyiite onpenenenue napauieabHON NPSIMON U MIOCKOCTH.

5. Copmynupyiite mpu3HaK MapaIeNbHOCTH MPSMON U TUIOCKOCTH.

117



IMPAKTUYECKOE 3AHSTHUE
B3anMHoe pacnosio:keHue NPSAMbIX B IPOCTPAHCTBE. YT0J MeK1y NPSIMbIMU.

eJb NpaKTHYECKOT0 3aHATHS

dopMupoBaHUE NIPEACTABICHHUS O B3aUMHOM PACIIOJI0KEHUH MPSAMBIX B IIPOCTPAHCTBE.
DopMHUpPOBaHUE HABBIKOB YTCHUSI U IOCTPOCHHUS YEPTEKEH.

Pa3BuTHe npocTpaHCTBEHHBIX MIPEACTABICHUIN 00y4arOIINXCS.

Pa3BuTHe npeacraBiaeHuil 00 0OIHOCTH 3aKOHOB MAaTEMATUKH, TEXHUKHU U TIPUPO/IBL.
Bocnuranue akkypaTHOCTH B IIOCTPOCHUM YEPTEXKA.

o gk whE

Bocnuranue KyabTypbl MATEMaTHYECKOU PEYH.

MeToanueckuii MaTepuas
[Ipu3HaKK CKPENTUBAIOIIUXCS TPSMBIX.
OrmpezienieHre yrioB ¢ COHAMPABIEHHBIMU CTOPOHAMM.
Teopema 0 MIIOCKOCTH, TPOXOAIICH Yepe3 OAHY U3 CKPEIIUBAIOIIUXCS MPSMBIX.
TeopeMa 0 paBeHCTBE yIiIOB C COHANPABIEHHBIMU CTOPOHAMM.

NS

OnpedeﬂeHue. HBG IPpsAMBIC HA3BIBAKOTCA CKPCIIUMBAOIUMUCS, €CJIM OHU HEC JICKAT B OI[HOﬁ IIJIOCKOCTH.
TeopeMa: Ecau oxgna u3 ABYX IIPAMBIX JICKHUT B HCKOTOpOfI IIJIOCKOCTH, a Apyrasd IpsamMas rnepecekacTt
9Ty IJIOCKOCTb B TOYKEC, HC JIeXKale Ha HepBOﬁ HpHMOﬁ, TO 3TH IIPAMBIC CKPCIIUBAOIIHUCCA.

Joka3aTeIsCcTBO

PaccmoTpum npamyoo AB, Jexaniyio B IJ0C-
KOCTH O, ¥ npamyr CD, IepeceKamIlyl 3Ty MJIOCKOCTb
B Touke C, He Jnexallei Ha npamoit AB (puc. 20). IIoka- D
)eMm, 4yTo AB n CD — ckpemnmupalInuecsa IpaMble, T. €.
OHH HEe JIeKAT B OJHOH mJjiocKocTH. JleficTBHTENBHO, €CJIH

JONYCTHTh, 4TO mpaAMbie AB u CD nexxaT B HeKOTOpOi B \.c
maockocTH 3, To maockocTs B Gyaer MpoOXogUTEL Yepes Mmps- %
myi0o AB n Touky C ¥ IIO3TOMY COBHAJET C ILTOCKOCTLIO CL. A '
Ho sT0 HeBO3MOMHO, Tak Kaxk npamaa CD He JeXHUT o

B minockocTu o. Teopema moxasaHa.
HUrak, BO3MOMKHSBI TPH CJy4Yas B3aHMHOTO pac-
HOJIOKeHHA OBYX NPAMBIX B NMPOCTPAHCTBE: Puc. 20

1./IBe npsAMBIE JIeXkKaT B OAHOM TNIOCKOCTH
A) nepecekarorcs

b) napamiensHb

A
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2. JIBe mpsiMbI€ HE JIe’KaT B OJTHOU IIOCKOCTH, T.€. CKPEITUBAKOTCS
b

Teopema. Yepes Kaxayro U3 ABYX CKPEIIMBAIOLIUXCS MPSAMBIX IPOXOAUT INIOCKOCTH, MapaulesIbHAs
JIPYrou NpsAMOW U IIPUTOM TOJIBKO OJIHA.

JdoxazareancTBO

PaccMoTpum cKpelmuBaioliuecsa npsmbie AB
u CD (puc. 22). [lokaxemM, 4TO 4yepe3 npamyio AB npoxo- -
AMT IJOCKOCTh, IapannenbHas npamo CD, uw Takas :
IIJIOCKOCTh TOJIBKO OJiHA.

IIpoeegem uyepes Touky A npamywo AE, mapan- O
JgeabHyl0 npamoit CD, u o6osHaunM OyKBO# O IIOCKOCTD, : e -4
npoxoaAuyio yeped npamele AB m AE. Tak kaxk nps#- i
Masg CD He JeXHUT B IJOCKOCTH O M Ilapa/ijiesibHa IIpfA- ;
Moi AE, nexamell B 3Tod IJOCKOCTH, TO mpamas CD |p | E
I[ElpﬂJTJIethHa IIJOCKOCTH (L. R

HAcHo, YTO NMJAOCKOCTE OO — eAUHCTBEHHASA IJIOC- o
KOCTB, HNpoxoaauiad depe3 npavyw AB m napanaenbHas
npsamoit CD. B camoMm gese, a100as gpyras mioCKOCTb, IIPO-
xonamasa depes npamMyio AB, nepecexkaerca ¢ npamoi AE,
4 3HAYUT, MepeceKaeTcH U ¢ IapajulejbHol eil npamoii CD.
Teopema moKasaHAa.

Yribl ¢ COHaANMpaBJE€HHBIMHU CTOPOHAMHU

w EY

CornacHo ofHO¥ M3 aKcHMOM (CM. IIPHJOXKe- .
nue 2) aobasa npamas a, Jexamas B IIJIOCKOCTH, pasaess- & P
eT 3Ty NJIOCKOCTHL HA JBE YaCTH, HA3biBaeMble MOJYILIOCKO-
cramu (puc. 23). Ilpavas a masbsIiBaeTcs rpaHHIEH KajK- i
ACH M3 3THX NMOJAyILaocKocTeil. JI1oOble ABEe TOUKH ONHOM
M TOH e MOJNYILJIOCKOCTH JIEXKAT II0 OJHY CTOPOHY OT Ips-
MOH a, a n100bie fBe TOYUKH PA3HLIX HOJYILJIOCKOCTEeH — IO
pasHble CTODOHBI OT 3TOH mpsaMoill (cM. puc. 23). “X

OBa nyua OA u O,A,, He JeMxalniue Ha OLHON S
IpAMOi, HA3BIBAIOTCA COHATIPABJEHHBIMM, €CIH OHH MAa-
pajjieJbHBl M JieXKaT B OFHOH HNOJYNJOCKOCTH C TPaHH-
ue#t 00,. Jlyuu OA u O,A,, nexaniue Ha OJHOH NPAMOH, ped
HA3BIBAIOTCA COHAIIpABJIeHHBIMH, €CJH OHH COBIALAI0T o A
HJIH OOHMH U3 HHUX cOmep:XuT gpyroii. Ha pucyHke 24 ayun 0; 0 A,
OA n 0,A,, a Takxke ayuu A,B, u O,B, coHanpasjeHsb, i e
aayum OA u O, A,, OA u O;A,4, O,A, u O,B, He ABIAIOTCA > -
CcOHanpaBJeHHBIMH (00bACHUTE nodeMy). JloxkakeM Teope- A; O, B,
My 06 yraax ¢ coHamnpaBJIeHHBIMH CTOPOHAMH,.

TeopeMa. Eciu CTOPOHBI IBYX YI'JIOB COOTBETCTBCHHO COHAIIPABJICHBI, TO TAKUC YTJIbI pABHBI.
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Jdoka3zaTexbCTBO

OrpaEuyuMcs paccMOTPEHHEM cJjaydas, KO-
raa yrasl O u O; ¢ COOTBETCTBEHHO COHANPABJIEHHBIMU
CTOPOHAMH JeXaT B PasHHX IJOCKOCTAX, M AOKaMeM,
uto L0 = Z0,.

OrmeTuM Ha cropoHax yraa O kaxkume-EHMOyAb
TOYKM A 1 B ¥ OTJI0XHUM Ha COOTBETCTBEHHBIX CTOPOHAX
yraa O, orpesxku 0,4, = OA u OB, = OB (puc. 25), Tax
kak ayun OA u O, A, cosanpasness 1 OA =0,4,, To nony-
yurca napaiaenorpamm  0OAA O, u, ciefoBareibHO,
AA,|| 00, n AA, = 00,. Ananornuno noayuaem: BB, | 00,
u BB, = 00,. Orcroga caenyer, uto AA, || BB, u AA, = BB,,
a, sHauuT, ABB,; A, — napasnenorpamm u AB = A,B,.

CpasHuM Tenepb TpeyrosnbHuku AOB u A,0,B,.
OHM paBHBI II0 TPEM CTOPOHaM, ¥ moaromy <0 = Z0,.
Teopema noKa3zana,

Yroa mexay npsiMbIMU

Jlr00bie aBe nepecexkawuiuecd NpAMbIe JIeXKAT
B OAHOH MJIOCKOCTH ¥ 00pasyloT 4YeThipe HEPasBepHYTHIX
yria. Ecau u3BecTeH OAMH M3 3THX YIJIOB, TO MOXXHO Hai-
™ U gpyrue Tpu yriaa (puc. 26). Ilyets o0 — ToT M3 yryios,
KOTOPHIH HE NMPEBOCXOAUT JI060ro U3 Tpex OCTAJNBHBIX Yr-
jgoB. Torga roBOpAT, 4YTO YroJ MexAy NepeceKarluiMMHCH
npaMmeiMu pasen o. OueBnaso, 0° < o0 < 90°,

BreseM Tenepr NOHATHE YIia MeXIY CKPeILln-
BaomuMuca npaMeiMu. IIycte AB u CD — pgBe cKpelu-
Balomuecss npsamele (puc. 27, a). Yepesd NIpPoOUIBONABHYIO
TouKy M, npoBegeM npameie A, B, u C,D,, COOTBETCTBEHHO
napaiasennpHsie npaMeiM AB u CD (puc. 27, 6).

Ecau yron mexay npameimu A, B, u C,D, pa-
BeH @, TO OyJeM roBOpHTh, YTO YroJl MeXKAYy CKpellHBalo-
muMuca npameiMmu AB u CD pasen ¢.

JToxakeM, 4YTO Yroa MeXJAY CKPeIMBAKOIIH-
MHCA NpPSAMLIMH He 3aBHCHT OT Belfopa Touku M,.
HeiicTBHTEeNbHO, BO3bMeM a06yI0 ApPyryo Touky M, H
npoBegeM depe3 Hee npaMule A,B, 1 C,D,, COOTBETCTBEHHO
napannenbHble npAMbIM AB u CD (cm. pumc. 27, 6). Tar
kak A,B, | A,B,, C,\D, | C.D, (o6pacHuTE IOYEMY), TO CTO-
POHBI YTJIOB ¢ BepmuiMHaMu M, m M, momapHO COHampas-
JeHnl (Ha puc. 27, 6 TakuMu yraamu asiaaorca LA M,C, u
LAMC,, LAMD, u ZAM,D, a 1. a.). IllosTomy aTH yr-
JBI COOTBETCTBEHHO paBHBI. OTClOfa cjeayer, 4YTO YTroJa
Mexay npaMeiMu A,B; u C,D, Takke paBeH (.

B kauecTBe TOYKH M, MOXKHO B3ATH J100yIO0
TOYKY HA OJHOM M3 CKpelluBalIIuXcsa npameix. Ha pu-
cyHke 27, 6 na npamoii CD oTrMeudeHa Touka M m depes
Hee npoBefeHa npamas A'B’, nmapaniensnas AB. Vron
mexkAy npaMuiMu A'B° u CD Tax:ke paBeH .
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IIpakTH4eckas 4acThb
1. BeryunTe onpeneneHus U TEOPEMBI.

2. [IpocMoTpuTe MaTepuan Mo CChUIKE:

https://resh.edu.ru/subject/lesson/6133/main/272669/
3. BeImmosaute TPEHUPOBOYHBIC 3aJaHUS 110 CCBIIIKE:
https://resh.edu.ru/subject/lesson/6133/train/272677/

3agaun.
1.

Touka D He NeXHT B MJIOCKOCTH TPeyroJbHH-
Ka ABC, touku M, N u P — cepeauHEl OTpe3-
KoB DA, DB u DC coorBeTCTBEHHO, TOYKa K
JeXUT Ha oTpe3xke BN. BriAcHHMTE B3aMMHOE
pacmosoxeHnue npameix: a) ND u AB; 6) PK
u BC:; B) MN u AB; r) MP u AC; n) KN
u AC; e) MD n BC.

2.
IlpaMas ¢ mepeceKkaeT OPAMYIO @ H He IepeceKaeT IpaMyo b, mapasieib-
HyI0 npamoi a. [Joxkaxure, 4T0 b ¥ ¢ — CKpelUBaKIIecHa IpAMBIe.

3

Yepes BepmiuHy A pomba ABCD npoBeleHa npaMas d, Napajiielb-
Haa auaroHaau BD, a yepea BepmuHy C — npamasa b, He Jexamas
B njockocTu pomba. [loxamure, uTo: a) npsamele ¢ ¥ CD nepecexa-
oTcA; 6) a U b — cKpeuMBaIHecHd NPAMEIE.

4

Hokamxure, yto ecau AB u CD cxkpemuBawmnecsa npamele, 1o AD u BC
TaKe CKpeluBalIluecs MpAMEbIE.

5

Hansl napannenorpamm ABCD u tpanenua ABEK c ocuoBanuem EK, He
Jexanpue B OJHOH IUIOCKOCTH. a) BrificHUTE B3aMMHOE PACIOJIOKEeHHe
npaMeix CD u EK. 6) Hajigure nepumeTp Tpamenuy, ecjiM HU3BECTHO,
YTO B HE€ MOYKHO BIIMCATH OKpPYHOCTE M AB = 22,5 cm, EK = 27,5 em.

6

IIpameie OB u CD hapaﬂnenbﬂhfe, a OA u CD — CKPeL[WBA0IeCS
npamele. Haiigure yroan wexay npaMeiMu OA u CD, ecnu:
a) ZAOB = 40°; 6) £LAOB =135°; B) LAOB =90°.

7.

IIpamas a napannensua cropore BC napannenorpamma ABCD u He Je-
MUT B ILUIOCKOCTH IapajiejorpaMma. JJokaskure, 4ro a u CD — ckpe-
IIABAOIIWECH NPAMbBIE, M HAHJWATE YIOoJd MexJay HUMHW, €CJH OJUH U3
YIJOB mapaJjiienorpamma paseH: a) 50°; 6) 121°.

8.

Ilpamasa m napannenbHa auaroHanu BD pomba ABCD u He JeXHT
B maockocTH pomba. fokaxxkure, uro: a) m m AC — CKpelquBalOIIuecs
npaMele — U HaWguTe yroa mexxay Humu; 6) m u AD — ckpeimusaro-
IuecH NpsAMEie — B HalgUTe yroJ Mexay HuMH, ecau yron ABC pa-
BeH 128°.
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KoHTpoJibHbIE BONIPOCHI:

1
2.
3.
4
5
MMPpSAMBIX

6.
7.

Cdhopmynupyiite onpeneseHue CKpeuBatOIUXCsl MPSIMbIX.

Kakue BO3MOKHBI BApHAHTHI B3AaUMHOT'O PACIIOJIOKEHHUS MPSIMBIX B IPOCTPAHCTBE?
ChopmynupyiiTe MpU3HAK CKPEIIHUBAOIINXCS TPSIMBIX.

Chopmynupyiite onpeeneHre yrioB ¢ COHANPABICHHBIMU CTOPOHAMU

Cdhopmynupyiite TeopeMy O IUIOCKOCTH, HMPOXOMALICH Yepe3 OHY M3 CKpPEHIMBAIOIIUXCS

Cdhopmynupyiite TeOpeMy 0 paBEHCTBE YIJIOB C COHANPABICHHBIMH CTOPOHAMHU
MoskeT 11 Kaxkaasi U3 IByX CKpPEIIMBAIOIINXCS MPSIMBIX ObITh MapalijielibHa TpeThel mpsiMoii?
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HNPAKTUYECKOE 3AHATUE
IMapa/jieJbHOCTH MJI0CKOCTEH.

eJb NpaKTHYECKOT0 3aHATHS

PaccmoTpeTh BO3MOKHBIE CiIy4an B3aUMHOTO PACIIOIOKEHUS TUIOCKOCTEH B IIPOCTPAHCTBE.
BBectu nonsaTHE NapaIeIbBHOCTH IIJIOCKOCTEH.
N3yunTh NpU3HAK NapaICIbHOCTH IIJIOCKOCTEM.

A

OTtpaboTaTh HaBBIKM PELICHUS 3aa4.

MeTtoanuyeckuii MaTepuas

1. Omnpeznenenue napamienbHbIX IJIOCKOCTEH.
2.  CoiicTBa nmapauieabHbIX INIOCKOCTEH.
3.  Ilpusnak mapayuieabHOCTH IUIOCKOCTEH.

Kak W3BECTHO M3 aKCHOM CTEPEOMETPHUH, €CIH IJIOCKOCTH HMMEIOT OJIHY OOIIyH0 TOYKY, TO OHHU
MepeceKaroTCs o MPSIMOM, MPOXOAIICH Yepe3 3Ty TOUKY. 3HAYUT JBE IUIOCKOCTU HIIM MEepPEeceKaroTcs,
WM HE TIEPEeCeKaroTCs.

Onpeoenenue. 11nockocTy, KOTOPbIE HE MEPECEKAIOTCS, Ha3bIBAIOTCS NapasuieabHbIMU. [lapannenbHble

IJIOCKOCTH o 1 3 0603HauaroTcs ollf.

N3ob6paxenue:

S 7

HpI/I3HaK mapamuieJbHOCTH miIockocreii. Eciou nse MEepeCCKaromurecs NpsAMbIC OJTHOM INIOCKOCTH
COOTBCTCTBCHHO IMAapaJJICIIbHBI IBYM IMEPCCCKAOIINMCS IPAMbBIM I[perﬁ IIJIOCKOCTH, TO OTH INIIOCKOCTHU
napajjiC/IbHbI.
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Jloka3aTenbCcTBO.

[Tycth o B - maHHBIE IIOCKOCTH, 8l ma2 — mepecekarolyecs TpsMble B IUIOCKOCTH 0,
a bl u b2 cooTBeTCTBEHHO MapalIebHbIE UM HPSAMbIC B IUIOCKOCTH [3.

JlomycTim, 4TO TNIOCKOCTH O U 3 HE MapalijiesIbHbI, TO €CTh OHU NIEPECEKAIOTCSI IO HEKOTOPOH MPsIMOi C.
[Tpsimas al mapannenbHa npsiMoit bl, 3HaYUT OHA MapaienbHa U CaMO TIIIOCKOCTH 3.

[Ipsimast a2 mapamienbHa npsMoi b2, 3HAYUT OHa MapajjielibHa U caMOW IUIOCKOCTH [3 (pU3HaK
napauieIbHOCTH MPSIMON U TIJIOCKOCTH).

[Ipsimas C mpuHAIICKUAT IIJIOCKOCTH 0, 3HAYUT XOTsI OBl 0JIHa u3
npsMbIx al wim a2 nepecekaer MpsAMyIo ¢, TO €CTh UMeeT ¢ Heil oburyro Touky. Ho mpsimas C taxoke
NPUHAUICKAT ¥ IUIOCKOCTH [, 3HAUUT, TMepecekas NpsMyro ¢, Tnpsmas al wiu a2 mepecekaer
IJIOCKOCTH 3, 4ero ObITH He MOXKeT, TaK Kak npsiMble al u a2 nmapasenbHbl IOCKOCTH 3.

U3 sToro cnenyet, 4TO IIIOCKOCTH 0. U 3 HE IEPEeCceKaroTCsl, TO €CTh OHU MapaJLIeIbHbI.

Teopema nokasana.

CBoilicTBa napajJieJbHbIX IIJIOCKOCTEH.

Teopema 1. Eciu 1Be mapasuienbHble IUIOCKOCTH TIEPECEKAIOTCS TPEThEH, TO JIMHUK MX TIePEeCeUeHUs
HapajIeIbHBI.

Jloka3aTeabCTBO.

[Tycth 0 1 3 - mapaisienbHbIe IIOCKOCTH, a Y- TUIOCKOCTh, MePEeCceKaroIiast ux.
[1nockocTh o nmepecekaeTcsi ¢ MIOCKOCTHIO Y 1O MPSIMOi a.

[TnockocTh B mepecekaeTces ¢ MIOCKOCTBIO Y TIO TIPSIMOi D.

Jluanu mepecedeHHs & M D mexxar B OJHOH  IUIOCKOCTH Y M TOTOMY MOTYT  OBITH 70O
nepeceKkaIIuMucs, b0 napauieabHbIMU TOpsAMbIMU. Ho, mpuHamiexka JIByM MapaielbHbIM
IUIOCKOCTSIM, OHM HE MOTYT UMETh 001X Touek. CieioBaTeiabHO, OHU NapajliebHbl.
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Teopema 2. OTpe3ku MNapajyieNbHbIX NPSIMbBIX, 3aKIIOYEHHBIX MEXIy JABYMs HapalieIbHbIMU
IJIOCKOCTSIMU, PABHBI.

JlokazaTeibCTBO.

ITycth o u 3 - mapauienbHbIe TIOCKOCTH, a 8 U b — mapaiesbHbIe IpsAMbIE, IEPECEKAIOIINE HX.

UYepes npsimble @ U b MOKHO TPOBECTH IIOCKOCTh - TH MPSIMbIC MapajjieibHbI, 3HAYUT OMPEICIISIOT
IUIOCKOCTh, MPUYEM TOJBKO OJHY.

IIpoBenénnas IIJIOCKOCTH IIEpPECEKACTCs c IIJIOCKOCTBIO O 110 npsmon AB, ac
MJI0CKOCTHIO B o mpsimoit CD.

[To npenpimymeit Teopeme npsimeie AB u CD mapamtensabl. Uersipexyromsauk ABCD ecthb
napasuienorpamMm (y HEro MpOTUBOMOJIOKHBIE CTOPOHBI TapasliebHbl). A pa3 3TO HNapaieIorpaMM, TO
IPOTHBOIOJIOXKHBIE CTOPOHBI Y HErO paBHbI, To ecth BC=AD.

IIpakTH4yeckas 4acTh

1. Belyunte onpeneneHus U TEOPEMBI.

2. [IpocmoTpuTe MaTepual 1o CChUIKe:
https://resh.edu.ru/subject/lesson/6129/main/131676/.
3. BeInoaHUTE TPEHUPOBOYHBIE 3aJaHUS IO CCBIIKE:
https://resh.edu.ru/subject/lesson/6129/train/131688/.

3anauu

1.

Tpu orpeska A,4,, B,B, u C,C,, He jeKamue B OXHOH IJIOCKOCTH, MMe-
0T 00myio cepesuny. Jokasxkure, uro miaockocti A,B,C, u A,B,C, na-
paJiiebHEI.
2.

Touka B He JIeXXHUT B IJIOCKOCTH TpeyroiabHuUKa ADC, Toukm M, N
u P — cepenuHbl oTpe3skoB BA, BC u BD coOTBETCTBEHHO,

a) Hokaxure, uro maockoctn MNP u ADC mapajanejabHBbI.

6) Haizaure nmomans tpeyroabHuka MNP, ecau miaomanb TPEyroJb-
auka ADC paBHa 48 cm’.

3.

ITapanyesnsHble IJIOCKOCTH O ¥ B mepecexamor cropoHy AB yria BAC
COOTBETCTBEHHO B Toukax A, u A,, a ctopony AC »3rToro yr-
Jla — COOTBETCTBEHHO B TOukax B, u B,. Haniaure: a) AA, nu AB,, ecan
AA,=24,A=12 cm, AB, =5 cm; 0) A,B, u AA,, eciim A, B, =18 cm,

AA, =24 cm, AA, S AA,.
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N

KoHTpoJibHbIE BONIPOCHI:

Cdhopmynupyiite onpeenenre napayuieIbHbIX TIOCKOCTEH.
Chopmynupyiite npu3Hak napaiesbHOCTH IBYX IUIOCKOCTEH.
Cdhopmynupyiite cBONCTBA MapalIeIbHBIX MIOCKOCTEH.
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HNPAKTUYECKOE 3AHATUE
Terpasdap u napaJjuieenuie

e mpaKTH4€CKOT0 3aHSATHS

1. Tlo3HaKOMHUTH YYEHUKOB C IMOHSATUEM TETPadipa, NapajuiesienuIea u X JIeMEeHTaMU.
PaccmotpeTs cBoiicTBa pédep, rpaHel, AuaroHajaci napaiieienurnea.

N

3. ®opmupoBaTh HABBIKH W300PAXKEHHS PACCMATPUBAEMBIX OOBEKTOB HA IUIOCKOCTH M «YTCHUE)
IpeJuIaraeéMbIX H300paxeHui, rpauueckoil TpaMOTHOCTH.

4. ®opMHUpOBaTh YMEHUS MPUMEHSITH TPUEMBI CPAaBHEHHSI, 0000IICHHUS, YMO3AKITIOUCHHS.

5. Pa3BuBaTh MpOCTPAaHCTBEHHOE BOOOPAKEHHWE HA OCHOBE M3YYEHHUS T€OMETPHUYECKUX TelT M HX
CBOMCTB.

6. Pa3BuBaTh yMeHMs IPUMEHSTH MOJTYUCHHbIC 3HAHUS MPU PELICHUH 3a/1a4.

MeToanuyeckuii MaTepuas
[TonsiTue Terpaspa.
[TonsaTHe napamienenumnena.
CaoiicTBa pebep, rpaHei, JuaroHaieH mapasuiesenure/a.
Onpenenenne ceueHus B purype.
Merton cnena.

agrwpdE

OnpedeﬂeHue. TeTpaaz[p — OTO MHOI'OI'paHHHUK, COCTOHIHPII;'I U3 IUIOCKOCTHU TPCYT'OJIbHUKA U TOYKU HEC
nemamnﬁ B 3TOH INIOCKOCTH, TPEX OTPC3KOB COCAHMHAIOMIUX 3Ty TOYKY C BCPIIMHAMH OCHOBAHUS
TPEYroJIbHUKA.

D

B

Terpasap cocTour:

U3 BEpIIMH- uX y Hero 4- 4, B, C, D;

u3 pebdep- ux y Hero 6- AB, BC, AC, AD, BD, CD;

U3 rpaHei- ux y Hero 4- tpeyronbHUku AABC, ADAC, ADBC, ADAB.
[oBopsT, uro pédpa AD u BC, AB u CD, u T.71.- TIpOTHBOTIOIOKHEIE.
Cumnraercs £4BC - oCHOBaHME, OCTaJIbHBIE TPAHU - OOKOBBIE.

Hapanneaenunen.
Paccmotpum aBa paBHbix napamienorpamma ABCD u A1B1C1D1, pacnonoxeHHbIX B MapaliieIbHbIX
TUIOCKOCTSX Tak, 4Tto oTpe3ku AAi, BB1, CC1 u DD1 napauieasHblI.

ABCDA1B:1C1D1 — mapannenenumnesn.

JagaiiTe paccMoTpuM H300pakeHHYIO QUTYDPY
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Pucynok 4 — napayuienenunesa U €ro AMaroHaau

ABCDA1B:1C1D1: moBepxHOCTh, cOCTaBlIE€HHas W3 JBYX paBHbIX mapasienorpammoB ABCD u
A1B1C1D1, nexanux B mapauielbHBIX INIOCKOCTSAX U YeThIPEX MapaJijieiorpaMMoB.

Bce nmapaenorpaMmel - paHM, UX CTOPOHBI - pédpa, X BEpIIMHBI - BePIIMHbI MapaJliesenumnesaa.
Cuwnraercs: ABCD u A1B1C1D1 - ocHoBanus, ocTanbHbIe TpaHu - OKOBBIE.

Onpenenenue. OTPe30K, COCAUHSIONINI TPOTHBOIIOJIOKHBIC BEPIIUHBI, HA3BIBACTCS JHATOHAIBIO
napauienenunena: Ai1C, D1B, ACy, DB:.

Onpene.]]elme. Hapaﬂnenennnez[- 9TO CCTUT'PAHHHUK C mapajjicJibHbIMHA n PpaBHBIMU
IMPOTHUBOIIOJIOKHBIMHA I'PAHAMMU.

CaoiicTBa nmapajuiesienuimnena

CoiicTBo 1 [IpoTHBONOI0XKHBIE I'PaHU NapaslieenuIe1a napaalieabHbl U PaBHBIL.
Jloka3arejbCTBO

B mapamnenenunene ABCDA1B1C1D1 rpann BB1CiC u AA1D1D mapannensHbl, mOTOMY 4TO J1BE
nepecekaromuecs npsmeie BB1 1 B1C1 ogHOM rpaHy nmapajuienbHbl IBYM HEPECeKatomuMCs MPsIMbIM
AA1u Ai1D1 npyroit; atu rpanu u paBHbl, Tak kak Bi1C1 = AiDi1, BiB= A1A (kak npoTHBONONOXKHBIE
cTopoHbl nmapauienorpaMmoB) 1 <BB1Ci1= <AA1D;.

CBoiicTBO 2. Bee yeThipe AnMaroHaiu NepecekaroTcs B OJJHOM TOUKE U JIESATCS B HEH MOMOJIaM.
JlokazaTejbCTBO

Bo3bmém kakue-HuOyab aBe nuaronaiu, Hanpumep AC1 u BD1, u mpoBeaéM BcioMoraTtenbHble psiMble
AD1 u BC1.

Tak kak pédbpa AB m DiCi cooTBeTcTBEHHO paBHBI M mapamiensHbsl pedbpy DC, To oHM paBHBI U
napajuieIbHbl MEXIy co0oii; BcmeacTBue storo gurypa AD:1CiB ectp mapannenorpamm, B KOTOPOM
npsimble C1A u BD1 —uaronanu, a B nmapajienorpaMMe JUaroHajn JENsTCsS B TOUKE MEepEceueHus
IIOTIOJIAM.
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Bo3bpméMm Teneps oaHy U3 3TUX auaroHanel, HanpuMep ACi, ¢ TpeTbell IMaroHaiblo, Moiaoxum, ¢ B1D.
CoBeplieHHO TaK K€ Mbl MOXEM JIOKa3aTh, YTO OHHM JEJIATCS B TOYKE IEPECEUCHHS TIOIMOIaM.
CrnenoBarenbHo, auaroHanu BiD m ACiu amaronanmu ACiu BDi(koTopsle MBI paHblie Opann)
MepeCceKaroTCsl B OJIHOM M TOM K€ TOYKe, UMEHHO B cepeauue nuaronanu ACi. HakoHen, B3siB 3Ty ke
nuaroHasib ACi ¢ uerBéprodt auaroHanbio A1C, MBI TakKe JOKaKEM, YTO OHM JCJSTCS IOMOJIAM.
3HAYUT, TOYKA MEPECCUCHUST U ITOW mapbl JuaroHajied JexuT B cepenune nuaroHanu ACi. Takum
00pa3zoM, BCce YEThIpE TUAroHalv MapajvieJienuIe/a NepeceKatoTcsl B OTHON U TOM K€ TOUKE U JEISTCS
3TOM TOYKOM ITOITOJIaM.

IHocTpoenne ceyenmii
OcHOBHBIE TPABUJIA IOCTPOEHUSI CeYEeHNH METO0M CJIe/la:

e Eciu pawbl (WM yKe IOCTPOEHBI) JBE TOYKHU IUIOCKOCTH CEUYEHMs] Ha OJHOM TIpaHH
MHOT'OTPaHHHKA, TO CJIEJ] CEUEHUS ATOM IUNIOCKOCTH — IIpsAMAast, IPOXOJAIIAsl YEPE3 ITU TPU TOUKH.

e Ecnu nana (Mam yXe MOCTpOEHA) MpsiMas MEpPEecedeHusl MIOCKOCTU CEUEHHUs] C OCHOBAaHUEM
MHOTOTpaHHUKa (CJie]] Ha OCHOBAHUM) M €CTh TOYKA, MPUHAJJIeKAIAsl ONPECICHHON OOKOBOM
IpaHy, TO HY)KHO ONPEIETUTh TOUKY IepeceueHus JaHHOrO ciela ¢ 3TOW OOKOBOM rpaHbio (
TOYKa MepeceueHus JaHHOTO clieia ¢ 001el MpsMOil OCHOBaHUS U JaHHOW OOKOBOM rpaHH)

e Touky mnepecedeHUs IIIOCKOCTH CEYEHUS C OCHOBAHHEM MOYKHO ONPENEIUTh KaK TOYKY
nepeceyeHusl Kakou-mmbo MpsMOM B IJIOCKOCTH CEUYEHHUS] C €€ NpOeKIHeld Ha IUIOCKOCTb
OCHOBAHMS.

To ecTp, CyThb METOAA 3aKIHOYAETCS B MOCTPOCHUM BCIOMOTATEIbHOM IMPSAMOM, SBISIIOLIEHCS
n300pakeHNEM JIMHUY MEePeCceueHus CeKyIlel MIOCKOCTH C MIOCKOCThIO KaKOH-INO0 rpaHu (pUryphl.
VYno0Hee Bcero cTpouTh M300paKEHHE JIMHUU IEPECEUEHUs] CEKYIIeH IJIOCKOCTH € IUIOCKOCTBHIO
HIDKHEro OCHOBaHMA. Mcnomb3ys ciej, Jerko MOCTPOUTh M300paXKeHHUs TOYEK CEKyIled IMIOCKOCTH,
HaXOJAIIMXCS Ha OOKOBBIX pedpax WUiIU rpaHsxX (QUrypbl.

3anauya Nel.Iloctpouts cedenue napamenenunena ABCDA1B1Ci1D1 nmiaockocTeio, mpoxosineit yepes
touku P, Q, R .

Pemenmne.

B €,
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1. IloctpouM crnepn cekylel IUIOCKOCTH Ha IUIOCKOCTh HMYKHETO OCHOBAHHUS MapalUleieruIeaa.
PaccmoTrpum rpans AA1B1B. B 3T0ii rpanu nexat Touku ceuenust P u Q. IIpoeneMm npsamyro
PQ.
2. Ilpomomxum npsmyro PQ, KoTopasi MpUHANJICKUT CEYEHUIO, J0 TNepecedeHus ¢ npsimoil AB.
[Tonyuum Touky S1, IpUHALJICKAILYIO CIIETY.
AHaJIOTHYHO TOJTy4aeM TOUKy Sy nepecedenueM npsimbix QR u BC.
[Tpsimas S1S2 - cnen cexyei MI0CKOCTH Ha TUIOCKOCTh HUYKHETO OCHOBAHUSI TapalIe/ICIUITe a.
5. Ilpsmas S1Sz nepecekaet ctopony AD B Touke U, cropony CD B touke T. Coequaum Touku P
n U, Tak KaK OHH JIeKaT B 0JHOU 11ockocTH rpanu AA1D1D. Ananornuno noinydaem TU u RT.
6. PQRTU — uckomoe ceueHue.
3amaua Ne2.

~ow

Han terpasgp ABCD. Touka M — Touka BHYTpeHHsIs, Touka rpaHu Terpa’dapa ABD. N — BHyTpeHH:s
touka otpeska DC. I[ToctpouTts Touky nepeceuenus npsmord NM u mmockoctu ABC.

Pemenue:

Jns perienus noctpouM BerioMorarenbHyo mwiockocts DMN . ITycts npsamas DM nepecekaer npsamyro
AB B Touke K. Torna, CKD — 310 ceuenue miaockoctd DMN u Tetpasapa. B miaockoctu DMN nexur u
npsaMast NM, u nonydyennas npsmas CK. 3nauunT, eciiu NM ne napamiensna CK, To onu nepecekyres B
HekoTopoii Touke P. Touka P u Oyzner uckomas touka nepecedenus npsimoit NM u mnockoctu ABC.

IIpakTHyeckas yacThb
1. BelyunTe ompeneneHus U TEOPEMBI.

2. TIpocmoTpuTe MaTepua Mo CChIIKE:
https://resh.edu.ru/subject/lesson/5444/main/221490/
3. Brimonaute TPCHUPOBOYHBIC 3aJaHUs 110 CCBIJIIKE:
https://resh.edu.ru/subject/lesson/5444/train/221494/
3agaun
B rerpasgpe DABC pamo: ZADB = 54°, ZBDC = 72°, ZCDA = 90°,
DA = 20 cm, BD = 18 cm, DC = 21 cm. Haiigure: a) pebpa ocHoOBaHMA
1. ABC pamsoOro rerpasapa; 6) miaomaau BceX GOKOBBIX rpaHei.
Touku M u N —.celje:ufinm- pebep AB u AC rerpasapa ABCD. Jloka-
o HTe, 4TO npamas MN napanasenssa nnockoctu BCD.
HMzobpasure rerpasap DABC n na pebpax DB, DC u BC oTMeTbTe COOT-
sercTBeHHO Touku M, N u K. IlocTpoiiTe TOUKY NepecedeHHs: a) IpHA-
3. ™oit MN u nunockoctu ABC; 6) npamoit KN u nnockoctu ABD.
Haobpasure mapannenenmmnes ABCDA,B,C,D, u noctpoiite ero ceuye-
HuA maockoeTaMu ABC, u DCB,, a Tax)Xe OTpPe30K, 10 KOTOPOMY 3TH
4 ~CeYeHHsA IepeceKalTCH.
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NS

Hszo6pasure napamnenenunnen ABCDA,B,C,D, u nocTpoiiTe ero cede-
HHEe IJIOCKOCTERI0, NpoxoaAalne depea: a) pebpo CC, 1 TOUKY nmepeceye-
HHUA auarodaneil rpaHu AA,D,D; 6) Touky nepeceueHHd JuaroHaneii
rpau ABCD napannensHo niockocru AB,C,.

KOHTpOJILHLIe BOITIPOCHI:

ChopmynupyiiTe onpenaencHue TeTpasapa.
Cdhopmynupyiite ornpeeneHue napauieenumneaa.
ChopmynupyiiTe CBOICTBA Napajuieienunea.
CdhopmynupyiiTe METO/I CEUCHHIA.
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HNPAKTUYECKOE 3AHATUE
IepneHAUKYJAPHOCTH NPAMOI U MJIOCKOCTH

I_Ie.]'ll/l MNPAKTUYIECKOI'0o 3aHATUH

1. dopmMupoBaHuE MPECTABICHUS NEPICHIUKYISIPHBIX MPSIMBIX B IPOCTPAHCTBE.

2. dopMUpOBaHUE YMEHUS MPEJCTABIATH MPSIMYIO, EPIECHIUKYIIPHYIO K IJIOCKOCTH, U PeIlaTh
3a[a4uM, TPUMEHSISI 3HAHUSI O TIEPIIEHANKYISIPHOCTH IPSIMOHN U IJIOCKOCTH.

3. dopMHUpOBaHUE MPOCTPAHCTBEHHOTO BOOOPAXKEHHUS, JIOTUYECKOTO MBIIUICHUS, [aMSTH,
BHUMaHUsI, THTEPECa K MPEIMETY.

4. Pa3BuTHe TBOpPYECKOW CTOPOHBI MBIIIICHUS W HABBIKOB AHAUTHYECKOH pabOTHl mpH
BBITIOJIHEHUH MPOEKTHON JESATEIHLHOCTH.

MeToanuyeckuii MaTepuas

1. [ToHsTHE NEPIEHANUKYISIPHBIX IPSIMBIX, IPSMON NEPIEHIUKYISIPHOMN K MJIOCKOCTH.
2. JleMMa 0 neprneHIUKYIAPHOCTH ABYX NapaJJICIbHBIX IPSMBIX TPETEH.
3. [Ipu3Hak nepneHaANKYJISPHOCTH IPSMOM U INIOCKOCTH.

OnpedeﬂeHue. I[Be MIpsAMBIC B NPOCTPAHCTBE HA3BIBAIOTCA NEPHECHAUKYJIAPHBIMHU, €CJIIN YIOJI MEXKOY
HHUMH PAaBCH 9OD. HepHeH,Z[I/IKYHHpHLIC MMpAMBIC MOTYT IEPECCKATHCA U MOT'YT OBITH CKPCIIUMBAOIIUMHUCH.

Onpeoenenue.llpsamas Ha3bpIBaeTCS NMEePHEHAUKYJISIPHON K TIOCKOCTH, €CJIM OHA MEPIEHIUKYIsSIpHA K
000 TIPSIMOMH, JISXKAIIEeH B ATOU TUIOCKOCTH.

JlemMa o NEPIMEHIAURKYJJIAPHOCTHA ABYX MAPAICIBHBIX IMIPAMBIX K TpeTbeﬁ l'[pﬂMOﬁ. Ecnu ogna u3
ABYX IApaJUICIbHBIX IMPSAMBIX TCPHCHAUKYIISIDHA K TpeTLefI HpHMOﬁ, TO W Jpyraia npsamas

NEPIEHAUKYJIIPHA K 3TON IPSIMOA.

T

JokasarensctBo:  Jlano:alb,alc

Joxkazate: b L C

Yepes Touky M npocTpaHCTBa, HE JIEXKAILYIO HA TaHHBIX IPSIMBIX, TpoBeeM npsambie MA nu MC,
napasuieJbHble COOTBETCTBEHHO MPSIMBIM a U ¢. Tak kak a 1 ¢, To ZAMC=900.

Tak kak b la,aal MA, o bl MA.

Wtaxk, npsimblie b U ¢ mapaijienbHbl COOTBETCTBEHHO MPsMbIM MA 1 MC, yron Mexxy HUMU paBeH
900, T.e. b | MA, ¢ | MC, yron mexay MA u MC pasen 900

DTO 03HAYAET, YTO yroJl MeXy NpsMbIMH b 1 ¢ Takxke paBeH 900, To ecTb b L c.
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Teopema. Eciin onHa U3 ABYX NapajuIeIbHBIX NPAMBIX IEPIEHAUKYISIPHA K INIOCKOCTH, TO U Apyras
npsiMasi IEpIEHANKYIISIPHA K 3TOU MJIOCKOCTH.

A

HoxkazarenbctBo: Jlano: alai,a L o
Jlokazatp, uto a1 L o
[TpoBenem Kakyr-HUOYIb MPSAMYIO X B IUIOCKOCTH 0, T.€. X € a.Tak kak a L a, T0o @ L X.
[To 1emMMe 0 ePICHIUKYISIPHOCTH JBYX MapauICIbHBIX IPSIMBIX K TpeThel a1 L X.
Takum 00pa3oM, npsimast a1 IEPIEHAUKYIIIPHA K JIF000H MPSIMOii, Jiexarieil B INIOCKOCTH o, T. €. al L o

[Ipu3Hak nepneHANKYJISIPHOCTH NPAMON U MIOcKOCTH. Ecnu mpsMas meprneHIuKylspHa K ABYM
MEPECEKAIOIIMMCS  TIPSIMBIM, JISKAIIUM B OJHOM IUIOCKOCTH, TO OHA NEPHEHAMKYJSApHA K JTOM
MIOCKOCTH

Teopema o mnpsiMoil NepHeHAMKYJIAPHOH K IUIOCKOCTH. Uepe3 mmoOyr0 TOYKY NPOCTpPaHCTBA
IIPOXOJMT INIOCKOCTh, EPIICHAUKYIISIPHAs K JTaHHON IIPSIMOIA.

IIpakTH4eckas 4acThb
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1. Belyunte omnpeneneHus U TEOPEMBI.

2. [IpocmoTpuTe MaTeprasl IO CCBIIKE:
https://resh.edu.ru/subject/lesson/4724/main/20415/

https://resh.edu.ru/subject/lesson/4757/main/20570/

3. BelInonHuTe TPEHUPOBOYHBIE 3aJaHUS 110 CCBUIKE:
https://resh.edu.ru/subject/lesson/4724/main/20415/

https://resh.edu.ru/subject/lesson/4757/train/20574/

3anaum

Han napannenenunes ABCDA,B,C,D,. okaxkure, 4TO:
a) DC 1L B,C, n AB 1L A\D,, ecim £ZBAD = 90°;

6) AB L CC, u DD, L A;B,, ecnm AB 1 DD,.

B rterpasape ABCD BC 1 AD. [doxamxwure, aro AD 1L MN, roe M
2. u N — cepenunnl pebep AB m AC.
Touku A, M 1 O jexxaT Ha NPAMOM, NEPIEHAUKYJIAPHOM K ILJIOCKOCTH O,
a Touku O, B, C u D nexxart B nmiaockocTtu ¢.. Kakue U3 cienymoiuux
YyIJI0B ABAATCH npameimu: LAOB, LMOC, £ DAM, £ZDOA, ZBMO?

IIpamasa OA nepneHguKyIspHa K miockoctu OBC, u Touka O ABiIAeT-
cs cepeanHoil orpeska AD. Jloxkaxure, uto: a) AB = DB; 6) AB = AC,
4. eciiu OB =0C; B) OB =0C, ecau AB = AC.
Yepes Touky O nepeceueHHs AuaroHajel KBaapara, CTOPOHA KOTOPOIC
paBHa a, nposefeHa npamas OK, nepneHAUKYJApHas K ILJIOCKOCTY
kBagpara. Halizute paccroaHue OT TOYKM K A0 BepuIMH KBajparta.
5 ecniu OK =0b.
B Tpeyrosmuauke ABC nano: ZC = 90°, AC = 6 cm, BC = 8 cm, CM — wme-
nuaHa. Yepes Bepmmuny C nposeaeHa npamaa CK, nepneHauKyasapHasa
6. K IUIOCKOCTH TPeYroJbHAKA ABC, npuuem CK = 12 cm. Hatigute KM.

[Ipamasa CD népﬁen,ﬂnxyﬂﬁpﬂa K ILIOCKOCTH IPaBUJIbHOTO r’i‘peyronb-
Huka ABC. Yepes uentp O sToro TpeyroibHUKa nposefeHa npamas OK,
napasienbHas npsmoit CD. UssecTHo, uto AB  16+/3 cM, OK = 12 cwm,
CD = 16 cm. Haiigute paccrosausa or Touex D u K 10 Bepmiue A u B
7. TpeyroJbHHKA.
Yepes Touku P u @ npsimoii PQ npoBesieHbl NIpAMbIe, IEPIEeHANKYJIAD-
HbIe K IIJIOCKOCTH O H IIepeceKawliie ee COOTBETCTBEHHO B TOUKAaXxX P1
8. u Q,. Haiingure P,Q,, ectu PQ = 15 cm, PP, = 21,5 c™, QQ, = 33,5 cM.
IIpamasa MB nepnenauxynapHa k croponam AB u BC TpeyronbHHKa
ABC. Onpegenute Buj Tpeyroabuuka MBD, rome D — npousBojbHas
9. Touka npamoi AC.

KoHnTpoJibHbBIE BOIPOCHI:

1. Chopmynupyiite onpesenenre NeprneHIuKyISpHBIX MPSIMBbIX.

2. Cdhopmynupyiite orpeaeseHue npsiMoi, neprneHaAnKyIIpHON MIIOCKOCTH.

3. Chopmynupyiite jgeMmy O MNEpPHEHAUKYISIPHOCTH JBYX NapalieIbHBIX MPSAMBIX TpeTheil
IPSIMOA.

4. Chopmynupyiite npu3HaK MepHeHIUKYISIPHOCTH MPSIMON U TUIOCKOCTH.
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HNPAKTUYECKOE 3AHATHUE
IepneHAUKYJISIP U HAKJIOHHBIE. YTOJ MeXKIYy NPAMOI U MJIOCKOCTHIO.

I_Ie.]'ll/l MNPAKTUYIECKOI'0o 3aHATUH

1. CdopmupoBaTh OCHOBHBIC MOHSTHUS MEPHEHIUKYIAPA, HAKIOHHOW, MPOCKIUU HAKIOHHOM,
PAcCTOSIHUS OT TOUYKHU JIO IJIOCKOCTH.

2. PaccMmoTpeTs CBOMCTBA HAKIIOHHBIX U UX IPOEKIIUH.

3. PaccmoTpeTs cBsI3b MEX 1y IEPIEHUKYISAPOM, HAKJIOHHON U IPOEKINEN HAKIIOHHOM, 3aKPENUTh
9TH MOHATHS B XOJ€ PEILIEHUS 3a/au.

4. Pa3BuTh noruveckoe MbIIUICHUE, TAMATh, IPOCTPAHCTBEHHOE BOOOpaKEHUE, MTO3HABATEIILHBIN
UHTEPEC.

5. Pacmmputh npeacTaBieHus yqamuxcs 00 OKpyKarolleM MHpeE.

MeToanuyeckuii MaTepuas
Haxnonnas. [Tpoekius.
PaccrosHue oT TOUKH 4O IJIOCKOCTH.
TeopeMa o Tpex nepneHANKyIIsIpax.
VYron Mexay npsMoil ¥ IIIOCKOCTBIO.

A

PaccmoTpuM miockocTh 0 M TOYKYy 4, He Jexallylo B 3Toi Iockoctu. IIpoBenem uepes
TOUKY A NpsAMYI0, IEPIEHAUKYISAPHYIO K IJIOCKOCTH 0, U 0003HaYUM OYKBOM

A H Touky nepeceuenus 3o npsiMoii ¢ miockoctsio a. Otpe3ok AH Ha3piBaeTcs
HEePIEHIUKYIIPOM, NTPOBEJCHHBIM U3 TOYKU A K IUIOCKOCTH o, a Touka H —
OCHOBaHUEM IMepHeHauKyyspa. OTMETUM B IUIOCKOCTH 0O KaKylO-HHOYIb

o
Touky M, ornmunyro ot H, m mnposenem orpesok AM. OH Ha3bIBaeTcs
gl o HAaKJIOHHOM, TMPOBEICHHOW U3 TOYKU 4 K IUIOCKOCTH ¢, a To4yka M —
OCHOBaHUEM HakJIOHHOU. OTpe3ok HM Ha3biBaeTcs mpoeKkuei HaKJIOHHOW Ha
! TUIOCKOCTb (L.
PaccmorpuM  mpsimoyronbHbil - TpeyroabHuk AMH. Cropona AH — karer, a cropoHa AM —

runorenysa, nodromy AH <AM. Iloatomy neprneHauKynsp, MNPOBEIEHHBIM W3 JaHHONH TOYKH K
MJIOCKOCTH, MEHBIIIE JTF000H HAKJIOHHOM, MPOBEACHHON U3 TOU YK€ TOUKH K ITOU IIIOCKOCTH.

CJ'ICI[OBaTeJ'IBHO, N3 BCEX paCCTOHHI/Iﬁ OT TOYKH A J0 pa3jIMYHBbIX TOYCK INJIOCKOCTH O HAMMCHBIINM
ABJIACTCA paCCTOSIHUE OO TOYKHU H. Ot1o pacCcTodgHue, T. €. AJIMHA NCPICHAUKYIISAPA, IPOBCACHHOTO U3
TOYKU A K INIOCKOCTH 0, Ha3bIBACTCA PACCTOAHUEM OT TOUKHU A J0 IIJTTIOCKOCTH O.

Crout OTMETHUTb, YTO B Cllyyae JIByX MapalIeNbHBIX IUIOCKOCTEH, pacCTOSIHUEM MEXIY HUMH OyneT
PacCTOSIHUE OT MPOU3BOJIBHON TOUYKH OJHOM IJIOCKOCTH A0 APYroM miockoctu. Hamprumep, Bce TOUKH
IIOTOJIKA HAXOAATCS HAa OJUHAKOBOM PAcCCTOSHUM OT Ioza. Ecnu ke npsMas napajuieiabHa INIOCKOCTH,
TO BCE TOUKH IPSIMOM paBHOYAAIECHBI OT 3TOM INIOCKOCTH. B 3TOM cityduae paccTosiHuEe OT MPOU3BOJILHON
TOYKM INPSIMOM [0 IUIOCKOCTH Ha3bIBAECTCS PACCTOSTHUEM MEXAYy IPsIMOM M IapajulelIbHON €i
IUIOCKOCTRIO. Hanpumep, Bce TOUKH mpsiMoii b paBHOYIa/IeHBI OT MOTOJIKA KOMHATHI.

Ecan MBI mMeem ACJI0 CO CKpCHIMBAKOIHUMUCA MOPAMBIMHU, TO PACCTOAHHEM MECKAY HHUMU 6y)1eT
paccTosiHuE MEXAYy OJHOM U3 3TUX IPSIMBIX U IIJIOCKOCTBIO, NMPOXOJAIIEH Yepe3 IpYryro IpsSIMYyIO
NapajyIeIbHO MEPBOM.

Chopmynupyem Teopemy 0 Tpex NHepHeHAMKYJAsipax: MpsiMas, MMPOBEIEHHas B IUIOCKOCTH dYepes

OCHOBAHHUE HAKJIOHHON NEPHEeHAMKYJSIPHO K €€ MPOEKIMU Ha ATy IUIOCKOCTb, MEPIEHIUKYISIpHA U K
caMOU HaKJIOHHOMH.
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(Puc. 2)

Ha pucynke 2: AH — nepneHaukyssip K miockoctu o, AM — HakinoHHas, @ — npsimasi, IpoBe/IeHHAs
B IUIOCKOCTH 0L Ye€pe3 TOYKY M MEepneHIuKYIIPHO K NPOCKUMH HakIOHHON HM. [lokaxem, YTO
npsiMasi g IepreHuKyIsipHa HakioHHOW AM.

Pacemotpum mnockocts AMH. [lpsimas a nepnenukynsgpia k HM no ycnosuto. Tak xak npsmas a,
JIEKUT B IUIOCKOCTH (L, @ 3Ta INIOCKOCTh NEPIIEHANKYIIsIpHA 0Tpe3Ky AH, To npsiMast a nepneHIuKyspHa
K 3TOM 1uiockocTu. OTCroa CleayeT, 4To NnpsMas @ NEePHeHIUKYIsIpHa K JIF000H MpsAMoii, jexaliei B
I10CKOCTH AMH, B 4aCTHOCTH NpsiMasi a IEpIEHANUKYIsIpHa oTpe3Ky AM. Teopema nokazaHa.

OTa TeopeMa Ha3bIBAECTCA TEOPEMOM O TPEX NEPIEHANKYJIIAPAX, TAK KaK B HEU TOBOPUTCS O CBSI3U MEXKIY
Tpems nepneHaukyisipamu AH, HM u AM.

CnpaBemniBa Takke oOpaTHash Teopema: IMpsMasi, NPOBEJCHHAs B IUIOCKOCTH 4Yepe3 OCHOBAaHHE
HAKJIOHHOH MEPIIEHANKYIISIPHO K HEH, EPIeHIUKYIISIPHA U K €€ TPOCKIINH.

BBeneM Tteneph MOHSATHE MPOEKIMH MPOU3BOJIBHOW (UIYphl HA MIIOCKOCTh. lIpoekiueill Touku Ha
IJIOCKOCTh Ha3bIBAETCS OCHOBAHUE MEPIIEHIUKYJIISPa, IPOBEIEHHOTO U3 3TOM TOUKH K TJIOCKOCTH, €CIIN
TOYKA HE JIEKUT B INIOCKOCTH, U CaMa TOYKA, €CJIM OHa JIE)KUT B IJIOCKOCTH.

O6o03HaunM OykBo# F kakyro-HHOYIb (Gurypy B mpoctpaHcTBe. Eciau Mbl TOCTPOUM MPOEKIMH BCEX

TOUYEK 3TOH (UTYpHI HA JAHHYIO IJIOCKOCTh, TO MOXy4YuM Gurypy F1, koropas Ha3bpIBaeTCs MPOEKIUEH
¢uryps! F Ha nanHyro miaockocTs (puc. 3).

1
|

ps
quN

(Puc. 3)

JlokaxxeM Tenepb, 4TO MPOEKIMEN MPAMON Ha IUIOCKOCTb, HE MEPIEHIUKYISPHYIO K ATOW NPSAMOH,
sBisieTcs mpsmas (puc. 4).

Jannyio 1uiockocTh 0003HauuM OykBoif o. I[Ipom3BonbHYIO NpsSMYI0, HE MNEPHEHIUKYIIPHYIO K
IJIOCKOCTH, 0003HaYUM OyKBOH a. U3 KaKoW-HUOY/Ib TOukH M mpsMoil a mpoBeaeM
neprneHaAnKysip MH K TIOCKOCTH 00U PacCMOTPHUM IUIOCKOCTD 5, MPOXOSIIYIO 4Yepe3 MpsMYIo a U
nepneHaukyisip MH. Tlnockocty o 1 S mepecekaroTcst o HEKOTOPO# mpsiMoit al.
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JlokaxxeM, 4TO 3Ta mpsiMast U SBISETCS IPOCKLIKUEN NPSAMOU a Ha IUIOCKOCTh 0. B camom zeite, BO3bMeM
MPOM3BOJIBLHYIO TOYKY M1 mpsiMoit @ 1 mpoBeneM B TUIOCKOCTH f ipsimyto M1 HI, mapaiienbHyro
npsimoit MH.

Tak kak otpe3ok MH nepnenaukynsp k miockocty o u otpe3ok MH mnapamnenen MIHI, 1o
oTpe3ok M1HI Toxe NepneHIuKyJIIpeH MIOCKOCTH O.

OTUM MBI JJOKA3aJI4, YTO MPOEKIMS MPOU3BOJIBLHON TOUKH MPAMOU @ JISKUT HA MPSIMOH al.
AHAJIOTUYHO JO0Ka3bIBACTCs, YTO JI0O0As TOYKA MPSIMOU a1 SBIAETCS MPOCKIMEH HEKOTOPOW TOYKH

npsaMoii a. CienoBareiabHO, MpsiMas @1 — MPOEKLHUs MPSMON @ Ha IJIOCKOCTh 0. YTo M TpeGoBaIoch
JI0Ka3aTh.

b M
M,
a, Y !
. HH
o "
4
(Puc. 4)

Teneps BBEIEM ITOHATHE yTila MEXAY IPSAMOM U INIOCKOCTBIO.

VYrioM Mexay NpsMON M IUIOCKOCTBIO, MEPECEKAIOIIEH ATy IPSAMYIO0 U HE NEPIEHAUKYIIIPHON K HEW,
Ha3bIBACTCSl YTOJI MEXKIY IIPSIMON U €€ MPOEKIUEN Ha IIOCKOCTb.

[Tpumep 1. Hokaxem, uto yrona mexay ¢0 Mexay JaHHOM mpsiMoii AM M MJIOCKOCTBIO 0O SIBJISETCS
HAaUMEHBIIUM W3 BCEX YIJIOB ¢, KOTOpPbIE JaHHas MpsiMas oOpa3yeT ¢ NPSIMbIMHU, IPOBEICHHBIMU B
IUIOCKOCTH 0L 9Yepe3 TOUKy A.

(Puc. 5)

O6o3HaunM OykBOHM H OcHOBaHUE mMepHeHAUKyIspa (puc. 5), MPOBENEHHOTO U3 TOYKU M K
IUIOCKOCTH Q.

PaccMoTpuM IpoM3BOJIBHYIO MPSIMYIO p B IUIOCKOCTH 0O, IPOXOASIIYIO YEPE3 TOUKY A U OTIUYHYIO OT
npsimoit AH.

VYron mexay npsimeiMa AM 1 p 0003HauNM uepes ¢.

JlokaxkeM, uto ¢ Oosbie yeM ¢0.
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N3 Ttouku M nposenem mnepneHaukyiasip MN k mpsmoit p. Ecau touka N coBmamaer ¢ Toukoi A4,
TO ¢ paBHsieTcss 90 Tpamycam U modTomy ¢ Oombiie 4yem ¢ 0. Paccmorpum  cimydaid, korma
touku A 1 N He coBnagaroT. OTpe3ok AM — o0111ast TUIIOTEHY3a MPSIMOYTOJIBHBIX

TpeyroiabHukoB ANM u AHM, II03TOMY
sin ¢ =MN/AM

, MH
sm =—
o AM
Tak kak HakimonHas MN OGosbie, yem neprneHmuKyssip MH, To cHHYC yria ¢ OOoJbllie, YeM CHHYC
yraa ¢0. Iloatomy yroin ¢ 60mbie, ueM yroi ¢(. Uto u TpedoBaIock 10Ka3aTh.

TecroBbid  Bompoc  Ne7. [Ipsimass AM neprnieHAUKYIsIpHA  TUIOCKOCTH  PABHOCTOPOHHETO
tpeyrosbHuka ABC, Touka H cepennna croponsl BC. Haitaure yronm wmexay mnpsmor MH u
miockocteio ABC, ectt AM = a, HB = a.

Pemenue. Uckomeiit yron — MHA.

Paccmorpum Tpeyromsauk ABC. OH paBHOCTOpOHHMIA. DTO O3HA4YaeT, YTO €ro MeauaHa TaK JKe
ABJIsIeTCS BBICOTOM M Ouccekrpucoi. Tak kak HB = a, ciegoBaTenbHo, J1t006ast CTOPOHA TPEYTrOJIbHUKA

umeet JinHy 2a. Pacemotpum tpeyronsHuk AHB. OH npsimoyronbHbii, T.K. AH Menuana u Beicota. 1o
— Jam? 2 _ 43
teopeme ITndaropa BeranciuM amuHy cropons AH: AH = AB —HB* = av3,

Hanee paccmorpum  TpeyroiabHuk MHA, o  mpsmoyronpHbiid, T.K. MA neprneHauKkynspHa

MA a 1
tgMHA=——= ===
miockoctr ABC. 3Hast 5T0 MBI MOKEM BBIPA3UTh TAHI'CHC MCKOMOTI'O YyTJIa: HA av'3 V3.

Ortcrofa ienaeM BbIBOJI, YTO UCKOMBIN yroJ paBeH 30 rpaaycos.
OtBet: £ZMHA =30°.

TecroBerii Borrpoc Ne8. M3 Touku O K IIIOCKOCTH ¢ POBE/ICHA HAKJIOHHAS, JUTMHA KOTOPOW paBHa 17
CM, MPOEKITUS HAKJIOHHOM paBHa 15 cMm. Ha kakoMm paccTosiHHM OT MIIOCKOCTH HaxoAuTcs Touka O?

Pemenue. Hapucyem pucynok. OH — nepnenauxynsp, OM — HaknonHas, anuHa kotopoit 17 ecm, MH —
IIPOEKIMs HAKIIOHHOM, JITTMHA KOTOpoH 15 cm.

Tpeyronsaunk OHM —  mpsmoyronbrblid, T.K. OH — mepnenmukynsp. Iloatomy OH —  wuckomoe

foM2 2 _
paccrosnue. Haiinem ero o teopeme Iudaropa: OH = OM* — MH* = 8 capTumerpos.

OTBeT: 8§ CAaHTUMETPOB.
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IIpakTH4yeckas 4acThb
1. BelyunTe ompenenceHus U TEOPEMBI.

2. IIpocmoTpute MaTepuaibl O CCHUIKE:

https://resh.edu.ru/subject/lesson/6127/main/221522/

3. BrmmonHute TPECHUPOBOYHBIC 3aJaHHU 110 CCBLIKE!

https://resh.edu.ru/subject/lesson/6127/train/221528/

3agaun

10.

A3 HexkoTOpo# TOYKHU NpPOBeAEeHbl K JAHHON IJIOCKOCTH IepneHIUuKY-
AAp M HAKJIOHHAfA, YroJ MeXJy KOTOPBIMH paBeH ¢. a) Haigure Ha-
KJIOHHYIO U ee NPOeKIHI0 Ha JAHHYIO IIJIOCKOCTD, €CJIA NePINeHANKYJIAD
paBeH d. 6) Haligure nepneHIHKYJISP ¥ IPOEKIHMIO HAKJIOHHOH, ecau
HaKJIOHHAasA paBHa m.

M3 HekoTOpO# TOYKHK IMpOBEJEeHb! K INIOCKOCTHU ABe HaKJIOHHEIe., [loKarku-
Te, YTO: a) eCJIM HAKJIOHHBIE PDABHBI, TO PABHBI H WX Mpoexkiuu; 0) ecau
TIPOEKILIMH HAKJIOHHBIX pPaBHBI, TO PABHBI U HaKJIOHHBIE; B) €CJIM HAKJIOH-
Hble He paBHBI, TO OOJBIIAs HAKJIOHHAs uMMeeT OOJBIIYI0 IPOEKIUIO.

N3 Touxkm A, He OpUHAAJEKAIMeH IIIOCKOCTH (., IPOBedeHBI K ITOH
IJIOCKOCTH ImepneHAuKyJsap AO u ABe paBHble HakJOHHble AB u AC.
MagecTHO, uTo LOAB = /BAC = 60°, AO = 1,5 cm. Haligure paccrosi-
HHEe MeXX]Jy OCHOBAHMAMM HaAK/JOHHBIX.

OauH KOHel JAHHOrO OTPe3Ka JEeXXUT B ILJIOCKOCTH (., a APYrod Haxo-
IUTCA OT Hee Ha paccrosHuHu 6 cm. HalituTe paccrosiHue OT cepeIHHbI
IaHHOrO OTpe3Ka [0 MJOCKOCTH O..

KoHIIEI 0Tpe3ka OTCTOAT OT IJIOCKOCTH O Ha paccToAHMUAX 1 cMm U 4 cM.
Haitgure paccTOfAHHEe OT CepeIHHBl OTpe3Ka A0 NJOCKOCTH .
Paccrossinue oT ToukKH M [0 Kak[Aoil W3 BEPUIMH NPABUJIBHOIO Tpe-
yronpHuka ABC paBHO 4 c¢m. HaiiguTe paccToaHHe OT TOYKH M 10
niaockoctu ABC, ecnu AB =6 cM.

Yepes BepmuHy A IpAMOYroasHOTO TpeyroiabHuka ABC ¢ npaMBIM yr-
aom C npoBeneHa npamas AD, NepPIeHANKYJAAPHAA K IIOCKOCTH Tpe-
yroapHuKa. a) Jlokaskure, uto TpeyroasHEK CBD nmpsaMOyroJbHSIMA.
6) Haitnure BD, eciu BC =a, DC =b.

Otpe3ok AD nepneHauKYAAPeH K IJIOCKOCTH PaBHOOEAPEHHOI'0 TPeyroJib-
auka ABC. UssecrHo, uto AB=AC=5cMm, BC =6 cm, AD =12 cm.
Hajigure paccTrossus oTr KOHILOB oTpe3ka AD mo mpamoit BC.

Yepe3d BepmiuHy A npsamoyroabHuxka ABCD mnposenena mnpamasa AK,
NepneHANKYAAPHAA K IUIOCKOCTH NPAMOYroJbHHKa. M3BecTHO, uTO
KD=6cm, KB=7cm, KC =9 cm. Haiigure: a) paccTogsHHe OT TOU-
ku K 1mo niockoctu npsaMoyroiabHUKa ABCD; 6) paccTosHue MeXAy
npameiMu AK u CD.

Haxisonnas AM, npoBeleHHAA U3 TOUKU A K TaHHOH IUIOCKOCTH, paBHA d.
YeMy paBHA NPOEKIUA STOM HAKJIOHHOM HA IIJIOCKOCTH, €CJIH YIOJ MeXX-
oy npsamMoit AM u naHHOM IJIOCKOCTBIO paBeH: a) 45°%; 6) 60°; B) 30°7

KoHnTpoJibHbBIE BOIPOCHI:

1. CdopmynupyiiTe onpeaesieHue MPOeKIuy U HAKIIOHHOM.

2. Uro Ha3bIBaeTCs pPCCTOSHUEM MEXAY TMPSIMOM U IUIOCKOCTHIO,
IJIOCKOCTSIMM.

3. Cohapmynupyiite TeopeMy 0 Tpex MepHeHANKYIIpax

4,

Yto Ha3kIBaeTCs YIJIOM MCKIAY HpHMOﬁ 1 IJIOCKOCTBIO?
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HNPAKTUYECKOE 3AHATUE
JAByrpannbiii yroJ. IlepneHanKyjJasipHOCTb MJI0CKOCTEHH.

esim mpaKTH4€eCKOT0 3aHSATHS

1. BBectn nNOHATHA ABYIpaHHOIO yIja, JIMHEWHOTO yrja JBYTPaHHOIO YIUIA, OIpPEIEICHUE
NEPIEHIUKYIISIPHBIX IUNIOCKOCTEH.

2. PaccmoTpeTs npu3HaK NEPIEHIUKYIAPHOCTH IBYX IUIOCKOCTEH.

3. Pa3BuBaTh NpoCTpaHCTBEHHOE BOOOPAKEHUE U JIOTHYECKOE MBIILIIIEHUE, BHUMAaHUE.

4. @opMHUPOBATh HABBIK IIOCTPOCHUS JIMHEMHOIO YIJIa MEXK]Y IEPECEKAIOIUMHUCS IOCKOCTSIMH,

HAaBbIK ITPUMCHCHU A HOBBIX MOHATUH B PCUICHUHU 3a/ia4.

MeToanueckuii MaTepuas
1. JIByrpaHHBIN yTOJI.
2. JInHelHbIN yroy JBYIpaHHOrO yria.
3. [Ipu3Hak neprneHuMKyJISpHOCTH MIJIOCKOCTEH.

JIByrpaHHbIM YIJIOM Ha3bIBacTCs (QUTypa, oOpa3oBaHHAS MPSMOUN a U JBYMsI TOJMYIUIOCKOCTSMH C
oOmieil rpaHuield B BUAE NPsIMOW @, HE NpPUHAMJIEKAIUMU ONHOW MockocTu. [lomyruiockocTw,
oOpasyromue IBYIpaHHBIM YyTroJl, HA3bIBAIOTCS €ro rpaHsmu. [Ipsimas a, kotopas siBiasieTcss oOmiei
rpaHulel TOMYIJIOCKOCTEH, Ha3bIBaeTCs peOpoM AByrpaHHoro yria (puc. la u 10).

</
| 0. B
.A /
/ 61 B,
a & (4, ®
a) 6) ¢ (Puc. 1)

JiByrpannsiii yron ¢ pebpom CD, Ha pa3HBIX IpaHsSX KOTOpOro OTMe4eHbl TO4YkH A u B HazpiBaroT
nByrpanHbeiM yriiom CABD.

[Mepnienaukymsipsl kK pedpy AO u BO o0pasyrot nmuHeiiHbIi yron apyrpanHoro yriaa AOB (puc. 1B). Tak
kak 1y4 OA nepnenaukyisipe npsmoir CD u nyud OB nepnenaukynspen npsmoi CD, To ninockocTs
AOB nepnienaukynsipHa k npsimoit CD. Takum 06pazom, IIIOCKOCTh JIMHEWHOTO yTJia epHeHANKYIIpHa
K peOpy IBYrpaHHOrO yria. J|ByrpaHHbli yroja uMeeT 0ECKOHEYHOE MHOKECTBO JIMHEHHBIX YIIIOB

I'papycHoii Mmepoi IBYI'PAaHHOIO yIJIa HA3BIBAETCH IPAJAyCHAs Mepa ero JJUHeiHHoro yria. Tax xe
KaK U MJIOCKHUE YTJIbl, ABYTPAHHBIE YTIIbI MOTYT OBITh MPSMBIMH, OCTPBIMU U TYIIBIMH.

Bce siHeliHbIe YIUIbI ABYTPAHHOIO YIJIa PABHBI APYT APYTY.
Paccmotpum aBa nunelHbIX yria AOB u A101B1 (puc. 1r). JIyuun OA u O1A1, nexat B OAHOM rpaHu U

NepHeHAUKYISPHBI K npsaMor OO1, MO3TOMY OHM COHANpaBJIeHbl. TOYHO TakK e COHAIIPABJIEHBI JIy4H
OB u O1B:. IToatoMy yriet AOB u A101B1 paBHBI Kak yriibl ¢ COHaIIPaBJIEHHBIMU CTOPOHAMM.
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JIBe nepecekaroImuecs II0OCKOCTU 00pa3yIoT YEThIPE JBYIPAHHBIX YIJIa C OOIIKUM peOpoM.

Ecin oquH M3 3TUX ABYIpaHHBIX YIJIOB paBEH ¢ TO APYyrue TP yIia paBHbI cOOTBETCTBEHHO 180° —
¢, @ u 180° — ¢ (puc. 2 a). B yactHOCTH, €ClIM OAMH U3 YIJIOB IPSIMOH, TO U OCTAJbHBIE TPU YIja
npsmMele. Onpedenenue. Eciu yrom Mexny HepeceKarolMMUCS IJIOCKOCTAMHU paBeH 90 rpagycom,
OyzneM Ha3bIBaTh TAKHE IUIOCKOCTH MepHeHANKYIAPHbIMU (puc. 20).

6)
(Puc. 2)

Teopema (IpU3HAK NMEePHEHAUKYJIAPHOCTH IJIOCKOCTel) Eciu oqHa U3 IBYX MIIOCKOCTEN MPOXOAUT
yepe3 NpsMyIo, MEPIEeHIUKYISAPHYIO K JPYroi MIIOCKOCTH, TO TaKUE MIIOCKOCTU NEPIEHANKYIISPHBI.

/ﬂ K /

b

(Puc. 3)

Jlis moka3aTenbCcTBa TEOPEMBI PACCMOTPHM IUIOCKOCTH @ W ff Takue (puc. 3), YTO IUIOCKOCTh &
IPOXOJIUT uepe3 MpIMYI0 AB, MepHneHIuKyIApHYI0 K IUIOCKOCTH ff M IEpeceKarollylocs ¢ Hel B
Touke A. JlokaxkeM, 4TO IMJIOCKOCTH @ | § mepneHauKyasipHbl. [lnockoctn a u f mepecekaroTcs 1o
HekoTopoil npsamoit AC. Ilpu 3tom npsimas AB nepnenaukynspHa npsmoit AC, Tak Kak MO YCIOBHUIO
npsMasi AB nepneHIuKyIsspHa IUIOCKOCTH f , 3TO O3HA4YaeT, 4To NpsMas AB nepneHauKylIspHa K
0001 PSMOH, JeKaIiel B TNOCKOCTH f3 .

ITpoBenem B miiockoctu f§ mpsamyro AD, mepnennukynspayto k npsmoit AC. Torma yrom BAD —
JMHEWHBIA YToJ JBYTPAaHHOTO yTIia, 00pa30BaHHOTO MPH MepecedeHnn miockocteid @ u . Ho yron
BAD pagen 90 rpamycoB Tak Kak npsiMas 4B nepreHauKyisipHa TIocKocTH . CiaenoBarenbHO, yroo
MEXY TUIOCKOCTAMH @ U [ paBeH 90 rpaaycoB. UTo u TpeOOBanoch 10Ka3aTh.

CaeacrBue: [lnockocTh, MEepHeHAUKYISIpHAs K MPSMOM, MO KOTOPOH NEpeceKaroTcsl ABE JaHHbIE
MJIOCKOCTH, MEPIEHANKYISIPHA K KaKJIOM U3 3TUX IIOCKOCTEH.
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Ha pucynke 4 npencraBiieH IpsSMOYTOJIbHBIA Napanienenunen. Y 3Toi Gurypsl Bce O0KoBbIE pedpa
NEPIECHIUKYIIIPHBI OCHOBAHUIO.

Ero ocnoBanusamu ciyxat npsmoyroibHukd ABCD u A1B1C1D1, a 6okoBsie pedpa AA1,BB1,CC1u
DD: neprienqukynsipHbl K ocHOBaHUAM. OTcrolia cienyeT, uTo pedpo AA1 NEepHeHIuKYISIpHO K pedpy
AB, T. e. 6okoBas rpanb AA1B1B sBinsercs npsimoyronbHukoM. To ke caMOoe MOXHO CKa3aThb U 00
OCTaJbHBIX OOKOBBIX TPAHSIX.

Taxum 06pa3oM, MPAMOYTOJIbHBIN Napayiesenue,] 00JagaeT CaeayOIUMU CBOUCTBAMHU:
1) B nipsMOyrobHOM Hapauiesenuie/ie BCe IeCTh rpaHell — MPSIMOYTOJbHHKH.
2) Bce aByrpaHHbIE YIUIbI IPSIMOYTOJIBHOTO MapaljiesienuIeaa — MpsIMBIE.

3) Ksagpar auaroHanu mHpsIMOYTOJIBHOTO MapajjiesielluIie[la PaBeH CyMMe KBaJpaTOB TpeX €ro
HM3MEpPEHU.

M3MepeHusMu npsIMOYTOJIbHOTO Napaiesienunea Ha3blBatoTCs JUIMHBI TpeX pedep, UMEIOIUX 0010
BEpLINHY.

Jlokaxxem mocieaHee CBOMCTBO.

Tak kak pebpo CCinepnenaukynspHo k ocHoBanuto ABCD, To yromn ACCi, mpsmoii. U3
npsimoyrosibHoro TpeyrosnbHuka 4CC1, o Teopeme [ludaropa nonyuaem

AC? = AC? +CC2.

Ho AC —  namaromams  mpsmoyrombauka ABCD,  mostomy AC? = AB?> + AD?. Kpome  Toro,
pe6po CC1 = AA41. CnenoBatensno, AC1 = AB%+ AD? + A4:12. Uto u Tpe6oBaIoch 10Ka3aTh.

CrnenctBueM M3 3TOr0 CBOMCTBA SIBISAETCS TO, YTO JUArOHAJIM MIPSAMOYTOJBHOTO MNapajlielenuIena
PaBHBL.

CTOUT OTMETUTH, UTO €CIIU y MPSMOYIOJbHOTO Mapajlieenunesa Bce TP U3MEPEHUs paBHBI, TO OH
Ha3bIBaeTCsl Ky0OM, a BCE €ro IpaHu SBJISIOTCA PAaBHBIMU APYT APYTY KBaJpaTaMH.

IIpakTH4yeckas 4yacTb
1. Belyunte onpeneneHus U TEOPEMBI.

2. [IpocmoTpuTe MaTepuasl IO CCBIIKE:
https://resh.edu.ru/subject/lesson/4748/main/20814/

3. BLIHOJ'IHI/ITC TpeHI/IPOBO‘-IHLIe 3a4aHuA 110 CCBIJIKE:
https://resh.edu.ru/subject/lesson/4748/train/20818/

3agauun
HenepneHanKyasipHEIe IVIOCKOCTH O M 3 mepecekalorcesi Mo npsamoit MN.
B mtockocTH B M3 TOuKu A IIpoBefieH nepneHAUKyaAap AB K npamoin MN
M U3 TOM XXe TOYKH A mpoBeAeH nepneHAuKyaap AC K IJIOCKOCTH Ol
1. Hoxamxure, uTo LABC — nuHeHHBIH yros asyrpannoro yraa AMNC.
B reTrpasape DABC Bce peGpa paBHBI, Touka M — cepeauna pebpa AC.
2 Doxraxwure, uto £ZDMB — nuHelHBI# yroa Asyrpansoro yrna BACD.
JlByrpaHHbI# yros paBeH . Ha ofHO rpaHy 3Toro yria JeXuT TOYKa,

yaajeHHada Ha paccTosHue d OT ILJIOCKOCTH APyroil rpamun. Halipurte
3. paccrosHue OT 9TOM TOUYKH 0 pebpa ABYrpaHHOro yria.
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ook owndE

10.

11.

12.

13.

14.

15.

16.

W3 BepmiuHbl B TpeyroasHuka ABC, cropona AC KOTOPOro JeXXUT
B IIJIOCKOCTH (l, IPOBeleH K 5TOHM IJIOCKOCTH IepuneHAuKyasp BB,.
HaiiguTe paccTodHUA OoT TOUYKHM B J0 mpaMoil AC u 10 IJOCKOCTH O,
ecau AB = 2 ¢cm, £ BAC = 150° u aByrpanHslit yroa BACB, paBeH 45°.
CunorTeHysa MPAMOYTOJbHOIO PABHOGEAPEHHOTO TPEYTOJBHHUKA JEKHUT
B IJIOCKOCTH O, 4 KaTeT HAKJOHEH K 3TOH InockocTd mox yraom 30°.
Haiinure yron Meay ILUIOCKOCTBIO Of M NJIOCKOCTBIO TPEYTrOJbHHKA.

Karer AC hpnmoyro}ii.noro TpeyroabHuKa ABC ¢ l'IpHMBiM,yl"JIOM C ne-
JKHUT B IIJIOCKOCTH O, 8 YroJ Mexxay njockocramu o u ABC paseH 60°.
Haiinute paccroaame or Touku B po miaockocTH o, ecau AC = 5 cm,
AB =13 cm.

Pe6po CD rerpasgpa ABCD nepneHAuKyJAspHO K mJjockoctn ABC,
AB = BC =AC =6, BD =3./7. Haiigute aByrpanusie yrasi DACB,
DABC, BDCA.

Ioka:ute, 4To ecnu Bce pedpa TeTpasjpa PaBHbI, TO BCE €ro ABYrpaH-
Hble yIJIBI TaK)Xe paBHBI. Ha#guTe 3TH yIJIBI.

Yepes cropony AD pomba ABCD nposeseHa miaockocts ADM Tak, 4TO
IByrpausbiii yron BADM pasen 60°. Haiinure cropony pomba, ecau
Z BAD = 45° u paccrosgHie oT TOUKHK B 10 wiockocTu ADM paBHO 43.
IlnockocTu o U B B3AaMMHO NepNeHANKYAsPHbI. Yepe3 HEKOTOPYIO TOY-
Ky TUJIOCKOCTH O IIPOBeZieHa NpAMas, NephneHAuKyIApHas K IJIOCKOCTH f.
Joxaxcure, 4TO 3Ta IPAMAA JIEKUT B IJIOCKOCTH O.

Haiigure nuaroHajnb OpsSMOYTOJIBHOrO Mapajiefieunena, ecJd €ro
ma3MepeHHs paBHB: a) 1, 1, 2; 6) 8, 9, 12; B) V39, 7, 9.

Hadigure TaHreHc yrJya MexAy AMaroHajdbio Ky0a M IJIOCKOCTBIO OJHOM
U3 ero rpameii.

B npamoyronbHoMm napasnenenunexe ABCDA,B,C,D, nano: DB =d,
AC=m, AB=n. Haiigure paccrogHue MexJAay: a) npamoit A,C,
u naockoctbio ABC; 6) muockoctamu ABB, u DCC,; B) npamoit DD,
" miockocTeio ACC,.

Pebpo kyba paBHO a. HalifuTe paccTodHue MeXAY CKpeIlNBaIOIIHMU-
cd IOPAMBIMH, COAEDKAIIMMHM: a) AuaroHajgb Kyba u pebpo kyba;
6) muaroHans Ky6a u guaroHaab rpaHd KyoGa.

Haiigure uameperus npsmoyronsHoro napasnenenunesa ABCDA,B,C,D,,
ecau AC, = 12 cm u gumaroHans BD, cocraBjsieT ¢ ILIOCKOCTBLIO I'PAaHH
AA,D,D yron B 30°, a ¢ pe6bpom DD, — yroa B 45°.

H3zobpasute ky6 ABCDA,B,C,D, 1 noCTPOATE ero cedeHHe IIOCKOCThIO,
[IPOXOJAILe Yepes: a) peﬁpo fﬂxA1 U TMEepHeHAUKYJIAPHON K ILJIOCKOCTH
BB,D,; 6) pebpo AB u nepneHIUKYJAPHON K muockoctu CDA,.

KoHTpoJibHbIE BONIPOCHI:

Cdhopmynupyiite onpeeneHue IByrpaHHOro yria.

UTo Ha3bIBAETCS JTUHEWHBIM YIJIIOM ABYTPAHHOTO yria?

Kakue minockocTr Ha3pIBarOTCS MEPIEHANKYIAPHBIMU?
Chopmynupyiite mpu3HaK NepreHIuKyIIPHOCTH IIOCKOCTEH.

Yro Takoe NpsAMOYroibHbIN Napajuieaenumnen’?

Kakumu cBoiicTBamu 00J1a1aeT NPsSMOYTOIBHBIN Tapajuiesienune/?
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HNPAKTUYECKOE 3AHATUE
BekTop B nmpocTpaHcTBe.
e mpaKTU4€CKOT0 3aHATHS

[To3HaKOMUTBCSI C OCHOBHBIMU MOHATUSMU, UCIIOIb3YEMbIMH B IaHHOH TeMe.
CdopmupoBaTh npecTaBlieHNE O BEKTOPHBIX U CKAJISPHBIX BETUYMHAX.

Hay‘-II/ITCSI Pa3iiniaTh BEKTOPHBIC U CKAJISIPHBIC BEJIMYUHBI.

1

2

3. HayuuTtbcst BBIOMHATH IEHCTBUSA C BEKTOPAMHU, TPEOOPA30BBIBATH BEKTOPHBIE BHIPAKCHUS.

4

5 Hayuutcs BBITONHATE JEHCTBUS C BEKTOPAMHU B IIPOCTPAHCTBE U NIPUMEHATH 3aKOHBI ICHCTBUU
c

BEKTOpaMH I TPeoOpa30BaHus M YIPOLICHHUS BEKTOPHBIX BBIPAKCHHH.

MeToanuyeckunii MmaTepuas

1. [TonsTHe BeKTOpA.
2. KonnuaeapHbie BEKTOPHI.
3. JIeWiCTBUS C BEKTOPAMH.

1)BekTopoM Ha3bIBaCTCs OTPE30K, ISl KOTOPOTO YKa3aHO, KAaKOW U3 €ro KOHIIOB CYMTACTCS HaYaaoM, a
KaKOU - KOHIIOM.

F

—

KK - HyseBoit BekTop, 0003Ha4aeTCst 0 Nnuna BEKTOpa &B 0003HAYACTCS | 4B |.

2)/IBa HEHYJEBBIX BEKTOpAa HA3bIBAIOTCS KOJUIMHEAPHBIMH, €CIM OHH JIe)KaT Ha OJHOW WM Ha
napauIebHBIX TPsAMbIX. [TyCTh 1Ba HEHYNIEBBIX BeKTOpa &B U CD KoJUTMHEapHbIe. Eciu npu 3ToM J1yun
AB u CD coHarnpasieHbl, TO 4B U CD Ha3bIBAIOTCSl COHAMIPABICHHBIMH, a €CJIM TH JIY4H HE SBISIOTCS
COHANpPABJICHHBIMU, TO  BEKTOPBI 4B M CD HA3bIBAIOTCS  MPOTHUBOIIOJIOXHO  HANPABICHHBIMH.
HyrneBoit BEKTOp YCIOBHMCS CUMTATh COHAIPABICHHBIM C JIFOOBIM BEeKTOpOM. 3amuchk aTTh o3Hauaer,
4TO BEKTOPHI 3 M b COHANpaBJieHsl, a 3anuch cTl-d - 4T0 BEKTOPHI ¢ U d MPOTUBOIIOIOKHO HANPABJIEHBI.

4 /

3)BekTopbl HAa3BIBAIOTCS PaBHBIMU, €CIIH OHHM COHAINpPaBJICHbI W MX JUIHHBI paBHBL. OT 000 TOYKH
MOYHO OTJIO)KUTb BEKTOP, PABHbIN JAHHOMY, U IPUTOM TOJIBKO OJIMH.

I/IHTCpaKTI/IBHaSI MOACIb "PaBHBIC, MMPOTHUBOIIOJIOKHBIC, HYJICBBIC, COHAIIPABJICHHBIC, ITPOTHBOITIOJIOXKHO

HaIpaBJIEHHbIE BEKTOPHI .

4)[leiictBus Haa BekTopaMu. CI0)KEeHHE BEKTOPOB IO MTPABUITY TPEYTOJIbHUKA.
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JIJ1st 3TOrO HY)KHO OT MPOU3BOJIEHOI TOYKU MPOCTPAHCTBA OTJIOKHUTH BEKTOP AB, paBHBIN a, 3aTeM OT
TOYKH B 0Ti0XuTh BekTOp BEC, paBHBIN b. Bekrop 4C Ha3piBaeTcst cymmoit a u b. [l aro0bIx Tpex
touek A, B u C uMeeT MeCTO paBEHCTBO AB +BC=AL

5)CrokeHne BEKTOPOB M0 MPABIITY MapaliesiorpaMma:

4
J1s1 5TOro BEKTOPHI OTKIAABIBAIOT OT OJHOW TOUKHU. JTO MPABUIIO NOSICHEHO HA PUCYHKE.
NutepaktuBHas Mojielb "3aKOHbI JEHCTBUS C BEKTOpaMu'.

CYMMa HCECKOJIbBKHUX BCKTOPOB B ITPOCTPAHCTBC HAXOAUTCS TAK KC, KaK U HA IINIOCKOCTHU U HC 3aBUCHUT OT
opsijika cjiaraCMnbIX.

WnTepaxktuBHas mozeins "I[IpaBuiao MHOroyrojabHuKa'.

G)HBa HCHYJICBBIX BCKTOpPA HA3BIBAIOTCA MNPOTUBOIIOJIOXKHBIMU, CCIM WX MJJIWHBI PaBHbBI W OHHU
IMPOTHUBOIIOJIOKHO HAITPABJICHBI.

7)BLILII/IT8.HI/IC BCKTOPOB: PazHoCTEIO BCKTOPOB 3 u b HaswIBaeTcs Takoi BCKTOp, CyMMa KOTOpPOTo C

BEKTOPOM bpaBHa BEKTOPY a.
Pa3Hocth a - b MoxkHO Haiitu mo Qopmyne a-b =3+ (-b), rae (-b) - BekTOp, MPOTHUBOIOIOKHBIH
BEKTOpY b.
0& -CB =BA.

& &
/ ;,K

L=

8)YMHOXeHue BekTopa Ha uuciio. [IponsBereHueM HEHYIEBOIO BEKTOpa a Ha 4MCIIO k Ha3bIBaeTCs
TaKOW BeKTOp b, JnuHA KOTOporo paBHa |K|'|3|, mpudyeM BeKTOpPHI a U b coHampaBiieHbl npu k=0 u
IPOTHBONOJIO0XKHO HampasieHsl npu k<0. [IponsBeneHneM HyJIeBOro BEKTOpa Ha MPOU3BOIBHOE YUCIIO
CUUTAETCS HYJIEBOU BEKTOP.
[TpousBeneHue BekTopa a Ha uncio k o6o3navaercs tak: ka. M3 onpeneneHns npou3BeAeHUs BEKTOpa
Ha YUCIIO CIeAyeT, YyTo AJis J1toboro uucna k u mo0oro BekTopa 3 BEKTOphI 3 U ka kosmuHeapHsl. 13
ATOTO K€ ONpEAENCHHs CIelyeT, YTO MPOU3BEACHUE 10000 BEKTOpa Ha YHCIO HYJIb €CTh HYJIEBOU
BEKTOP.

Just  moObIx  BeKTOpOB a, b m mrobObix  umcen  k, 1 copaBeuiMBBI  paBEHCTBA:
(kha= k(12) (coueraTenbHBII 3aKOH);
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k(z +b) = ka + kb (mepBwrit pacnpeenuTeTbHbIH 3aKOH);
(x+1)a = k3 + |3 (Bropoii pactipeieTMTeIbHbINA 3aKOH).

Jlemma. Eciiii BeKTOpPBI a U b KOJUTMHEApHBI U BEKTOP a HE PaBEH HYJIEBOMY BEKTOPY, TO CYIIECTBYET
grcio k Takoe, uTo BekTop b paBeH ka.

WuTepakTuBHas MOJEINb "3aKOHBI JEHCTBUS C BEKTOpamu'.

[IpakTuyeckas 4acThb
1. BrryuuTe onpeneneHus U TEOPEMBI.

2. [IpocMoTpuTE MaTepuabl MO CChUIKE:
https://resh.edu.ru/subject/lesson/4758/main/21652/

3. BelInonHuTe TPEHUPOBOYHBIE 3aJaHUS 110 CCBUIKE:
https://resh.edu.ru/subject/lesson/4758/train/21660/

3agaun

B rerpasape ABCD touku M, N u K — cepe-
nuHbl pebep AC, BC u CD cOOTBEeTCTBEHHO,
AB=3cMm, BC=4cMm, BD =15 cm. Haiigure
JJIMHEI BEKTOPOB:
a) AB, BC, BD, NM, BN, NK:
— i — )

1. ©) CB, BA, DB, NC, KN.
H3MepeHuss npAMOYroJbHOIO Inapaiiiesenuiie-
na ABCDA B,C,D, umeror aaussl: AD = 8 cm,

AB=9cm u AA, =12 cm. Haiiaure AIHHBI
BEKTOPOB:

a) C_'C, é—ﬁ, C_ﬁ;
6) DC,, DB, DB,.

2.
Ha pucyuke 104 usobOpaxeH mapaJjejenuien
ABCDA,B,C,D,. Toukn M u K — cepeiuMHBI
pebep B,C, u A,D,. YKa)XuTe HA 3TOM PHUCYHKe
BCE Iaphl:
a) COHAIpaBJEHHBIX BEKTOPOB;
6) IPOTHBOMOJIOMHO HAIPABJEHHLIX BEKTOPOB;

3. B) PaBHBIX BEKTOPOB. Sa6. 104

Ha pucynke 105 usob6pamen rerpasap ABCD, pe6pa KOTOPOTrO paBHEIL.

Touku M, N, P u @ — cepeaunnl cropod AB, AD, DC, BC.

a) Brimumrure Bce mapel paBHBIX BEKTOPOB, M300pa’KeHHBIX HA 3TOM
4. pucyske. 0) Onpenennre BuUA 4YeThIpexXyroJbHuKa MNPQ.

Puc. 105
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10.

11.

12.

13.

CnpaBelZIMBO JIU yYTBEeDPXKICHHUE:

a) ABa BeKTopa, KOJJHHeapHble HeHYJEBOMY BEKTODY, KOJJIMHEapHBI
Mexay coboii; 6) aABa BeKTOpa, COHAIIpABIE€HHBIE C HEHYJEBBIM BEKTO-
poM, coHampaBJieHbI; B) JIBa BEKTOpP4, KOJJJIHHeapHble HEHYJIEBOMY
BEKTOPY, COHAIIPaABJEHEI?

—_— —
WsBectHo, uT0 AA, = BB,. Kak pacnosoXeHb! II0 OTHOLIEHHIO ADPYr

K OpYyTY:
a) npameie AB u A,B,; 6) npamasa AB U IJIOCKOCTh, IPOXOAALIAsA Ye-
pe3 T04KkHu A, U B;; B) ILIOCKOCTH, OJHA M3 KOTOPBLIX NPOXOAUT yepes
TOYKM A M B, a apyrasa DpOXOAHUT 4epe3 TOYKH A, u B,?

Ha pucynaxe 104 usobpaskeH napajienenunesn, Touku M u K — cepe-
nunsl pebep B,C, u A,D,. HaszoBuTe BEeKTOp, KOTOPHLIH mosy4yurcs,
€CJaH OTJIOKHUTH:

C—

a) or touyku C Bekrtop, paBHbIi DD,; 6) or Touku D BEeKTOp, pas-
— —_—

HBI CM; B) or ToukH A, BeKTOp, paBHBIH AC; 1) oTr Toukm C, BEeKTOD,

PaBHBIN C—g; &) or Touku M BeKTOp, PaBHHEIM ﬂl.

Hau Terpasap ABCD. Jloka)kuTe, uTO: a) AB + B~5= A_C>+ (ﬁ;;
6) AB + BC =DC + AD; 8) DC + BD = AC + BA.

HasoBuTe Bce BeKTOpEHI, o0pas3oBaHHBIe pefpaMu mnapaJjejelnunena
ABCDA,B,C,D,, xoTOpBIe: a) IIPOTHBOIIOJOXXHEI BEKTODY C_é; 6) mpo-
THBOIIOJIOHbI BEKTOPY BTZ; B) paBHBI BeKTOpYy —DC; I') paBHbI BEKTO-
py —A,B,.

Hapucyiite napannenenunen ABCDA,B,C,D, u o603HaubTe BEKTOPLI

— @ — —

C,D,, BA,, AD cooTBeTCTBeHHO uepes3 d, b, c. W3zob6pasuTe Ha PUCYHKe
BeKTOpHI: a) a—b; 6) @ —¢: B) b—a; r) ¢-b; n) ¢-a.

IIycts ABCD — napaﬂﬂenorpaMM, a 0— IIpOHSBOJ]bHaﬂ TOUKA npo-
CTpPaHCTBA. I[mcamn're 4TO: a) OB OA OC OD 0) OB OC DA

B npoctpancTBe gaHbl Yerwipe TOuku A, B, C u D. Hagzoswure BEKTOp
C HAYaJOM M KOHIIOM B JAaHHBIX TOYKaX, PaBHBEIM CyMMe BEKTODOB:

a) (AB + CA + DC) + (BC + CD); 6) (AB — AC) + DC.
¥YopocTHTe BhIpaXKeHHe: a)AjB"+ M_K’+B_CP+(:‘K+P_Q’+ ﬁl 6)F_E+

+11?5+I?5+AEJ’+Q_I'(+P_F"; B) KM+DF+AC+FK+CD+CA+
+I\ZE!3; ) E+ﬂ+é§+ﬂﬁ+DC+NM.

KoHnTpoJibHbIE BOIPOCHI:

o PRE

Uro Takoe BekTOp?

Kaxkne BekTOpbI Ha3bIBalOTCS KOJUIMHEAPHBIMU? COHAIIPaBIECHHBIMU?
JlaiiTe onpeneneHne CyMMbl BEKTOPOB.

ChopmynupyiiTe MOHATHE YMHOXKEHUS BEKTOPA Ha YUCIIO.
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HNPAKTUYECKOE 3AHATUE
Koopaunartsl B npocTpancree. CucremMa KOOpAMHAT
e mpaKTU4€CKOT0 3aHATHS

1. CcdopmupoBaTh MOHATHE CUCTEMBI KOOPIUHAT U KOOPJMHATHI TOYKH B IIPOCTPAHCTBE, HAYYUTh
CTPOUTH TOYKY IO 3aJaHHBIM €€ KOOpAWHATAM M HAXOIUTh KOOPIMHATHI TOYKH, M300paKEHHOH B
3a/IaHHON CHCTEME KOOPAMHAT.

2. Crioco6cTBOBaTh Pa3BUTHIO IPOCTPAHCTBEHHOI'O BOOOPAXEHHS OOYYaIONIUXCS, yMEHUS
pa3BUBATh aHAJIOTUHU U CPABHEHUS, IOTHYECKOTO MBIIIICHHS.

MeToanueckuii MaTepuas

1. [IpsimoyronbHas cucteMa KOOpJMHAT B IPOCTPAHCTBE.
2. KoopauHatsl BEkTOpa, paanyc-BEKTOpP.
3. KOOp,I[I/IHaTBI CCpCANHBI OTPE3Ka, AJIMHA BEKTOPA, paCCTOAHUC MCKAY TOUKAMMU.
z
=4
S
2
S
=
S
S y Touka O pasgensaeT KaxAyro U3 Oceld KoopauHaT Ha ABa Nnyda.
=]
£ \)c,c' 0Co
t)c“\)* Ol opduram
N
x
Puc. 121

Jlyy, HanpaBneHWe KOTOPOro coBnajaeT C HanpaBneHNeM OCU, Ha3blBaeTCA NOMIOKUTENBHON NONYOoChbio, a
OPYroi nyd oTpvLaTenbHON Nonyocbo. M10CKOCTK, MPOXoAALLMe COOTBETCTBEHHO YEPES OCK KOOpAWHAT
Ox 1 0y, Oy 1 0z, 0z 1 OX, HasblBarOTCA KOOPAUHATHbIMW MNIOCKOCTAMM 1 0603HadatoTca Oxy, Oyz, Ozx.

MpAMoyronbHas cucTemMa KOOpAMWHAT B MPOCTPaHCTBE 3afaHa, ecv Bbi6paHa TouKa — Hayano
KOOpAMHAT, Yepes 3Ty TOUKY NpoBe/leHbl TPU NONapHO NeprneHAnKyIspHbIE NPAMbIE, Ha KaXXA0M U3 HUX
BbI6GpaHo HarnpassieHne (OHO 0603HayYaeTcs CTPENKOiA) U 3ajlaHa eAuHNULIA M3MepeHUst OTPE3KOB (pwC.
121). NpsiMble ¢ BbIGpaHHbIMK Ha HUX HanpaBNeHUs MK Ha3blBatoTCs OCAMU KOOPAWHAT, @ UX obLLas
TOYKa — HayasoM KoopanHar.

KoopauHaTbl BeKTOpa

3ajaauM B NPOCTPaHCTBE NPAMOYIONbHYIO CUCTEMY
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KoopAuHat Oxyz. Ha KaX[Jol U3 NONOXMUTENbHbIX I'IOJ'IYOCEﬁ OTNOXKWMM OT Ha4ana KoopawnHaTt e AMHWUYHDIMN

BEKTOP, T. €. BEKTOP, ANWHa KOTOPOro paBHa eanHULe. 0603Ha4YMM Yyepes eMHUYHbIA BEKTOP
ocu abcuuce, Yyepes — eIMHWYHbIA BEKTOpP OCW OpAWHaT U Yepes — eIMHWYHbIIN BEKTOP OCK
annnukar (puc. 124). BekTopbl s ) — HasoBeM KoopAWHaTHbIMKW BeKTopamMKn. O4YeBUIHO,

3TW BEKTOPbI He KoMNnaHapHsbl. [MoaTomy no6on BEKTOP a W MOXHO PasnoXuTb No KoopauHaTHbIM
BEKTOpam, T. €. NnpefacTaBuTb B BUAE

a = xi + yj + zk,

npuyem KoahGULMEHTbI Pa3NoXKeHUs X, J, Z oNpeAeNnaioTcA eAUHCTBEHHbIM 06pa3oMm.

Koa(pdUUMEHTbI X, Y U Z B pa3foXXeHUU BekTopa Mo KOOpJIMHaTHbIM BEKTOPaM HasblBaroTCA
KoopAWHaTaMu BEKTOpa B laHHOM cucTeMe KoopauHaT. KoopAnHaTbl BEKTopa 6ynem
3anucbiBaTb B PUrypHbIX CKOBKax nocre 0603HayeHUst BEKTOpa: {x;y; z}.

HyneBoi BEKTOp MOXHO NpeACTaBUTbL B BUAE O =0-i+0-7+0-k TakK Kak BCe KOOpPAMHATbl HYNeBOro
BEKTOpa paBHbl HYHO.

TaK KaK HyNeBOi BEKTOP MOXHO NPeAcTaBuTh B BUAE TO BCe KOOPAMHATBI HyNIEBOro BEKTOPa PaBHbl
Hynto. [Janee, KOOpPAMHATbI PaBHbIX BEKTOPOB COOTBETCTBEHHO PaBHbl, T. €. C/IN BEKTOPbI {x1, V1, 1}
" {X2, Y2, Z2) P@BHbI, TO X1 = X2, Y1 =Y M Z1 = Z3

PaccmoTpuM npaBuna, KOTopble NO3BONAKT NO KoopAWHaTaM flaHHbIX BEKTOPOB HaWTn KOoOpaWnHaTbl X
CYMMbl M Pa3HOCTH, a TakxKe KOOpAWHaTel NpoU3BeJEeHWA JaHHOIO BEKTOPA Ha AaHHOE YMACO.

1)Ka)kgas KoopauHaTa CyMMbI BYX WK 60nee BEKTOPOB paBHa CyMMe COOTBETCTBYIOLLLUX KOOpAUHAT
3TUX BEKTOPOB. [JpyrMMK CrioBamu, ecinu {X1,¥1, Z1} {X2, Y2, Zo} — — DaHHble BEKTOpbI, TO
BEKTOp + MMeeT KOOpAUHaTbI {X1+Xy, Y1 + Y2, Z1 + Z5}.

2)Kaxkaasa KoopauHaTa pasHOCTHM BYX BEKTOPOB paBHa PasHOCTU COOTBETCTBYIOLLUX KOOPAUHAT 3THUX
BEKTOPOB. [IpyrMmMu cnosamu, eciun {x1, y1, Z1y m b{x3 y2; Z5} — AaHHbIE BEKTOPbI, TO BEKTOP -
UMeeT KOOpAUHATBI {X] — X5, Y1 — Y2, Z1 — Zo}.

3)Kaxpasa koopAWHaTa NpoM3BeieHNUs BEKTOpa Ha YAC/O paBHa NPOM3BEeLeHNI0 COOTBETCTBYHOLLLEH
KOOPAWHATbI BEKTOPa Ha 3TO YMcro. Jpyrumm crnosamm, ecim {X; y; X} — naHHbI BEKTOp, O — Al@aHHOe
Yyncno, To BEKTOP « UMeeT KoopauHaThl {ax; ay; az).

1)MpU3HaK KONNIMHEApPHOCTHU BEKTOPOB: [115 TOro, YTo6bl ABa BEKTOpa 6bl1M KONIMHEapHbl, HE06X0AUMO
W 0,OCTaTOYHO, YTO6bI OAMH U3 HUX 6blN NPOU3BEAEHUEM APYrOro Ha HEKOTOPOe YMCIO.

Cnepgcteue: HEH}’HEBOﬁ BEKTOP KONnNuHapeH BEKTOPY Torga n ToNbKo TOraa, Korga cywecTteyeTt
Takoe YMCNo d, 4TOo =a

OnpepgeneHue: BeKTopbl Ha3bIBAOTCA KOMMIaHapHbIMUK, eCNU NPY OTKNaAblBaHWW UX OT O[IHOM 1 TOW e
TOYKW OHKM 6y,uyT nexartb B OAHOM NNOCKOCTK.
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2)MNpU3HaK KOMMNIaHapHOCTU TpeX BEKTOPOB: eCN BEKTOP MOXXHO pPasfnoXuTb No BEKTOpam "

, T. €. MPpeEACTABUTEL B BUAE =X +y , FAE X MY — — HEKOTOPbLIE YUCNE, TO BEKTOPLI
n KoMnnaHapHbI.

OnpeaeneHue: BeKTop, KOHEL| KOTOPOro coBnafaeT ¢ AaHHOM TOYKOi, @ Hayano - ¢ HayanoM KOOpAWHaT,
Ha3blBaeTcA pagnyc-BeKTOPOM AaHHOM TOYKM.

Kaxdaa KkoopguHaTa BeKTopa paBHa pasHOCTK COOTBETCTBYHOLLMX KOOPAMHAT €ro KoHLa W Hadana.

Puc. 129

Kaxaaa KoopAuHaTa cepefiuHbl OTpesKa paBHa NnonycyMmMe COOTBETCTBYHOLLMX KOOPAWHAT ero KOHUOB.

OnuHa BeKTOpa BbluMCNsieTCA No Gopmyne:

la]= 1;‘x=+y=+z=

Haxo:xneHue cepelMHbI OTPe3Ka

OaHo: A(xy;¥4: 2,); B(x3;¥2: 2;), € = cepeaunHa AB. Haintn: C(x; y; z).

Pewenne: ObosHa4wm B NpocTpaHdcTee Towku 4, B w C - cepenwny otpeska AB. (Cwm. Puc. 1)

Fg

A

RN

y

Puc. 1. Beenw cuctemy koopauHar

— . [ — —

BekTop OC ABNASTCA NONOBUHOW CYMMBI BEKTORCB OA 1 OB, noTomy 4Tto OC - 3T0 NONOBMHA QMaroHany NnapannenorpaMMa, NOCTPOEHHOro Ha BEKTopax 0A
—

noB. (Cm. Puc. 2.)

z D

y

Puc. 2. icnone3oBaHWe Npaenna napannenorpamma
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—_— — — 1 —
Tak kak 0Afx,;y:2,) ¥ OB{xyyy:2,) n 0C = 5@1, +0B) (no npas#ny napannenorpaual,

TO 3Ha4WT.

1 1

— (X1, Wty ;ytz
gefat it 4 z}
2 2 2

otz whe £t
Ocranock JAMETUTb, HTO KOOPOAHEThI TOHKW C COBNAAAloT C KOOPIAWHETaM BEKTORA OC‘ TaK kak 0 - Havano KOOpOMHAT. Toects C (Mgg)

2 'z
Takim 06pa3oM, KOOPLVHATE CEPENHbI OTPE3ka ECTb NONYCYMMbI COOTBETCTBYIOWMY KOOPAWHAT Ero KOHLOB.

. 7133 .
MoxHo 6bino neicTeosaTh v Mkaye: AC = 5:‘13 . Koopavarsl sextopa AB Mbl 3H3EM, 3H34WT, MOXEM HaiTi koopLvHarTsl BekTopa AC, a oTciona, 3Has

KOOPOWHATH! Ha4ana 3TOro BEKTOPA A, HAXODUM KOOPAWHATLI KOHUA - C.

xte, vty it
Orger: € (f,%,f)
Mpumep 1.
BblfenuTe UBETOM BEPHbIN OTBET:
Oano: A (2;-1;0),B (=3;2;1),C (1; 1; 4); CD = -2AB.
HaiiTu: koop/iMHaTbl TOUKM D.
BapuaHTbl OTBETOB:
(3;-1;8)
(11,-5,2)
(-6;3;11)
(8,4, 2)
PelueHue:
MycTb D (X y; Z)
TR{—4;1;—3}
AD{x — 2;¥ + 1,2}, 2AD(2x — 4;2y + 2; 2z}
TB{—4;—1;3),CB = 24D

noatomy 2x—4= 18
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MpaBunbHble OTBETDI:

(3,-1;8)

(11,-5,2)

(-6;3;11)

(8;4;2)

Mpumep 2.

[Jaro: koopaivHaTbl Tovek: A (3; —1; 2), B (x; ); KOOpAAMHATbI BeKTopa
Puc. 127

AB{5; 8; 1}

Haintu: x,y, z

PewweHue:
Pewaem ypaBHeHUA 1 nonydyaem: x=8; y= ;2=3,2=-1
OTBeT: X=8;y= ;2=3,2=-1

IIpakTH4yeckas 4acTh
1. Belyunte onpeneneHus u npaBuia.
2. IIpocMoTpuTE MaTepuaibl MO CCBUIKE:

https://resh.edu.ru/subject/lesson/5724/main/21896/

3. BeImosHuTE TPEHNPOBOYHBIE 33/IaHUS 110 CCHUIKE:

https://resh.edu.ru/subject/lesson/5724/train/21900/

3agaum

637 Haswer Tourm A(3; -1; 0), B(0; 0; -7), C(2; 0; 0), D(-4; 0; 3),
E(0; -1; 0), F(1; 2; 3), G(0; 5; -T), H(-/5; +/3; 0). Kakme ua srux
TOUEK JIe;KaT Ha: a) ocd adcrmcc; 0) ocl OpAMHAT; B) OCH ANNJIHKAT;
r) minockoctu Oxy; n) nnockocru OQyz; e) maockoctu Oxz?

638 HaiiguTte KoOpAHWHATHE TpoeKIHWil Touexk A (2; —-3; 95), 3[3; -5; %)

H C[—Jg; —%; JE— \/5) HA: a) KoopAWHAaTHLEIe miaockocTH Oxz, Oxy
u Oyz; 6) ocu xoopauHat Ox, Oy u O=z.

639 JlaBbl KOODIWHATEI YeTEIPEX BepIWH Kyba ABCDA.B,C1Dq: A(0; 0; 0),
B(0; 0; 1), D(0; 1; 0) m A;(1; 0; 0). HatizuTe KOOpAUHATEL OCTAJIEHEIX
BepIIuH KyOa.
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640

641

642

644

645

646

647

648

649

Ianer BexTopeL @ {5; —1; 1}, b{-2; 1; 0}, ¢{0; 0,2; 0} u c-i.{—%; 2%; ——}.

A-]_ ! Cl
% B,
ne (0] j Y y
X C
Puc. 185 Puc. 186

3anumuTe KOODAHMHATEI BEKTOPOB: @ = 3i + 2}— 5.‘;, b=-5i + 3}—5,
c=i—j,d=j+k m=k—-i, n=0,Tk.

Ilasbr BexkTOpHI a{b; —1; 2}, 5{—3; -1; 0}, ¢{0; -1; 0}, &{0; 0; 0}.
3anumuTe pasJIOXKeHHHA B3THX BEKTODPOB IO KOOPAWHATHBIM BeKTODPAM

i j, k.

Ha pucyreke 185 mz00pakéH NpAMOYTOJIBHEIN napajiienennne], Vv Ko-

—

toporo OA =2, OB=3, 00, = 2. Haiinute roopauHaTE BeKTOpoB OA;,
OB,, 00,, OC, 0OC,, BC,, AC,, O,C B cucreme xoopmuuar Oxyz.

IlaHe! BeKTODEL d {3; —5; 2}, b{0; T; -1}, E{%; 0; O} ud{-2,7; 3,1; 0,5}.

HaiiguTe KOOpAMHATHI BEKTODPOB: a) d+b; 6) d+¢; B) b+¢; 1) d+b;
n) d+a;e) a+b+c; m) b+a+d; 3) a+b+c+d.
Ilo pmamHEIM pHcyHKa 186 HaliguTe KOOPAWHATEI BEKTODOB Ié, Eé,

AB, MN, NP, BM, OM, OP, ectu OA=4, OB=9, OC=2, a M, N
u P — cepenunn! orpezxkor AC, OC u CB.

1
7

HafiiuTe KOOpAMHATEI BEKTOPOB: a) d—b; 6) b—d; B) Ad—¢; T) d—a;
n)c—d;e)da—b+¢; ) d—b—¢; 3) 2a; n) —3b; k) —6¢; 1) —%c_f; M) 0,2b.
Ilansr BeKTOPEL 4 {~1; 2; 0}, b{0; —5; -2} u ¢{2; 1; —3}. Haiigure Koop-
JHHATEL BEKTOPOB p=3b—2a+c¢ u ¢=3¢—2b+a.

Ilarer BekTOphr @f{—1; 1; 1}, b{0; 2; -2}, ¢{-3; 2; 0} u d{-2; 1; —2}.
HafiiuTe KOOPAUHEATEI BEKTOPOB: a) 3d + 2b — ¢; 6) —d + 2¢ — d; B) 0,1d +
+38b+0,7¢—5d; r) (2d + 3b)—(a — 2b) + 2(a - b).

HaiiiuTe KOOPAMHATEI BEKTOPOB, IIPOTHBOIOIOKHEIX CIEAYVIONAM BeK-
ropam: i, j, k, @a{2; 0; 0}, b{-3; 5; -7}, ¢{-0,3; 0; 1,75)}.

650 KoinmHeapHBLI TH BeKTOPHL: a) a{3; 6; 8} u 5{6; 12; 16}; 6) ¢{1; —1; 3}

u d{2; 3; 15); ) i{1; 0; 0} u j{0; 1; 0}; ) m{0; 0; O} m n{5; 7; -3};
) 5{%; -1; 5} u g{-1; -3; —15)?

Pemenue

a) KoopaueaTel BexTopa a{3; 6; 8} mpomoprnuoHAILHEI KOOPAHHATAM
- 3 6 8 1 - -

BEKT bi6; 12; 16}: —=—=—=£k, roge k==. Ilostromy a=Fkb

exropa b{6; 12; 16}: ~=_—=_-=k 12 p v ,

U, clleJloBaTeILHO, BEKTOPH d U b KOJLITUHEeAPHBI.

6) KoopauuaTel BeKkTOpa C{1; —1; 3} He NMPOIOPIIMOHANLHE! KOODAWHA-

TaM BEKTOpa 3{2; 3; 15}, manpumep é;: —%. ITosTOMy BEKTODEL ¢ U d

153



651

668

653

654

655

656

657

He KOJIIHHeapHEL. B camom pgene, ecliH IpefOoJIoKHTEH, YTO BEKTODEI
cud KOJNJIWHeapHBl, TO CYIIeCTBYeT TaKoe YHUCIO0 k, UTO ¢=kd. Ho
TOrZla KOOPAMHATEI BEKTOPA ¢ IPOIOPIIHOHAIBHE KOOPAHHATAM BEKTO-
pa c_i', YTO MPOTUBOPEUUT YCJIOBUIO 3aJadu.

Haﬁ,ﬁ[HTE SHavYeHHA m U n, OIpH KOTOPBIX CJIEeAYIOIIHe BEKTOPDBI KOJLJIH-

HeapHLL: a) d{15;m; 1} ub{18; 12; n}; 6) ¢{m;0,4; -1} u c-l.{—%; n; 5].

HaiinuTe naWHY BeKTOpa A_é, ecru: a) A(-1; 0; 2), B(1; -2; 3);
0) A(-35; —=17; 20), B(-34; -5; 8).

HaiiguTe ATHHBI BeKTOPOB: d{5; —1; T}, b{2V3; —6; 1}, ¢=i+)+k&,
d=—-2k, m=i-2].

Ian®1 BeKTOPHL @ {3; —2; 1}, 5{~2; 3; 1} u ¢{-3; 2; 1}. Haitaure: a)|d + b |;
6) |d|+|bl; ®) |d|-|b]; T) |d—b]; @) |3E]; ) V14 |E]; %) | 2a - 3¢].

Haser Touku M (—=4; 7; 0) u N(0; -1; 2). Haiigure paccToaHHe OT Ha-
yajia KOOpPAHMHAT 0 CepeuHEI oTpe3ka MN.

JaHEI TOUKH A(g; 1; —2], B(2; 2; =3) u C(2; 0; -1). Haiigure:

a) mepumeTp TpeyroasHuKa ABC; 6) meguaHEl TpeyronsHuKa ABC.

Onpenenute Buj TpeyronsEuka ABC, ecnu: a) A (9; 3; —-5), B(2; 10; -5),
C(2; 35 2); 6) A(3; 7; —4), B(5; -3; 2), C(1; 3; —10); B) A(5; —5; -1),
B(5; -3; 1), C(4; —-3; 0); r) A(-5; 2; 0), B(—4; 3; 0), C(-5; 2; -2).

Jlasbl BEKTOPBI (Iﬂi{3; 2; 1}, O_é{l; -3; 5} u O_é[—%; 0,75; —2%}. 3a-
OUINHTe KoopAWHATE ToueKk A, B u C, ecnu Touka O — Haualo KOOp-
ITHHAT.

Haswer Touku A (2; -3; 0), B(7; —-12; 18) u C(-8; 0; 5). Sanummure

KOoOpIZHUHEATEI BeKTOpOoB OA, OB u OC, ecnu Tourka O — Hadalo KOOp-
JUHAT.

HajinuTe KOOPOHUHATEL BEKTOPa A_ﬁ, ecnu: a) A(3; -1; 2), B(2; —1; 4);
6) A(-2; 6; -2), B(3; —1; O); n)A(l; % %) B(é; = }]

Bepmiuasl TpeyronsHEnka ABC uMeloT koopauHaTel: A(1l; 6; 2),
B(2; 3; -1), C(-3; 4; ?);Pagﬂomn're BEKTODEI A_é, B_é " CT& o Koop-
OHUHATHBEIM BeKTOpaM i, j 1 k.

Hdaswr Touku A (3; =1; 5), B(2; 3; —4), C(7; 0; =1) u D(8; -4; 8). Ho-

—— — — —
Ka)uTe, uTo BeKTOopbl AB 1 DC pasHbl. PaBHE 11 BeKTOpsl BC u AD?

KonTpoJbHbIe BOpoChI

agrwbdE

HazoBuTe ocn KoOpAMHAT U KOOPAMHATHBIE BEKTOPBI.
KoopauHaTsl CyMMbI BEKTOPOB PaBHBI....

Kak HaiiTu koopauHaThl BEKTOpa?

dopmyra 171 BBIYUCIEHUS JUIMHBI BEKTOpa

Kak HaiiTh KoopauHaTHI CEpeANHBbI OTpe3Ka?
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HNPAKTUYECKOE 3AHATUE
CxansipHoe npou3sBe/ieHUE BEeKTOPOB
e mpaKTU4€CKOT0 3aHATHS

1. BBectu nonsiTue yriia Mex1y BEKTOpaMH U CKaJIIPHOTO IIPOU3BEICHUSI BEKTOPOB, PACCMOTPETh
(bopMyITy CKaIsipHOTO NMPOU3BEICHHS B KOOPANHATAX.

2. [Tokazath MpUMeHEHHE CKAISIPHOTO IPOU3BEICHUSI BEKTOPOB IIPU PEILICHUH 3a/1au.

3. PaccMoTpeTh OCHOBHBIE CBOICTBA CKAJIIPHOTO ITPOU3BEACHHUS.

4. CdopmupoBaTh yMEHUSI BBIUUCISTH CKAJIIPHOE IMPOU3BEACHHE BEKTOPOB U HAXOIUTh YTOJ
MEXly BEKTOpaMH.

5. [TokazaTh, Kak HCIOJB3YETCsl CKAJIIPHOE MPOU3BEICHHWE BEKTOPOB MPU PELICHUH 33434y Ha

BBIYUCJICHUC YTJIOB MCIKAY ABYMS IMPAMBIMHA, d TAKKC MCKIAY HpHMOﬁ 1 IJIOCKOCTBIO.

MeToanuyeckuii MaTepuas

1. Onpenenenue ckaasipHOTO MPOU3BEICHHUS.
2. CBOMCTBA CKAJIIPHOTO ITPOU3BEICHHUS.

3. CxansipHO€ NPOU3BENCHHUE B KOOPAUHATAX.
4. Yron Mexly BEKTOpaMu.

Yron mexay BeKTopamu
ECnu BEKTOPbLI He ABNAIOTCS COHanpaBneHHbIMM, TO JTydu OA 1 OB 06pasytoT yron AOB.

ATlh = a=180° x=90=4alb

iMtb=a=0

OnpepeneHue: [1Ba BeKTOpa Ha3blBalOTCA NEPNeHAUKYNAPHLIMMK, €CNIU YTON MeXly HUMU paBeH 90°.
CKanapHoe npon3BefeHne BeKTOPOB:

Oonpepgenerue: CKanapHbiM NponsBeeHUEM ABYX BEKTOPOB Ha3blBaeTCA YMCNO, paBHOe NPOU3BEAEHUIO
LNTNH 3TUX BEKTOPOB Ha KOCKMHYC yria Mexay HUMU. 3anuwem GopMyny:

a-b=ldl- |E|cosa

[lokasaTenbcTBO YyTBEPHAEHWIA:

YTteepxaeHuel. CkanapHoe NnpousBeleHne HeHYNeBbIX BEKTOPOB paBHO HYMHO Torga v ToJIbKO Toraa,
Korja 3T BEKTOPbI NEPNEHANKYMAPHbI.

YTBepwaeHue2. CKanapHblid KBagpaT BEKTOPa (a-a) PaBeH KBafapaTy ero ANMHbl.  ai=|afk

dopmMyna cKanspHOro NpON3BelEHUA ABYX BEKTOPOB  afxiynz} W b {xiy 2}
Hepes UX KOOPAUHATBl 2 b = xp + pyn + 212

CKanspHoe npousBefeHne ABYX BEKTOPOB paBHO CyMMe Npou3BefeHNIl COOTBETCTBYIOWMX KoopauHaT
3THUX BEKTOpOB.

XXy + )y + 2123

N )
=
1]
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Yron mexay BeKTopaMu.

KOCHHYC yrna mexay eeKTopamMu NpocTpaHCTEa V0 v, WMy Wy ) , 3ajaHHbIMW B
OPTOHOPMUWUPOBAHHOM 6asuce T, I E) , BblpaXaeTcA CI)DPM)'J'IOIT'IZ
VW Wy v

cos (P, W=
Jvf +v§ +1;§2 wa +w§ +w32

Cchopmynmnpyem OCHOBHbIE CBONCTBa CKaNsApPHOro Npou3BeAeHna BEKTOPOB.
[nsi nto6blX BEKTOPOB &, 5,¢ W Nto60ro yncna k cnpase/ivebl paBeHCTBa:
1)  az*z0, nNpvyeM a?s0 NpU 7 # 5.

2) z-b-b-a (nepemecTuTENbHbLIN 3aKOH).

3) (a+b)y.c=a-e+b-¢ (pacnpegenntenbHblii 3aKOH).

4)  k(a-b)=(ka)-5 (coyeTaTenbHblil 3aKOH).

BbluncneHue yrnos Mexay NpsiMbIMU U NMIOCKOCTAMM.

Yron Mexay AByMA NpAamMbIMA (I'IEPECEKEHOUJ,MMHCH WK CKpBI_I_LHBaFOLU,MMMCH), €CITN N3BECTHbI
KoopOWHaTbl HanpasnArWWX BEKTOPOB.

Iy %z + 91 ¥2 + 2, 25|

\/351.2*“Jr’12+21z '\/xzz +¥2° + 2,°

cos @ =

Mpumep 1.

OaHo: ABCDA,B,C,D,— npsiMOyronbHblii Napannenenunes, roe AB =BC= %AA1 . HaitTu
£(BD;CD,) W £(AG AC,)

PelleHue: paHee B TaKUX cnydyasax Mbl NbiTalUck NO PUCYHKY HaXo4WTb BETMUYMHbBI YITI0B.

Ho Tenepb Mbl Bnageem GopmMynoi KOCUHyca yrna Mexy NpsambiMu.

[y - %5 + 35 -y + 2, 2]
\,/9512 +y2+2z,° '\/ng +y,% +z,°

cos@ =

By Iz L

Ay Dy

TONbKO ANA 3TOro HEOOXOAMMO 3HAaTb KOOPAOWHaTBE! HanpaBAMOLWWMX

. :
BEKTOPOB NpsAMbIX. B faHHOM cnyyae, AnA npamMoin BD HanpaBnsrowynM MOXeT ABnseTca sekTop BD , a
ONA NpAMOi
CD -CD BeKTop (puc. 15)
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OnAa yno6cTea U3obpasMmM NPAMOYTroNbHYHO CUCTEMY KOOPAMWHAT Tak, UTobbl TOUKa B coBnagana ¢ TOUKOM
Hayana KoopauHat. B3 AnuHy pédep AB 1 BC 3a eAMHUYHbIE OTPE3KK, MOXHO YTBEPHKAaTh, YTO ANUHA
oTpe3ka BB paBHa 2.

Torpa He TpygHO onpefeniTb KoopauHaTtel Tovek B, D, C u Dy.
Touka B(0;0;0). Touka D(1;1;0). Touka C(0;1;0) . A Touka D (1;1;2).

Tenepb He TPYAHO HAlUTKU KOOPAMHAaTbLI BEKTOpoBBD 1 CD KaK pasHOCTW COOTBETCTBYHOLLNX
KOOpZWHAT KOHUa U Hayana BeKTopa.

Monyyaem, yto BekTop BD {1-0;1-0;0-0}. A BekTOp
cD  {1-0;1-1;2-0}.

Tenepb MoXeM BOCMONbL30BaTbCs HOPMYIOi KOCHHYCa yria Mexay NpsiMbiMA. NoAcTaBUM KOOpAUHATbI
HanpaBNAIOLWMUX BEKTOPOB.

Puc. 15

_ 1-1+1-0+0-2] 1
cos £BD: D) = e Vs 07 s 22 V10

1
OTBeT: NET
Mpumep 2.
OaHo: DABC — nupamupa; DA L DB 1 DC, DA= DB=DC = a.

HaluTe: KocMHyC yrna Mex gy npsimbiMu DCu CM (CM — BbicoTa TpeyrofibHWka ABC), nocTaBbTe eMy B
COOTBETCTBUE BEPHbIN BapuaHT OTBeTa U3 NpeanoXKeHHbIX HUKe:

/e

F[3 Fis
3" 3" 2

(=)}

H

6

PelieHue:
TpeyronbHWK ABC npaBunbHbIA, NO3TOMY TocKa M ABNAETCA cepeAUHON CTOPOHbI AB.
Beenem cuctemMy KOOpAMHAT Kak NokasaHo Ha PUCYHKeE.

Haiiaem KoopMHaTbl BEKTOPOB DT u TM

DC{0;a; 0}
— (a a
cM {5, —a; 5]
I'IpHMG:HMB dJOpMyrly KOCHWHYCa yrna mMexpny BeKTopamMu, Nony4ymM  ocq =ﬁ
3
OTBeET: E
3
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IIpakTH4yeckas 4acThb
1. BeryunTe onpeneneHus U npaBuia.
2. [IpocmoTpuTe MaTeprasl IO CCBIIKE:

https://resh.edu.ru/subject/lesson/5723/main/149171/

3. BoimonHuTe TPEHUPOBOUHBIE 3a/1aHUS MO CCHUIKE:

https://resh.edu.ru/subject/lesson/5723/train/149174/

3agaun
682 JlaH KyD ABCDA B ClDl Haiigure yrog memxny BEKTOpaMH:
a) BlB " Blc 6) DA u BlDl, B) A101 u AlB I') BC u AC ) E
P[AC E}BCHAD]_,H{)A]_DIHBC 3}AA1HCC -
683 VYron MesRIy BEKTOPAMH AB u CD paBer ¢. Haiigure yrael BA 1)_6',

BACD, ABDC.

684 Pedbpo kyba ABCDA;B;C;D; paBHO a, Touka (J); — OeHTD TpaHH
AIB101D1 B]:]T:IHCJIHTE CKaNipHOE NpPOH3BeJeHUe BeKTOPOB: a) AD
5 Blcl, 0) AC u ClAl, B) DIB u AC T) BA; u BCy; o) A0, u A;Cy;
e) Dlﬂl u B,0, 101 x) 301 n ClB

685 JIlamw!r BekTopE! ai{l; —1; 2}, b{—l; 1; 1} u ¢{5; 6; 2}. Brruncaure ac,

b, bé, ad, Nbb.

686 Jlanbl BekTOphl d=3i—5j+k u b=j— 5k. Buruncaure: a) ab; 6) di;
B) bj; v) (@+b)k; m) (d@—2b)(k+i-2)).

687 Jlanwr BekTophl a{3; —1; 1}, 5{—5; 1; 0} u ¢{-1; —2; 1}. Bracuure,
KaKoi yroJ (ocTpeIil, IPAMOH WIH TyImoil) MesKAy BEKTOpPaMu: a) d | 5;
6)5&15;3)51{5. ~ N

688 Jlam Bextop a{3; -5; 0). Jlokamure, 4ro: a) di< 90°; 0) 5}> 90°;

P
B) ak=90°

689 Jlanw BexTophl a{-1; 2; 3} u 5{5; x; —1}. IIpu KakoM 3HAUYEHHH X BBI-
NOJHAETCA YCIOBHE: a} ab=3; 6) ab=-1; B) alb?

690 ITawmer BERTOPH a=mi+ 3} +4kmb=4i+ m; — k. IIpu kaxkoM 3HAUEHUH
M BEKTODH! d U b IepIeHANKYIAPHLI?

691 Jlann Tourn A(0; 1; 2), B(V2;1; 2), C(v¥2;2; 1) u D(0; 2; 1).
Hokamxute, uto ABCD — KBajpar.

692 BrumcamTe yroa Me:KIy BekTopamu: a) a{2; —-2; 0} m 5{3; 0; -3};
6) a{~2;v2; 2} u b{-3; -3; 0); B) a{0; 5; 0} m b{0; —/3; 1};

r)a{-2,5;2,5;0}u b{-5; 5; 5¥2}; 1) a{—2; —v2; -2} u {"f_g—l}.

693 BrumcauTe YribI MeXAY BeKTOpoM a{2; 1; 2} H KoOpAWHATHEIMH BeK-
TOPAMH.

694 JTamer Tourwm A(1; 3; 0), B(2; 3; —1) u C(1; 2; —1). BeiuucauTe yroma
me:xay BekTopamu CA u CB.

695 Haiigure yriel, OepEMETD U ILIOIMIAAL TPEVIOJbHHKA, BEPIIMHAMHA KO-
Toporo AenAwTcA Touku A(1l; -1; 3), B(3; -1; 1) u C(-1; 1; 3).

696 [Iam xy6 ABCDA,B,C,D,. BelunciuTe KOCHHYC YIJjia MeXKAV BEeKTOpa-
mu: a) AA; u ACy; 6) BD; u DBy; B) DB u AC,.
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697

698
699

700

Han mpaMoyroaesHBIH napanienenunen ABCDA,B,C,D,, B kKoTopoMm

—_— —
AB=1, BC=CC,;=2. Beiuncnure yroix Mmexny sexropamu DB; u BC;.
A A . .
HaBecTHO, uTo ac =bc=60° , |a|=1, |b|=|c¢|=2. Boruucaure (a + b)c.
IokaKHUTe CHpaBefINBOCTL paBeHCTBa (4 + b+ ¢)d =ad + bd + ¢d.
Pemenue . . .
3amuIeM cyMMy TPéX BEeKTOPOB d, b M ¢ B BUIe d+b+c=(a+b)+c.
[Tonb3yACh paclpefile/IUTEILHBIM 3aKOHOM CKAJIADHOTO IPOU3BEJe-
HHSL BeKTOpoB, moayuaeM (d+b+¢)d=((d+b)+¢)d=(a+b)d+¢cd=
=(dd +bd)+¢éd=dad +bd + ¢d. -~
BeKTOpHI @ H b NepIeHIUKYJIAPHE K BeKTODPY ¢, ab= 120°, |a|=]| 5|=
= |¢| = 1. BorumcanTe: a) cranspHbIe Ipon3BeneHud (4 + b + ¢)(20) m
(@-b+&)(@-3¢; 6)|a-blula+b-7¢l

KonTpoJbHbIe BOpochl

NS

JlaiiTe onpeneneHye CKalIsipHOro MPOU3BEICHMUS.
[lepeuncnure cBOICTBA CKAIAPHOTO MPOU3BEACHMUS.
CkansipHO€ ITPOU3BEICHNE B KOOPANHATAX.

Kak HaiiTu yros Mexy BEeKTopamu?
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HNPAKTUYECKOE 3AHATUE
Muororpanauku. [Ipuszma.
e mpaKTU4€CKOT0 3aHATHS

1. CcdopmupoBaTh MOHATHS MHOTOIPAaHHMKA W €ro 3JIEMEHTOB, BBIIYKIONO W HEBBIITYKIIOIO
MHOTOTPaHHMKA, NPU3MBI U €€ JJIEMEHTOB, IPSIMOM, HAKIOHHOW M INPaBUWJIBHOM IIPHU3MBI, IJIOLIAAH
IIOBEPXHOCTHU ITPU3MBI.

2. PaccMmoTpeTh pereHust reOMeTpUYecKuX 3a/1a4 U3 yueOHMKa 10 TeMe «MHOTOrpaHHUKI.

3. CdhopmupoBaTh yMEeHUE IPUMEHATh MATEMATUYECKHUE 3HAHUS K PELICHUIO MPAKTHYECKUX 3aJ1ad.
4. Pa3BuTh N03HABATENIbHBII HHTEPEC YEPE3 UCCIIEOBATENBCKYIO 1€ATEIBHOCTD HA OCHOBE YMEHHUS
nenath 00001eHUs 0 JaHHBIM, TOTYYEHHBIM B pe3yJIbTaTe UCCIIEIOBAHUS.

5. ChopmupoBaTh yMEHUS NPUMEHATH NPUEMBI CpPaBHEHHS, IMEPEHOCUTh 3HAHUS B HOBYIO
CUTYAIHIO.

MeToanuyeckuii MaTepuas

1. Onpenenenre MHOTOTpaHHHUKA U €r0 AJIEMEHTOB.

2. Buasl MHOrorpaHHHMKOB.

3. MHororpaHHMK Kak MOJEJb pealbHOTO 00BEKTa.

4. Teopema Ditniepa 11s1 MHOTOI'PaHHUKOB.

S. [ToHsATHE PU3MBI U BUJIBI IPU3M.

6. DneMeHTHI IPU3MbL: BEpILNHBI, peOpa, IPaHu.

7. [TonsaTue miomaayn 60KOBOM MOBEPXHOCTH U IIOLIA 1M HOTHON OBEPXHOCTH MTPU3MBbI, (POPMYIIbI
JUTSE BBIYUCIICHHUSL.

8. [Tpu3ma kak MozieNb peaabHbIX 00BEKTOB.

9. ITpoctpancTBenHas Teopema Iludaropa.

ITonsiTHE MHOTOTPAHHUKA

K OMMPCACIICHUIO ITOHATHUA MHOT'OI'PAaHHUKA CYIICCTBYCT ABA IIOAX0A4A. HpOBGI[CM AHaJIOTHIO C IIOHATHEM
MHOrOyrojbHuka. HanoMHuM, 4TO B MJIaHUMETPUU IO MHOTOYTOJIbHUKOM MBI IOHUMAJIN 3aMKHYTYIO
JUHHUIO 0€3 caMoIlepeceueHnid, COCTaBIEHHYIO U3 OTpe3KoB (puc. la). Takike MHOTOYrOJIbHUK MOYHO
paccMaTpuBaTh KakK yacTb IJIOCKOCTH, OTPAHUYEHHYIO 3TOW JTMHHUEH, BKItodas ee camy (puc. 10). [Ipu
HU3YUCHUHU TCJI B TIPOCTPAHCTBEC MBI 6y21€M IMOJIb30BAaTbCAd BTOPBIM TOJKOBAHWEM  IMOHATHUA
MHOT'OYTOJIbHUK. Tak, II000i MHOTOYTOJIbHHUK B IPOCTPAHCTBE €CTh IIIOCKAs IOBEPXHOCTD.

A)

b)

Pucynok 1 — pa3Hble OJIX0/IbI K ONPEIEICHNI0O MHOTOYTOJIbHUKA
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[lo anamormu ¢ mMEpBBIM TOJKOBAaHMEM IOHATHS MHOTOYIOJbHHMKA PAacCMATPUBACTCS CIEAYIOIIee
TOJIKOBAaHHE TIOHATUS MHOTOTPaHHMKA. MHOTOTpaHHUK - TIOBEPXHOCTh, COCTABJICHHAS U3
MHOTOYTOJIbHUKOB W OrPAaHHYMBAIOIIAs HEKOTOPOE T'€OMETPHUYECKOoe Teno. B maHHOW TpakToOBKE
MHOTOTPaHHHK MOYKHO Ha3bIBaTh €I1e MHOTOTPAHHOI MOBEPXHOCTHIO.

Bropast TpakTOBKa MOHSATHS OIpEENsieT MHOTOIPAaHHMK KaK I'€OMETPHYECKOE TeJ0, OrpaHHYEHHOE
KOHEYHBIM YHCIIOM IIOCKUX MHOTOYTOJIbHHKOB.

B nanpHeiimem, Mbl OyieM UCTIOIB30BATh BTOPYIO TPAKTOBKY MOHSATHS MHOTOTPAaHHUKA.

IIpruMepbl MHOTOTPAHHUKOB

VY3ke M3BECTHBIE BaM TETPadp U MapauleJIenuIie]] SBISI0TCS MHOTOrpaHHUKamMH. [loTromy 4TO OHHM
SIBJISIFOTCS] TEOMETPHUCCKUMU TeJIaMU, OTPaHUYEHHBIE KOHEUYHBIM YUCIIOM INIOCKUX MHOTOYTOJIbHHKOB.
E1e onvH npuMep MHOIOrpaHHHUKa — OKTa’ap (puc. 2)

PucyHok 2 — n3o0paxkeHue OKTasapa

DJieMeHTbl MHOTOTPAHHUKA

MHOTOyroJbHUKH, OTPAaHUYUBAOIIIE MHOTOPAHHUK, Ha3bIBAIOTCS €ro rpansaMu. Tak, y TeTpasapa u
OKTad/Ipa rPaHsIMH SBISIOTCS TPEYTrOJbHUKHU. Y TeTpa’pa 4 TpaHd, OTCIO/Ia M €ro Ha3BaHUE OT Iped.
TETPA-E0POV — YETHIPEXTPAHHUK. Y OKTad/ipa 8 TpaHeid, a OT IPeYeCcKOro OKTAEIPOV OT OKTM «BOCEMbY
+ £3pa. «KOCHOBAHUEY.

CTopOHBI TpaHel Ha3bIBAOTCS pedpaMM, a KOHIBI pedep — BEpUIMHAMU MHOTOTpaHHUKA. OTPE3oK,
COG]II/IH?IIOHII/Iﬁ JBEC BCPIIWHBI, HEC MMpUHAIJICIKAIIEC O}lHOﬁ T'paHu,
Ha3bIBACTCS THATOHAJIBI0 MHOTOTPaHHHKA.

Buabl MHOTOIPaHHUKOB

MHoOrorpaHHiK Ha3bIBAETCS BBIMYKJBIM, €CJIM OH DPACIOJIOKEH MO0 OAHY CTOPOHY OT IUIOCKOCTH
KaXKJO0U ero rpaHu. B ocTalbHBIX CilydasiX MHOTOTpaHHHUK Ha3bIBAa€TCS HEBBIMYKJIbIM (puc.3).

: Mnockoctu rpaHen

Bbinyknbin

HeBbinyknbin

Pucynok 3 — Busibl MHOrOrpaHHUKOB
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CyMMa IUIOCKHX YIJIOB P BepIIMHe BHINYKJI0I0 MHOTOTPAHHHKA

YrBep:xkaeHnue. B BBITYKIOM MHOTOIPaHHUKE CyMMa BCEX IIOCKUX YIJIOB IPU KaKJI0M €ro BepLINHE
menbie 360°,

[TosicHUTh TaHHOE YTBEP)KJICHHE TTIOMOXKET PUCYHOK 4. “Pa3pexemM” MHOTOrpaHHHUK BJIOJb €ro pedep u
BCE €ro TpaHu C O0Iel BEpIIMHON pPACIONIOKUM TaK, YTOOBl OHM OKa3aJMCh B OJIHOM TIOCKOCTH.
BuauMm, yTo cymma BceX IUIOCKUX YIJIOB AEHCTBUTEILHO MEHbIIIE 360°,

Pucynok 4 — cymma 1j0ocKkux yrjoB I BEPIIMHE MHOTOTpaHHHUKA

Teopema Jiinepa. [lycts B — uucio BepiuH BITYKIOr0 MHOTOTpaHHUKa, P — wucino ero pebdep, a I
— ymciio ero rpaneid. Toraa BepHo paBeHcTBO B — P+I'=2.

Teopema Ditnepa UrpaeT orpoMHyI0 poiib B MareMatuke. C ee MoMOoIIb0 OBLIO JOKa3aHO OIPOMHOE
KOJIM4eCTBO TeopeM. Haxomsch B IEHTpe MOCTOSIHHOTO BHUMAHMS CO CTOPOHBI MATEMATUKOB, TEOpPEMa
Olinepa nojiyduia aajeko uaynie ooobmenus. boiee Toro, 3Ta TeopemMa OTKpbLIa HOBYIO TJIaBy B
MaTeMaTHKe, KOTOpask Ha3bIBAETCS TOIOJIOTHEN.

3aoanue 1. Kakue n3 nepeuucieHHbIX 00bekToB HE Moryr ObITh 37€MeHTaMH MHOTOrpaHHHMKa?
VYKaxxuTe HoMepa B IOPsIIKE BO3pACTaHUS.

1) otpe3ok

2) JI0CKOCTh

3) Touka

4) nyu

5) MHOTOYTOJIbHUK

6) MHOTOTpaHHUK

7) npsimast

8) Tpamemnus

Pewenue: IneMeHThl MHOTOI'paHHHUKA, KOTOPBIE MbI BBICTHIIN: pedpa, IpaHu, BEPIINHBI U TUATOHAJIH.
PebGpo u nuaroHanb MHOTOTpaHHMKA — 3TO OTpe30K. ['paHb MHOrOrpaHHUMKAa — MHOTOYTOJIBHHK, WIH
MHaue OTpPaHMYEHHAs 4acTh IUIOCKOCTH. BeprimHbl mpeAcTaBisiioT coOoit Touku. Takum oOpaszom,
3JIeMEHTaMU MHOTOTPaHHHUKA HE MOTYT OBITh MJIOCKOCTb, JIy4, MHOTOTpaHHUK, MpsSMasi.

OTtBerT: 2467

3ananue 2. ConocraBbTe T€OMETPUUYECKUM PUTYpaM UX BHU]L
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SO I

1) i )

A) mockas ¢urypa

b) mpoctpancTBenHas ¢urypa

B) MHororpanauk

Pemenue

BcenomuuM, uTo M300pa3uTh MPOCTPAHCTBEHHYIO (GUTYPY MOXHO pa3HbIMH criocobamu. Hampumep, ¢
MIOMOIIBIO TeHEH WM N300pakeHNeM HEBUIUMBIX JIMHUH MyHKTHPOM. Tak, cpeau BceX m300pakeHui
TI0CKOH Gurypoii sisisiercs purypa nog Homepom 1.

MHOrorpaHHuK — TE€OMETPUYECKOE  TEelIO0, OrPaHMYEHHOE KOHEYHBIM  YHCIOM  IIJIOCKUX
MHOTOYTOJIBHUKOB. ToNbkO Ha M300pakeHMH 2 (urypa orpaHudeHa MHOTOYTOJIbHMKaMU. Takum
o0Opa3om, moyiydaeM clenyroiuii oteet: 1-A, 2-B, 3-b

Omnpenenenne Npu3Mbl. JJIEMEHTHI IPU3MBI.

PaccmotpuM n1Ba paBHbIX MHOrOyroiabHuka A1A2...An u B1B2...Bn, pacnonoxkeHHbIX B TapaIeIbHbIX
MJIOCKOCTSIX O M 3 COOTBETCTBEHHO Tak, uTo oTpe3ku AlBl1, A2B2..AnBn, coemunstomue
COOTBETCTBEHHbIE BEPIINHBI MHOIOYTOJbHUKOB, apayljienbHsbl (puc. 1).

Pucynok 1 — [Ipusma

3ameTnm, 91O Ka KBTI u3 n yeTbipexyroiabHukoB (A1A2B1B2, ...AnA1B1Bn)
SBIISIETCA Mapa/uieJiorpaMMoM. YOeauMcss B 9TOM  Ha  TpUMepe  YeThIPEeXYroJIbHUKA
AlA2B1B2. A1A2 u B1B2 nmapaienbHbl 110 CBOWCTBY MapauUICIbHBIX TUIOCKOCTEH, IMepecedeHHbIX
Tperbeil minockocThio. AlBlu A2B2mo ycnoButo. Takum o00pa3om, B 4YeThIPEXYToOJIbHUKE
A1A2B1B2 npoTHBOIOIOXKHBIE CTOPOHBI IMOTIAPHO MapaUIEIbHBI, 3HAYUT ATOT YETHIPEXYTOJIbHUK —
NapajuIeIoOrpaMM IO OIIPEIEIECHHUIO.

Hagum  onpenenenve  npusmsel. IIpu3mMa —  MHOTOIpaHHMK,  COCTaBJIEHHBIM U3 PaBHBIX
MHOT'OYT'OJIbHUKOB, PACIIOJIOKEHHBIX B IIapaJUIECIbHBIX IUNIOCKOCTAX, U N IAPAJLIEIOrPaMMOB.
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IIpyu 53TOM paBHBIE MHOTIOYIOJBHUKH, pACIOJOKEHHBIE B  IApaUIEIbHBIX  IIJIOCKOCTSX,
Ha3bIBAIOTCS OCHOBAHMSAMU MPHU3MBI, a N1apaJuIeIOrpaMMbl — 00KOBBIMHU I'PAHSIMM NpHU3Mbl. O0mmue
CTOPOHBI OOKOBBIX I'paHel OyJeM Ha3bIBaTh GOKOBBIMM pedpaMu MPU3MBbI.

Ha pucynke 1 ocHOBaHMSIMM NPU3MBI SIBJISIFOTCSI MHOTOYroJibHUKM A1A2...An u B1B2...Bn. bokoBbie
rpanu — mapamuienorpamMmmbl A1A2B1B2, ..., AnA1B1Bn, a 6okoBbie pedpa - orpesku A1B1, A2B2, ...,
AnBn.

Otmerum, 4TO BCce OOKOBBIE peOpa MPU3MbI paBHBI M MapajUIedbHbl (KaK MPOTUBOIOIOKHbBIE CTOPOHBI
[apaIeiorpaMMoB).

[Ipusmy c¢ ocHoBanusimu A1A2..Anu B1B2...Bn o6o3nauator A1A2...AnB1B2...Bn u Ha3wBatoT N-
YroJ1bHOM NPU3MOM.

[lepnieHauKynsAp, MPOBEACHHBIA U3 KAaKOH-HUOYAb TOYKHA OJHOTO OCHOBAHHUS K IUIOCKOCTH JIPYTOTO
OCHOBaHUsI, HA3bIBAETCsI BBICOTOW Mpu3Mbl. OOparuTe BHMMAaHHE, YTO BCE BBICOTHI NMPU3MBI PABHBI
MEXIy COOOH, Tak Kak OCHOBAHMS DPACHOJIOXKEHbI Ha IMapaUIeTbHBIX IUIOCKOCTAX. Tarkke BBICOTA
MPU3MBI MOXKET JIEKATh BHE MPU3MBI (PUC. 2).

Pucynok 2 — Haknonnast npuszma
Buasi npusm

Ecnu 6okoBble peOpa MpU3Mbl MEPHEHIUKYISIPHbl OCHOBAHUSM, TO NpU3Ma Ha3blBaeTcs mpsiMoil. B
IIPOTUBHOM Cllydae, IPU3Ma Ha3bIBACTCS HAKIOHHOM.

BricoTta npsimMoit ipu3Mbl paBHa ee 60KOBOMY pedpy.

Ha pucynke 3 npuBeseHbl IpUMeEpPbI NPSIMBIX TPU3M

\
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Pucynok 3 — Bujel npusm.

[Tpsimasi mpu3Ma Ha3bIBA€TCS MPABUJIbHOM, €CIIM €e OCHOBaHWE — MPaBUIbHBIM MHOTOYrOJbHUK. B
MPaBUJIbHOH Mpu3Me Bce OOKOBbIE IPAHU — PaBHbIE MPSMOYTOJIbHUKH.
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MHorna  4eTelpexyroyibHYH — IpU3My, T[paHd  KOTOpPOM  IapajuleJorpaMMbl  Ha3bIBAIOT
napayuienaenuneoM. 3BecTHBIN BaM NpaBUIIBLHBIN MapauiesieuIe] — 3To KyO.

I[nomans mosiHOM moBepxHoOcTH NPpU3Mbl. [li1omaabL 00K0BOI MOBEPXHOCTH MPU3MBbI.

Il1omaab0 MOJTHONH MOBEPXHOCTH IIPU3MBI (STIOJIH) HA3bIBa€TCA CyMMa IUIONIA/ICH BCEX €€ TpaHeH,
a IIOIIA/ILI0 DOKOBOIT MOBepXHOCTH (SOOK) ITPU3MBI — CyMMa ILIOMIA/ICH ee OOKOBBIX I'paHEH.

Takum 00pa3oM, BEpHO Cieayrolee PaBeHCTBO: SmojdH= SOOK+2SOCH, TO €CTh IUIOIAAb MOJIHOMN
MOBEPXHOCTHU €CTh CyMMa IUIOIIAANM OOKOBOM IMOBEPXHOCTH U YABOSCHHOMH ILIOIIAIN OCHOBAHHSI.

Yemy paBHa IJ10111]1b OOKOBOM MOBEPXHOCTH MPSIMON MTPU3MBI?

Teopema. [lomans OOKOBOM MOBEPXHOCTH MPSMON MPU3MBI paBHA IMPOU3BEACHHUIO IEPUMETpA
OCHOBaHUS Ha BBICOTY MPHU3MBI.

JlokazaTejbCcTBO

BokoBbIe TrpaHH MPSMOW MPU3MBI — MPSMOYTOJIBHUKH, OCHOBAaHHUS KOTOPBIX — CTOPOHBI OCHOBAHUS
NIPU3MBI, @ BEICOTHI paBHBI BhICOTE MpH3MbI — h. [110111a715 00KOBO TOBEPXHOCTH MTPU3MBI paBHA CYMME
TIoniaiell OOKOBBIX TPaHEH, TO €CTh MPSIMOYTOJBHHUKOB. [LIOMIans KaXI0ro MpsSiMOYTOJbHUKA €CTh
NPOM3BEICHUE BBICOTHI h M CTOPOHBI OCHOBaHUs. [IpocyMMupyeM 3TH IJIOIIA U U BEIHECEM MHOKHUTEIh
h 3a ckoOku. B ckoOkax mosryduM CyMMy BCEX CTOPOH OCHOBAHUS, TO €CTh IEPUMETP OCHOBaHHS P.
Takum o6pazom SO6ok=Pochh.

IIpocTrpancTBennast teopema Iludaropa
IIpsAmoii mapajuienenunes;, OCHOBaHUE KOTOPOIO — MPSAMOYTOJIbHUK HA3bIBAETCSA MPAMOYI0JbHBIM.

Teopema. KBajipaT nauHbBI IUaroHald OpsIMOYTOJIbHOTO Mapajlieienunesa paBeH CyMMe KBaJIpaToB
JUTH TPEX ero pedep, UCXOIAIINX U3 OJTHON BEPIIUHBI.
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Pucynok 4 — [IpssmoyronbHblii apaieiaenune
JlokazaTejbCcTBO

Paccmotpum mpsimoyronbablit napamuienenunen ABCDA1BIC1D1 u wnaiinem kBaapaT AJIUHBI €T0
nuaronann A1C.

s aToro paccmorpum tpeyrosibHUK A1AC:

Pe6po AA1 nepnernukymsipHo miiockoctr ocHoBaHus (ABC) (T.x. mapaienenunen npsiMoid), 3HAYUT
AA1 neprieHANKYNIApHA 1000 MPSMOH, JexkKalel B II0CKOCTH OCHOBaHUS, B ToM uucie AC. Takum
obpazom, AA1AC — npsIMOYTOJIHHBIMN.
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I[To Teopeme ITudaropa momyuaem: A1C2=AA12+AC2 ().

Boipazum tenepp AC. Ilo ycnoBui0O B OCHOBAaHUM JIEKHUT MPAMOYrojbHUK, 3HauuT AABC —
npsimoyroyibHbIN. [To Tepeme [Tudaropa momyuaem: AC2=BC2+AB2.

[ToacraBus pe3ynbTat B (1), momyunm: A1C2=AA12+BC2+AB2.
Tak Kak B OCHOBaHUU MPSAMOYToJibHUK, TO BC=AD.

Takum ob6pazom, A1C2=AA12+AD2+AB2.

Yro u TpeboBanock A0Ka3aTh

JlokazanHasi TeopeMa siBisieTcs aHasiorom teopeMsl [ludaropa (a1 npsMOyroasHOTO TPEYroIbHHUKA),
MOATOMY €€ MHOT/Ia Ha3bIBAIOT MPOCTPaHCTBeHHOH Teopemoii ITudgaropa.

IIpumepsl u pa3dop peleHus 3aJaHHI TPEHUPOBOYHOTO MOTYJIA
3ananue 1.

Haitgure nuis kaxk10i KapTUHKY TIapy

1) 2) 3)
B, C
A, : B,
Brosdeos) o
4% D
4) 5) 6)
Pemrenne

Bce nzo0paskeHuss MOKHO pa3feliuTh Ha JBE TPYMIbL: MPU3MbI 1 MHOTOYTOJBHUKU. BCcroMHMM, 4TO
OCHOBAHHUECM HpI/ISMI)I SABJIACTCSA MHOl"OerJ'II)HI/IK. Tenepb HGO6XO)II/IMO IIOCUYUTATh KOJIMYECTBO BepHII/IH
MHOTOYTOJIbHUKOB B OCHOBAHUSIX TIPU3M U COTIOCTaBUTH UX C HY)KHBIM H300pakeHneM. TakuM o0pazoM,
noxydaem ciuenyronmi oteet: 1 u3,2u 4,5 u 6.

3ananue 2

Kakue u3 nepeuncieHHbIX 00BEKTOB MOTYT ObITh 3JIEMEHTaMU MPU3MBbI?
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1) napasienbHbIe IUIOCKOCTH
2) OTpe30K

3) Touka

4) 4eTbIPeXyroJIbHUK
Pewenue:

BceroMHuM cHaudana, Kakue 3JEMEHTHI €CTh y NMPU3MBL. JTO pedpa, TpaHH, BEPIIWHBI, OCHOBAHMA,
BBICOTA, JUArOHAJIb.

Pebpa, BpicOTa M JqUaroHajib MPU3MBI MPEICTABISAIOT CO0OM OTpe3oK. I'paHM W OCHOBaHUS — 3TO
MHOTOYTOJIBHUKH, TO €CTh 4YaCTH TUIOCKOCTEN. Bepimnbl — Touku. Takum 00pa3oM, Moaxo/T BApUAHThI

2,3,4.

OtBer: 2,34

IIpakTH4yeckas 4acTh
1. Belyunte onpeneneHus u npaBuia.
2. [IpocMoTpuTE MaTepuabl MO CChIIKE:

https://resh.edu.ru/subject/lesson/6018/main/221554/

https://resh.edu.ru/subject/lesson/5443/main/21274/

3. BeImosHuTE TPEHNPOBOYHBIE 33/IaHUS 110 CCHUIKE:

https://resh.edu.ru/subject/lesson/6018/train/221559/
https://resh.edu.ru/subject/lesson/5443/train/21278/

3agaun

218 Jlokakure, UTO: a) y IPAMOM HpPU3MbI Bce OOKOBBIE I'DAHU — IPAMO-
YroJdbHUKH; 0) V IpPaBUJIBHONM HOPU3MBI Bce DOKOBBIE I'DAHU — pPaBHBIE
OPAMOYTOJIBHUKH.

219 B npaAMOyroJsHOM IapaJiielieldnefe CTOPOHLI OCHOBAHUA paBHBI 12 cM
u 5 cMm. [lumaromanp mapajiiienenumnena o0pasyeT ¢ ILIOCKOCTHIO OCHOBAa-
Hua yroa B 45°. Halimure 60K0BOe pedpo mapasiiesenuiiesa.

220 OcHoBaHueM HPAMOTO Mapajlleslenunena ABIIeTCA poMb ¢ AMATOHAA-
mu 10 em u 24 cm, a BeicoTa napauanenenunena pasHa 10 em. Haiigure
BOJBIIYI AMATOHANL IIapajle/ellnIesa.

221 CropoHa OCHOBaHHS IIPABUJIBHOM TPEyroJAbHOH HPMU3MbI paBHA 8 cM,
6oKoBOe pebpo paBHo 6 cm. Haligure mooimaas cedeHUsd, IIPOXOLAIIETO
yepe3 CTOPOHY BePXHEr0 OCHOBAHHMS H NIPOTHBOJIEKAIIYIO BEpPIIUHY
HUKHEr0 OCHOBAHUI.

222 OQOcHoBaHMeM NOPAMON NPHU3Mbl ABJAAETCA paBHOOeIpeHHAA TpANeI[HA
¢ ocHOBaHuUAMU 25 cM 1 9 cMm u BeIcoTOi 8 cMm. Hailigure AByrpaHHbIe
YIJIbI IpH ODOKOBBIX pEOpax IIPH3MbI.

223 UYepes gBa npoTuBOJIeKAIINX pebpa Kyba mpoBefeHO cedeHne, MJI0Ianb
KoToporo pasHa 642 cm2. Haiigure peGpo Ky6a U ero [UaroHasb.
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224 JIuaroHajab DPABUILHOHN YETLIPEXYTOJMLHON HNPHU3MLI HAKJIOHEHA K ILIO-
cKocCTH ocHOBaHuA mon yraom 60°. Haligure miomans ceueHusd, IPoOXo-
OAIIEr0 Yepes CTOPOHY HHIKHEr0 OCHOBAHUA M IPOTHBOJEKAIIYIO CTO-

POHY BEepXHEro OCHOBAHUSA, €CJH IUATOHAJIL OCHOBAHUA PaBHA 42 em.

225 JIuaroHajb TPaBUIBHOW YETHIPEXYTOJBHOM TIPU3MBI 00pasyeT ¢ IIO-
CKOCTBLIO DOKOBOI rpauu yroa B 30°. Halifure yroa MeXAy THATOHAJIBIO
U IJIOCKOCTBI OCHOBAHHA.

226 B mpaBuiIbHON YeTBEIPEXYTONMBHOW IIPHU3Me Uepes3 AHATOHAIbh OCHOBAHUI
MPOBEIEHO CeUeHMe MapaJlieJIbHO JHUArOHANU npusMmbl. Haaure mio-

magb CeueHUdA, eCJM CTOPOHA OCHOBAHHS IIPU3MEI paBHA 2 CM, a eé
BbICOTa paBHAa 4 cM.

227 OcHoOBaHHe NPHU3MEI — IPaBUIbHBIIA TpeyroabHuk ABC. BokoBoe peb-
po AA;, obpasyer paBHBIE VIVIBI CO CTOpoHaMHu ocHoBanusa AC um AB.
IToxaxxkure, uro: a) BC L AA,; 6) CC{B;B — 1paMOyTOJIbHUK.

228 OcnHoBanmeM HaKJOHHOH mpusmbl ABCA,B,C, aBiaserca paBHoOeIpeH-
HBIl TpeyroabHuK ABC, B Koropom AC=AB=13 cm, BC=10 cm,
a GoKOBoe pebpo Opu3MbI 00paszyeT ¢ ILJIOCKOCTLIO OCHOBAHUSA VIO
B 45°. IIpoeknueii BepIINHEI A; ABJIAETCA TOUKA IepecedeHUus MeJuaH
tpeyronbHuka ABC. Hafigure naomane rpaau CC,B,B.

229 B npaBWJIBHOH n-yroJLHON MPHU3Me CTOPOHA OCHOBAHWUSA PABHA d W BhI-
cota paBHa h. Berumcaure muomiaau O0KOBOM MU IMOJHOHM ITOBEPXHOCTH
npm3msbl, ecau: a) n=3, a=10 cm, h=15 cm; 0) n=4, a=12 gwm,
h=8 om; B) n=6, a=23 cm, h=5 gm; r) n=5, a=0,4 m, h=10 cmMm.

230 OcHoBaHHe MPAMOI IIPHU3MEI — TPEYTOJILHUK CO CTOPOHAMH 5 CM U 3 €M
u yraom B 120° memxay mmmu. Hambonbimasa m3 mromiazeiin 00KOBBIX

rpadeii pasma 35 cm?. Haiigure mniomazns OOKOBOH IOBEPXHOCTU
OIPU3MBEL.

231 CropoHBI OCHOBAHHUA IPAMOro mapajieenuiiena paBHbl 8 cMm u 15 cm
u obpasyror yroa B 60°. Menbinasa u3 ILIOIIAfel JHATOHAJIBHBIX cede-
Huit! paaa 130 em?. HafiguTe niaomanb IOBEPXHOCTH NapaLIeIenunesaa.

KonTpoJsbHbBIe BONPOCHI

Onpenenenre MHOTOTpaHHHUKA U €T0 AJIEMEHTOB.

Kakue ObIBatoT BUJIbI MHOTOI'PaHHUKOB?

[IpuBeauTe nprMepsl MHOTOIPAaHHUKOB KaK MOJIeJiel pealbHOro 00beKTa.

Cdhopmynupyiite TeopeM Ditnepy 1151 MHOTOTPaHHUKOB.

Kaxkue ObiBatoT BUJIBI pU3M?

HazoBure 351€eMeHTBI TPU3MBI.

Kak Bpruuciuth miomiaib 60K0BOH NOBEPXHOCTH U IJIOLIAAb TOJHON MOBEPXHOCTH MPU3MBbI?
Cdhopmynupyiite mpocTpancTBeHHYI0 Teopemy [Tudaropa.

N~ WNE
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INPAKTUYECKOE 3AHATHUE

IMupamuna.
e npakTHYECKOro 3aHATHS
1. 3aKkpenuTh TMOHATHS «IMHUPAMHIa», BHUIBI W €€ DJIEMEHTHI, IUIONIaJb OOKOBOW M TIOJHOMN
MMOBEPXHOCTH MTUPAMUJIBI.
2. Pa3Butp Jsormdeckoe MbIIIJICHWE, BHHMaHWE, NIaMsATh, YMEHHE BBIOMpaTh Hambosee

3¢ exTuBHBIA crocod pelieHus 3aja4 B 3aBUCUMOCTH OT YCJIOBUH, KPaTko U 4€TKO (GOpMYyIUPOBATH
CBOM MBICIIH, 00001aTh H3y4EHHBIH MaTepHal, padoTaTh B TPyIIaX.

MeToanuyeckuii MmaTepuaJ
[TonsTHe nUpaMubI.
Buael nupamu.
DNeMEeHTHI MUPaMUIbl: BEPIINHA, peOpa, TpaHU, OCHOBAHHE.
[Tnomaas 60K0BOM MOBEPXHOCTHU U MOJHON MOBEPXHOCTH MUPAMUIBL.
OnpepeneHue NUpaMmupbl

el Ny

PaccMOTpUM MHOTOYTONbHUK AqAs.. A, U TOUKY P, He nexkallyro B MNOCKOCTU 3TOM0 MHOMOYrofibHUKa
(puc.1). CoeMHMB TOUKY P ¢ BepLUMHaMW MHOMOYroflbHUKa, MOJTY4YMM N TPEYroNTbHUKOB: PAq Ay, PAJAs,...,
PALA,.

MHororpaHHuK, cocTaBneHHbIA U3 N-YrofibHUKa AjAs...Ap U N TPEYroNbHUKOB, HasblBaeTcA NMpaMuaon.
MHOrOYrofibHMK AqAs...An Ha3blBaeTCA OCHOBAHWUEM, @ TPEYTONIbHUKKN PA1A,, PAsA;,..., PALA1 — 60KOBble
rpaHu nupamuabl, oTpesku PAq, PA,,..., PA, — 60KoBble pebpa Nnpamuibl, To4ka P — BepluMHa nupaMunibl.
Mupamuay c ocHoBaHueM AqA;...A, U BEPWMHOW P HasbIBalOT N-YrofbHOW NUpaMuaoi U o6o3HavaroT
PA1 A A,

4

PucyHoK 1 - nupamupa
BbicoTa nupaMupbl

MepneHAWKYNAp, NPOBEAEHHbIN U3 BEPLIMHBI NMPaMUbl K MIOCKOCTU OCHOBaHMS, Ha3blBaeTCs BbICOTO
nupaMuabl. Ha pucyHke 1 PH sBnsieTcst BbicoToit. O6paTute BHUMaHWe, YTO BbICOTa MOXET NEXaTb U BHE
nupaMuabl (puc. 3) Unu 6bITb OAHWM U3 6OKOBbIX pebep (puc. 4).
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PycyHoK 3 — BbicOTa BHE NUpamubl

Sp

PucyHok 4 — BblcoTa npamuiibl - 60K0BOe petpo
lMpaBunbHaa NupaMuga

ByneMm HasblBaTb NpaMuay NpaBUIbHOM, ECNIN ee OCHOBaHWE — NpaBW/bHbIA MHOTOYTrOfIbHUK, @ OTPE30K,
COeAMHAOLWMIA BEPLIMHY NMpaMuAbl C LEHTPOM OCHOBaHUA, ABNSAETCA ee BbICOTON. HaNnOMHWUM, YTO
LIleHTPOM NpaBU/IbHOrO MHOTrOYrofibHVWKa HasblBaeTCA LEHTP BNUCaHHOW B HEro (MM onucaHHoM 0KoNo
Hero) oKpy»XHocTu (puc.5).

P

-

~
s A

PucyHok 5 — lNMpaBunbHaa nupamMuga

MpaBunbHas NMpaMuvaa obnagaeT HECKOIbKUMKW XOPOLIMMKW CBOMCTBaMK. [laBanTe BLIACHUM, KakKMMM.

PaccMOTpUM npaBunbHyo Nupamugy PA1A;... A, (puc. 5).
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[MycTb O — UEHTP ONMMUCaHHOW OKONO OCHOBaHNA OKPYXHOCTW, Torga PO — BbicoTa NUpaMuibl, 3Ha4nT PO
nepneHAnKynapeH no6oi NPAMON, Nexxalllel B NN0CKOCTU 0OCHOBaHWA. TakumM o6pa3oM, BbicoTa PO
nepneHAWKynapHa paguycam A0, A;0,...A,O.

ObpasoBaHHble BbICOTOI W paguycaMu TpeyronbHUKW ABNAOTCA NPAMOYroNbHbIMA. MNpUUem, 3T
TPeyronbHUKKM UMerOT 061UKit KaTeT — PO 1 paBHble KaTeTbl A10, A;0,...A,O (paBHbl Kak paguychbl).
3HauuT, TpeyronbHNKM POA, POA;,...POA,, paBHbl No ABYM KaTeTaM, 3Ha4UT paBHbl TMNOTeHY3bl PA7
PA,... PA,, KoTOpble ABNAKOTCHA 60KOBbIMU pedpamMi NpasuibHOR NMpamMuabl.

BOKOBble pebpa NMpaMi/ibl PaBHbl, 3Ha4YUT BOKOBbIE FPaHN — paBHOGEIPeHHbIE TPEYroNbHUKM.
OCHOBaHUsA 3TUX TPEYroNbHUKOB paBHbl APYT APYTY, Tak Kak B OCHOBaHWUU NEXUT NpaBUIbHbIiA
MHOTOYrofIbHUK. CnefoBaTeNnbHO, 60KOBble FPaHU paBHbl MO TPETbeMY NPU3HaKY paBeHCTBa
TPeyronbHUKOB.

Takum 06pa3soM, BEpPHbI CleayoLLMe YTBEPKAEHUSA:

Bce 60KoBble pebpa npaBUIbHON NMpaMUAbl paBHbI.
BokoBble pe6pa NpaBUIbHOI NTUPaMUAbI ABAAKOTCA paBHbIMU paBHOG6eAPEHHbIMMY TPEYrofIbHUKaMMU.

BBefeM elle oflHO onpeaenerHue. AnodeMoii HasbiBaeTcs BbiCOTa 60KOBOIA rpaHu NpPaBUbHOM
nupamMuabl, NPoBeeHHasn U3 ee BepLUMHbI. Ha pucyHKe 5 PE — ofjHa U3 anodeM.

Bce anohemMbl NpaBUIbHOM NMMpaMUbl paBHbI APYT APYrY KakK BbICOTbl B PaBHbIX TPEYrONbHUKAX.
YceyeHHaa nupaMmma

BosbMeM NPOU3BONBHYIO NUpamMuay PAA,.. A, M NPOBEAEM CEKYLLYHO NIOCKOCTL 3, NapanienbHyto
NNOCKOCTWM OCHOBaHUA NUpaMUfibl O U NepeceKaroLLyo 60KoBble pebpa B Toukax B1,B,,...B, (puc. 6).
MnockocTb B pasbusaeT NnMpaMuay Ha ABa MHOrorpaHHuKa. MHOrorpaHHUK, rpaHAMM KOTOPOro
ABNAKOTCA N-YrONbHUKU AqA;.. A, M B1B;...B, (HUXKHee U BepXHee OCHOBaHUA COOTBETCTBEHHO),
pacnonoXxeHHble B NapanneibHbIX NIOCKOCTAX U N YETbIPEXYTONbHUKOB A1A2B-B1, A2A3B3B,, ... A1ALBLB4
(60KOBbIE FpaHu), Ha3blBAETCA yceYyeHHOoW NMPaMULOoi.

P

PucyHok 6 — YceuyeHHasa nupamuja
OTpesku A,Bq, AsBy, ... AyB,, Ha3blBaOT 60KOBbIMM pebpaMm yCeUEHHON NMpamMuabl.

YCeyeHHy nMpamMuiy ¢ OCHOBaHUAMU A1A,...A, 1 B1B,...B, 0603HavyatoT cnefyoumm o6pasom:
AA;...AB1B,...B,,

MepneHAnKYNAp, NPOBELEHHbIA U3 KaKoW-HMBY b TOYKWN OQHOMO OCHOBaHWA K NJIOCKOCTM APYroro
OCHOBaHWA HasblBaeTCA BbICOTOI yce4eHHOM nupaMuabl. Ha pucyHKe 7 oTpeskn HHy u B10 —BbICOTbI
yCeYeHHOW NupamMmngpl.
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PucyHoK 7 — BbicoTa yCceuyeHHOW nnpamMuabl

Mnowagb NOBEPXHOCTH NMpaMuUabl

Mnollaabto NONHON NOBEPXHOCTM NMPaMKUbl Ha3bIBAKTCA CYMMa NoLlafeid Bcex ee rpaHei, a
nnolaaeo 60KOBON NOBEPXHOCTM NMpaMMAbl — CYMMa Nollafen ee 60K0OBbIX rpaHei.

Ona nupaMulibl, BEPHO PAaBEHCTBO Spony= SeoxtSock-

[okaxem Teopemy Ans nnoilaam 60K0BoN NOBEPXHOCTU NPaBUJIbHON MUPaMUbI.
Teopema. MNnowaab 60KOBOI NOBEPXHOCTU NPaBWUbHON NMpaMUbl paBHa NoNOBMHE NPON3BeeHus
neprmMeTpa OCHOBaHMSA Ha anodemy.

[ns nnouwaan 60K0BOI NOBEPXHOCTH YCeYeHHOM NMpaMUabl BEpHa cnejytollasi TeopeMa

Teopema. Mollab 60KOBOI MOBEPXHOCTU NPaBUIbHOI YCeYeHHOM MMpaMuibl paBHa Npou3BeaeHNnto
NonyCyMMbl NEPUMETPOB OCHOBaHWit Ha anodemy.

HpaKTH‘leCKaﬂ 4acTb

1. Beryunte onpeneneHus U npaBuia.

2. [IpocmoTpuTe MaTepuasl IO CCBIIKE:
https://resh.edu.ru/subject/lesson/5866/main/

3. BLIHOJ'IHI/ITG TPECHUPOBOYHBIC 3aJaHHs 110 CCBIIIKE:

https://resh.edu.ru/subject/lesson/5866/train/221584/

3agaun

239 OcuoBaHueM NUpPAMUBI ABJIAETCH POMO, CTOPOHA KOTOPOTO PAaBHA H CM,
a omgHa U3 guaroHaseill paBHa 8 cMm. HalimuTe 60KOBble pédpa mHpaMu-
IbI, €CJIH BBICOTA €€ IMPOXOAUT UePe3 TOUKY IepeceueHUs AHATOHAJIE
OCHOBaHUS W pPaBHA 7 CM.

240 OcHoBaHWeM THUPAMULI ABJISETCH MapaJLIeIOTrPAMM, CTOPOHBI KOTODO-
ro paeusl 20 cm u 36 cM, a mromangs pasua 360 cu?, Bricora mupaMmu-
[IbI IPOXOUT Yepe3 TOUKY TepeceueHusi [UATOHAeN OCHOBAHUSA U PaB-
Ha 12 cm. Haiagure miaomass O0KOBOM MOBEPXHOCTH IMTHPAMWII.

241 OcHOBaHHMEM TTHPAMUJLI ABJISETCH MapaJLJIEIONPAMM CO CTOPOHAMH 5 M
u 4 M U MeHbINIEH QUATOHAJLI0 3 M. BbicoTa MUPAMUIBI IPOXOJUT Ue-
pes TOUKY IepeceueHUs qUAroHajeil ocHOBaHUA M paBHa 2 M. Hailigure
IJIOIIAAL MOJHONW IMOBEPXHOCTH MHDPAMUIEL.
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OcHOBaHMEM MOHPAMHUIBLI ABJSETCA KBaJApaT, OOHO M3 OGOKOBBIX pébep
NePHeHAHKYJIAPHO K IJIOCKOCTH ocHoBaHWsA. [liockocTh GoKOBO#M Tpa-
HUY, He IIPOXOJSAINeil yepes BLICOTY MUPAMUILI, HAKJIOHEHA K IIOCKOCTH
ocHOBaHUA mof yriaom 45°. HaubGouabinee 60KoBoe peGpo pasHo 12 cm.
Haiigure: a) BeIcOTY muUpamM#Abl; 0) mJIonajgs O0OKOBOH IMOBEPXHOCTH
MUPAMHUIEL.

OcHoBanmem nupamunsl DABC saBnsierca TpeyroasHUK ABC, y KOTO-
poro AB=AC=13 cm, BC=10 cm; pebpo AD mnepueHAHUKYJIAPHO
K IJIOCKOCTH OCHOBaHWA M paBHOo 9 cm. Haiigure miomans GOKOBOIL
MOBEPXHOCTH MUPAMHIEI.

OcaoBanmem mupaMujbl DABC aBnsgercAa NPAMOYTOJBHBIN TPEyToJib-
HUK ABC, y xkoroporo runotenysa AB paBHa 29 cM, a kater AC paBeH
21 cMm. Bokosoe pedpo DA mepneHIUKYJIAPHO K ILNIOCKOCTH OCHOBAHHUA
u paBuHo 20 cm. Hailigure niomanabs 60KOBOM NMOBEPXHOCTH NMUPAMHILI.

OcHOBaHMEM MUPAMU/IBI IBJASETCH MPAMOYTOJLHUK, JUATOHAIL KOTOPO-
ro pasHa 8 cMm. IlnockocTH ABYX OOKOBBIX TpDaHEil MepPHeHIWKYIAPHEI
K MJIOCKOCTH OCHOBAHUA, a [iBe APYyTHe GOKOBbIe TpaHu 00pa3yioT ¢ OCHO-
BaHueM yrabel B 30° u 45°. Haiizure mromanbk TOBEPXHOCTHA THPAMU/ILI.
BricoTa TpeyroabpHOW mupamuabl paBHa 40 cM, a BeIcOTa KaykKIoH 0o-
KOBOM TpaHu, MPOBEJEHHAS W3 BePIIUHBLI MUpaMuabl, paBHa 41 cwm.
a) [okaKkuTe, YTO BBICOTA ITHPAMHIBLI IIPOXOJUT UYepPe3 IEHTP OKPYIK-
HOCTH, BIIMCAHHOI B eé ocHoBauwe. 0) Hailigure mmomnans ocCHOBaHUS
MUPAMUIBI, €CIH ero MepUMeTD paBeH 42 cM.

JByrpaHHBIE YIJIBI IIDM OCHOBAHWH NHpPaMUALI paBHBI. JlokaskuTe, UTO:
4) BBICOTA MUPAMU/BI IPOXOJUT Yepesd IEHTP OKPYKHOCTH, BIIMCAHHOMN
B OCHOBaHHME NHUPaMHIbI; 6) BBICOTHI BCeX OOKOBBIX I'DaHeil, IPOBeJEH-
HBIE W3 BEPINTUHBI MUPAMHU/LI, DABHBI; B) ILIOINAAL OOKOBOI MMOBEpPX-
HOCTH NTUPAMUJbl PABHA IIOJOBUHE NPOU3BeIEHUA IIePUMEeTPa OCHOBA-
HUA HA BBICOTY O0OKOBOM I'DaHU, MPOBEAEHHYIO U3 BEPIITNHEBI THPAMUIBI.

OcHOBaHMEM NHUPaAMUIBI ABJIAETCA TPEYTOJIbHUK cO cTopoHamMu 12 cwm,
10 cm m 10 cm. Kaxknasa GoxoBasd rpaHb NUPaAMUbLI HAKJIOHEHA K OCHO-
BaHUIO mmoj yriom 45°. Haiigute miomans GOKOBOW IMOBEPXHOCTH MHU-
paMu/IbI.

B nmupamune Bce O0KoOBEIe péOpa paBHBI Me:XKay coboii. [lokaskure, UTO:
4) BBICOTA MHPAMU/LI IPOXOJUT UYepesd IEeHTP OKPYIKHOCTH, OMUCAHHOMN
OKOJIO OCHOBaHUsA; 0) Bce OOKOBBIe pPEOpa MUpPaMHUIBI COCTABJIAIOT PaB-
HbIE YIJIBI C TJIOCKOCTHI) OCHOBAHUA.

OcHOBaHMEM THPAMHJLI HABJIAETCA PABHOOEJPEHHBIH TPEYTOJIbBHHUK

¢ yraom 120°. BorkoBble pébpa o0pasyioT ¢ eé BbICOTOI, paBHoii 16 cwm,
yrael B 45°. Hailigure nuoniafb OCHOBAHUA NMUPAMUILI.

OcuoBanuem mupamuabsl D ABC ABIseTcsa TPAMOYTOJIbHBIA TPDEYTOJBHUK
¢ runotenysoii BC. BokoBbele pé0pa mMUpaMUILI PABHLBI IPYT APYTY, a eé
BeIcOoTa paBHAa 12 cm. Halimure 60koBoe pebpo nupamMusl, eciu BC =10 cM.
OcuoBanuem nupaMuasl DABC aBnserca paBHOOEIPEHHBIA TPEyIroJib-
auk ABC, B KotopoMm cropousl AB u AC pasHbl, BC=6 cM, BEICO-
ta AH paBHa 9 cm. MaBecTHo Taxke, utro DA =DB=DC =13 cm. Haii-
JUTEe BBICOTY THPAMUIEI.

OcHoBaHHEeM nmUupaMubl ABJIAETCA paBHOﬁe)IpeHHﬂH Tpanenusa ¢ OCHO-

BaHUAME 6 cM 1 4V6 cM u BBICOTOH 5 CM. Kasxknoe 6oxoBoe pebpo mu-
pamuael paBuo 13 cm. Hailigure e€ BuICOTY.

B mpaBMiabHOI TpeyrolbHON NMHpaMHe CTOPOHA OCHOBAHWUSA paBHA d,
BrIicoTa paBHa H. Haligure: a) 60KoBoe peOpo mMUpaMUAbI; 0) MIOCKMIL
YroJl IIPpH BepPIINHE TUPaAMUAIBI; B) YIOJ MeXIy GOKOBBIM peGpoM H IJIO-
CKOCTBIO OCHOBAHMS ITHPAMHIBI; ') YIoJ MeXXAy OOKOBOM TI'paHbBI0 U
OCHOBaHHMEM NHPaMWALI; /) ABYrPaHHBLIN yroa mnpu OGOKOBOM pebpe
IADPAMUIEL.
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B npaBuibHOI TPEeyroJbHOM MUpaMUe CTOPOHA OCHOBAHUS PAaBHA 8 cM,
a TMJIOCKHI yTOoJI IIPH BepiluHe paBeH ¢. Hailinure BhICOTY BTOH ITHpa-
MHUJIBL.

B npaBHiIBHOI 4YeTBHIPDEXYTOJNbHOM NMHUPaAMUAE CTOPOHA OCHOBAHUA PaB-
HA m, a IJOCKWIl yroJa mpW BepIIMHe paBeH o. Haiigure: a) BBICOTY
nupaMujbl; 6) 60KoBOe pebpo MUPAMHUILI; B) YroJl MeKAy O0OKOBOM rpa-
HBIO U IIJIOCKOCTHIO OCHOBAHUSA; T') ABYT'PAHHEIN YroJI MPU GOKOBOM pel-
pe mUpaMuEL.

BricoTa TpaBUIBHON TPEeyTONBHON MUpaAMHUILI paBHA A, a NBYTDAHHBIN
yroJl MpU CTOPOHE OCHOBaHHsA paBeH 45°, Hadaure niaoimajb moBepx-
HOCTH TUPAMHBL.

BoxoBoe pebpo mpaBUIABHON YeETHLIPEXYTOJIBHOM IHPAMHUIABI 00pasyer
yroJ B 60° ¢ mockocThi0 ocHoBaHuA. HaliguTe miomajk IOBEPXHOCTH
nupaMuabl, ecau 6okoBoe peGpo paBHo 12 cM.

B npaBuILHON YEeTHIPEXYTOJIBLHOM THUPAMULE CTOPOHA OCHOBAHUSI PaBHA
6 cMm, a yros HakJioHa OOKOBOII I'paHM K NJIOCKOCTH OCHOBAHHUA pa-
BeH 60°. Haligure D0KOBOE pedpo MHUpPaMHA/IBI.

B npaBussHO#M TpeyronsHoil mtupamune DABC uepes 6oxkoBoe pebpo DC
u BbIcOTY DO mmpaMuAbl MpOBeJeHa IJIOCKOCTH O. [okaykuTe, 4TO:
a) pebpo AB meprneHIUKYJIAPHO K ILIOCKOCTH ¢; 0) HepHeHIUKYJIAP,
npoBeNéHHLIN U3 BepinuHbI C K amodgeme rpauu ADB, aBindercs mep-
NeHIUKYJISpoM K maockoctu ADB.

HokaskuTe, YTO B IPABUJIBHON TPEYTOJLHON MUPAMUAE CKPEIUBAIOIIIHN-
eca pédpa B3aMMHO TEPHIeHIUKYISIPHEL.

HokaykuTe, UTO MIOCKOCTH, IPOXOASINAA Uepe3 BBICOTY MPABUILHON
MUPAMUABI ¥ BBEICOTY OOKOBOM IpaHM, NEePIEeHAUKYJISAPHA K MJIOCKOCTHU
OOKOBOM I'paHM.

KonTpoJsbHbBIE BOPOCHI

agrwdE

ChopmynupyiiTe HOHATHE TUPAMUIBI.

Kaxue Buab! nupamus Bbl 3HaeTe?

Kaxue anemeHTsl nupaMusl Bbl 3HaeTe?

Kak Beruucnuth miomiaib 60KOBON MOBEPXHOCTH MUPAMUIbI?
Kaxk BBIUMCINTE IUI0MIA/(b TOJHOW TOBEPXHOCTH TUPAMHUBI?
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HNPAKTUYECKOE 3AHATHUE
Tena Bpamenus. Huaunap.
eJb NpakTHYeCKOr0 3aHATHS

1. CucreMaT3upoBaTh U 000OUTUTH 3HAHUS O IMIIUHIPE.

2. 3akpenuTsb (popMyIIbl II0aa1 OOKOBOM MOBEPXHOCTH U TUIOIIAU OCHOBAHUS U UX IPUMEHEHUE
JUTSL HAXOJKJICHUS OTIPEICIIAIONINX JIEMEHTOB TEJa BPAILLICHHUS.

3. [ToBTOPUTH M 3aKPENUTh MOHATHS LIJIMHAPA KaK Teja BpaIleHUs, OCH IMIMHIPA, OCHOBAHUN
IWIMHPA, BEICOTHI IIMJIMHIPA, 00pa3yromei HIHHIPA, OCEBOTO CEUEHUS IIMITHHIIPA.

4. [ToBroputh (opmynsl TuIOmEAAEH OOKOBOH M TONHOM TOBEPXHOCTEH MWIMHApPA U WX
MPUMEHEHHE MIPU PEILIeHUH 3a/au.

5. Pa3BuBaTh NpoCTpaHCTBEHHOE BOOOPAKEHUE U JIOTHYECKOE MBIIIICHUE YUAIUXCSI.

6. dopmMupoBaTh HABBIKM MPUMEHEHUS paHee MOJIYyYSHHBIX 3HAaHUI B HECTAaHAAPTHBIX CUTYaIUsX.
7. Pa3BuBaTth 0OmIEydYeOHbIE yMEHHUS W HABBIKM (aHAIW3, CHHTE3, CpaBHEHHE, OOOOIICHHE) W

yYMEHHE Ha0JII0/1aTh.

MeToanuyeckuii MaTepuas

1. Teno BpateHus.
2. [ummHapudeckas OBEPXHOCTh, €€ 00pasyrolas; IMINH/P, BCE €ro AIEMEHTHI H CEUYCHUSI.
3. [Tnomaau moBepxXHOCTEH MMIMHIPA.

1. OcHOBHbIe onpeaeneHna
OnpepgeneHne

LiMnnMHApUYecKoi NOBEPXHOCTbIO Ha3blBaeTCA NOBEPXHOCTb, 06pa3oBaHHan NpPAMbIMU, MPOXOAALLUMM
yepes BCe TOYKM OKPYXXHOCTW, NePNeHAUKYNIAPHbIMU NOCKOCTMW, B KOTOPOM NIEXMUT 3Ta OKPY)XHOCTb
(cm.puc.).

FA
Q

f
[

D,

OnpepgeneHne

Camu npAMble Ha3blBatoT 06pasyoWUMMiA UIMNIMHAPWYECKOR MOBEPXHOCTH.
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OnpepeneHuve

Mpamagn, npoxodallana Yepes TouKy O, nepneHauKYyNApHO K NMNOCKOCTU, HasbiBaeTcA OCbHo
LI,MHMH,E[DW—IGCKOFI NMOBEPXHOCTW.

Tak Kak Bce 06pasytoline U 0Cb NepneHaNKYNSpHbI NNOCKOCTM «, 3HAaYUT OHW NapannenbHbl Apyr Apyry
(BCNOMHWTL TeopeMy «ECnv ABe NpsiMble NepneHAUKYNAPHbI K NJI0CKOCTU, TO OHU NapannebHbi»).

Ecnu NOCTPOUTL eLlé ofiHY NJIOCKOCTb 3, KOTopas 6yfeT napansenbHa NnockocTh «, TO OTPE3KM
06pasyoLLMX, 3aKNFOYEHHbIE MeX Ay NTOCKOCTAMM « W B 6yayT napannesbHbl M paBHbI ApYr Apyry
(BCMOMHUTL CBOWMCTBO NapannenbHbIX MNI0CKOCTeH «0TPe3KM NapaniebHbIX NPAMbIX, 3aK/THOUEHHbIE
MeXJly NapannenbHbIMU NIOCKOCTAMM, PaBHbI»). TOUKU, ABNAOLMECS KOHLI@MYU OTPE3KOB
napannefbHbIX MPSMbIX 1 NeXallue B MNI0CKOCTH B, Aat0T OKPYXHOCTb, PaBHYHO OKPY>KHOCTH, Nexalllel B
NNOCKOCTH a.

OnpegenexHue

Teno, orpaHU4yeHHoe UMIMHAPUYECKOW NOBEPXHOCTLIO U IBYMSA Kpyramu (rpaHMlel KOTOPbIX €CTb T€
CaMbl€ paBHbl€ OKPY>XHOCTU B NJIOCKOCTAX @ U B) Ha3biBa€TCA UNWJIUHOPOM.

Ocnosanue
yunuHndpa

IHuaundpuueckas
noeéepxnHocms

O6pa3syroujue =—__

OcHosanHue
yuauHopa

Ocb yuaundpa

OnpepenexHue

Kpyru Ha3bIBatoTCA OCHOBaHUAMY LMNNHPA, OTPE3KN 06pasyoLLMX, 3aKTHOUYEHHbIE MeX Y
OCHOBaHMAMMU, - 06pasyroLLIMMU LMUHAPAE, @ 06pa3oBaHHasa UMK YacTb LUMTMHAPUYECKO NMOBEPXHOCTU —
60KOBOW NOBEPXHOCTLIO LUMIMHAPA.

OnpepgeneHue
Ocb UMAUHAPUYECKOI NOBEPXHOCTU HasblBaeTCA OCbI LMNMHApa.
OnpepgeneHue

[nvHa o6pasytolileil HasblBaeTCsA BbICOTON UMAMHAPA (Bce 06pasytollue paBHbl U NapanebHbl), a
pajuyc OCHOBaHUA — paJuycoM UMAUHAPa.

TakXKe UMTMHAP MOXHO NOJTy4uTb BpalleHMeM NPAMOYrofibH1Ka BOKPYT OflHOM U3 CTOPOH. Toraa ata
CTOpOHa (BOKPYr KOTOPOI NPOUCXOAMT BpalleHne) 6yAeT coBnaaaTh ¢ 0Cbio UMIMHAPA,
NPOTUBONONOXKHAs CTOpOHa 6yAeT 06pa3oBbiBaTh 60KOBYHO MOBEPXHOCTL, @ 1BE OCTABLUMECS CTOPOHbI
06pasytoT BEpPXHEe U HUXXHEeE OCHOBaHUSA, OAHOBPEMEHHO ABNAACH paauycamn LMNMHAPA.
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2. CeYyeHUA UUIMHApa pas/IM4YHbIMU MIOCKOCTAMM

MycTb ceKyLlas NNocKoCTb NPOXOANUT Yepes oCb UMAMHAPaA. Takoe cedeHne HasblBaloT 0ceBbiM. OHO
npeAcTaBnaeT coboii NPAMOYroNbHUK, [IBE CTOPOHbLI KOTOPOro — 06pasyiolLue, a ABe Apyrie — AuaMmeTpbl
OCHOBaHUI LMnnMHapa.

\J\/__//

Ecnu cekyLlan NNoCKOCTb NPOXOAMT NapanienbHo ocy UMNWHAPA, HO HE COAEPXUT CaMy OCb, TO CEYEHUE
ABNAETCA NPAMOYroNbHUKOM [IB€ CTOPOHbI KOTOPOro — obpasytollne, a e Apyrue — oTPeskHu,
CoefUHALLE 3TU 06pasytoLine B BEPXHEM U B HUXKHEM OCHOBaHWU (SAMEYAHUE: 3T OTPe3KM MeHblLUe
JANaMeTpPOB OCHOBaHWM LMNUHAPA).

3. OcHOBHble hopMynbl
Qopmyna Ans BblMUMCNEHUA NoWaan 60KOBON NOBEPXHOCTU UMNUHAPE: Sgo=2TRL.

To ecTb nnouwanb 60KoBOW NOBEPXHOCTW paBHa Npon3BEAEHWNHO ONTMHDBI OKPYXHOCTW OCHOBAHWA
UMNMHAP&a Ha ero BbiCOTY.

Mnowaabio NONHOW NOBEPXHOCTH LMAMHAPa HasblBaeTcA cyMMa niolafeil 60KoBoi NOBEPXHOCTU U
[BYX OCHOBaHWiA. B BUZie GOopMynbl 3TO MOXHO 3anucaTh TaK: Sqon=2TR(R+L).
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MpuMepbl 1 pa3bop pelleHUs 3afaHuii TPEHUPOBO4YHOro MoaynsA
1. JaH umnuHap.

BbiGepuTe 3HaueHWe nnowiaav ero G0KoOBON NOBEPXHOCTY

1) 60m

2) 1921

3) 1201

4) 361

PelleHue:

Mnolwanb 60KOBOW NOBEPXHOCTU BbluucnAeTcA no popmyne: S=21RL.
R=6, L=10

MoacTtaBumM: S=211-6-10=120r11.

OTBeT: 3) 120m

2. MNOCKOCTb, NapannenbHas ocH LIMNMHAPA, OTCeKaeT OT OKPYXHOCTU ocHoBaHus ayry 1200,
O6pasytollas ULMNMHApPa paBHa 6 +3 , pacCTosHWE OT OCKM [10 CeKyLL el NJIOCKOCTM paBHo 1. Hailgute
nnoLwank cevyeHumsn.

PelueHue:

Caenaem YepTex:

Mo ycnoeuto 3aga4yn L AOB=1 20 BC=6 3

PaccToAHWe OT OCH [10 CEeKYLLER NNOCKOCTH - OTPE30K OH=T.
HalgeM cTopoHy AB ceyeHus.

AOHB - NpAMOYTONbHBLINA.

B AOHB: OH=1, L_HOB=60".

HB=OH-tg60°=1- 3

Sceu=6 V3 ¢ V3 =18

OTBeT: 18
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3. BblCcOTa UMnuHApa Ha 6 6oNblie ero paguyca, nnollagb NOJHOW NOBEPXHOCTU paBHa 1441, HalnguTe
ero o6pasyroLLyto.

PelweHue:

Shonn =2TMR(R+L)

Mo ycnoButo 3agadun L=R+6.

144n=2nR(R+R+6).

Monyynnu KBaapaTHOE ypaBHEHWE OTHOCUTENBHO pajuyca:
R%+6R-72=0

R=-12 unu R=6. TaK KaK AfnHa paauyca He MoXeT 6bITb OTpULaTENBHON, Nonydyaem 3HadeHune: R=6. Toraa
obpasyroulas UMn1MHapa pasHa 12.

OTBeT: 12.

IIpakTH4eckas yacThb

1. BelyunTe onpeneneHus u TEOPEMBI.

2. [IpocMoTpuTe MaTepua 1o cChbuUIKe:
https://resh.edu.ru/subject/lesson/6300/main/22494/

3. BBIHOJ'IHI/ITC TpeHI/IPOBO‘{HLIe 3a1aHUsA 11O CCBIJIKE:
https://resh.edu.ru/subject/lesson/6300/train/22498/
3agaun.

320 okasuTe, 4TO OCeBOE CedYeHHE HNHIHHApPA ABAAETCH NPAMOVIOJLHH-
KOM, JBe INPOTHBONOJOMHBIE CTOPOHBI KOTOPOTo — obfpasayioiiue, a ase
Apyrie — IHaMeTpsl OCHOBAHMHE nuaunuapa. Haiigure fpuarodans oceso-
ro cedeHus, ecjaM paguyc UUIMHApa pased 1,5 M, a BelcoTa paBHa 4 M.

321 JIuarosHans OCEBOr0 CeHeHMA NHUIMHApA pasua 48 cM. YroJd Messay aToi
AUATOHANBI U obpasyomel nuinagpa pasen 60°. Hafigure: a) BuicoTy
muanHgpa; 0) pagMye UHAHHAPA:; B) NAI0LIAAL OCHOBAHMA WMIMHIPA.

322 Ocepoe ceyeHre HUJIHHIPA — KBajpaT, AHAroHalbk KoToporo pasaa 20 cm.
Haifigure: a) BeicoTy MHAHEAPA; §) IoMALL OCHOBAHMA IHUIHHIADA.

323 Ocepble cedeHMs ABYX HHUIAMHAPOB pasHbl. BepHo nu, 4To BRICOTEL ABVX
OUIHHAPOB PABHBI, €CJIH PABHBI MX OCEeBLIE CeYeHHHA?

324 [Inomajk OCeBOro cedeHHMA NMIHMHApa paBHa 10 M2,
pauuA pasHa b m?. Haifigure BhICOTY NHUIHMHApPA.

328 Ilnomags ocCHOBAHMA HHAMHAPA OTHOCHTCA K IJIOU[AAH OCEBOI0 cede-
HHA KAK Jﬁn :4. Haitpure: a) yroa Memsiy IHANOHANLID 0CEBOIO ceude-
HUA MUIMHAPA U ILIOCKOCTBE OCHOBAHMA; 0) yroJ Mexay AHATOHAN-
MH OCEBOI0 CedYeHMd.

326 HKounnwnr orpeska AB JneMaTrT Ha OKPYEHOCTHAX OCHOBAHMI IMIHMHApPA.
Paguye nuaubapa pased r, ero seicota — h, a paccTosHBe Mesxay HIpH-
moit AB u ocwkio nunuugpa pasao d. Haiigure: a) k, ecan r=10 am,
d=8 gm, AB=13 gm: 6) d, ecin h=6 cm, r=5 cm, AB=10 cm.

327 JHokasxkuTe, 4TO eClAH CeKVIIAA LIOCKOCTh HDapaslienbHa oCH HHIAMHADA
H pPACCTOAHHEe MeXAY AToH NI0CKOCTEI0 H 0ChI0 MHIHHADA MeHLBIIEe ero
paguyca, To cedeHMe MAMHAPA OpefcrasigeT coboil NpAMOYVIOILHHE,
Be NpOTHBONOMOMHLIE CTOPOHEI KOTOpOoro — obpasyionige IUAHHIADA.

a IJIOMAAE OCHO-
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Bricora nuaunHgpa pagsga 8 cM, paguye pased 5 cvm. Halinure miomans
CcedeHHA IMHIHHAPA IJI0CKOCThID, NapPAJIe/bHOH ero ocu, eciid paccTo-
AHHE MEeXIY 9T0H ILIOCKOCTRI0 M OChH) ONHJIHHADA PABHO 3 CM.

Bricora nmauuapa pasaa 12 cm, a paguyce ocHosanua pasen 10 cm.
IMunuuaap nepecedéH ILIOCKOCTLID, NApPAJLIeNBHOH ero ocH, Tak, 49TO
B CeUYEHHMH NOJy4YMiIcHa kpagpar. Haligure paccrogHue OT OCH IHIHHI-
pa a0 cexkyiei mIocKoCTH.

Bricora nuauaapa pasaa 10 gm. Ilnommans cededua MUIMHAPA ILI0CKO-
CTLID, NAPANIEILHOH 0CH HHIMHAPA ¥ VIANEHHOH Ha 9 1M oT Heé, pas-
na 240 gm®. Haiiaure paguye nuiammHppa.

Yepes obpasviomyin A A, DHIMHAPA OPOBeIeHbl ABe CeKyINHe ILI0CKO-
CTH, 0JHA M3 KOTOPhLIX HNPOXOAHMT Hepes ochk nuamaapa. Hailigure or-
HOLIEHHe Naoulageill cedeHHl HUAMHAPA STHMH IIOCKOCTAMEM, ec/iH
YIroJl Memy HHMH paBeH .

Bricora nunuaapa pasaa h, a mnoinaik oceBoro cedenud pasaa S. Haii-
OuTe NA0IMAAL CedMeHHMHA NUIMHAPA LIOCKOCThIO, HApALIeNdbHOH ero
OCH, eC/H PACCTOAHHE MeMIAy OChI MHAMHAPA M ILUIOCKOCTLIO CeYeHHs
pasHO d.

IInockocTs, HDApAJLIENLHAHS OCH IHUIAHHIADPA, OTCEKAET OT OKPVYIHOCTH
ocuosanua ayry s 120°. Haijigure naoigais cedeHis, ecjlii BRICOTA (M-
JuHApa paBHa fi, 4 pacCcTOAHHE MEHAV OChbH IHIAHHAPA M Ceryilei
ILIOCKOCTLIO paBHoO d.

IlnockocTs, HDapajulelbHAS OCH IHUIAHHApPA, OTCEKAET OT OKPVHHOCTH

ocuosanpa ayry B 60°. Obpazyooias NUIMHAPA PABHA 1043 cm, pac-
CTOAHHE 0T OCH 00 cekvieii maockocTu pasao 2 ecm. Haligure moomans
CedeHus.

Hepes obpasyvioniyvio MHIMHAPA HpPOBEAeHEl [Be B3AMMHO HepHeHIHKY-
JApHble niaockocTH. ILnomansk Kamgoro M3 HoJAyYeHHBIX cedeHHH pas-
ua S. Haligurme mioiagk oCeBOro cedeHnd MHIMHIPA.

IuaMerp OCHOBAHMSA HNMIMHApPA paBed 1 M, BhicoTa HHAMHAPA paBHA
IauHe oKpyi#HOCTH ocHoBanusa. Haitpgure nnomans GoxoBoil moBepx-
HOCTH HHUJIHHIPA.

Ilnomaae GoxoBOll HoBepXHOCTH HHUIMHApa pasuHa S. Haiftgure nao-
Ak OCEBOI0 CeYeHMHA LHIHHIDA.

Croabko noHagoduTea Kpacks, 4rofbl noxkpacuTs 0K HUIHHApHYE-
croit opMbl ¢ guaMeTpoMm ocHoBaHusa 1,5 M M BeicoTOH 3 M, ecaM Ha
OMH KBaJApAaTHEIN Merp pacxoayerca 200 r kpacku?

Bricora nunuaapa #Ha 12 cm Doaslue ero paguyca, a IJI0MIALL IOJIHON
noeepxHoctH passa 28871 em®. Haiigure pajguyec oCHOBAHUA M BLEICOTY
HHIHHADA.

CrOABLKO KBAJAPATHBIX METPOB JHCTOBOH ecTH HoiigéT Ha HM3roToBJIe-
aue Tpydel gauHoit 4 M 1 guamerpos 20 oM, ecnad HAa MIBLI HeoOxXomLH-
mo gobasuTs 2,5% nnomanu eé doxosBoil noBepxHoCTH?

Yron me:xagy obpasyomeil MUIMHAPA M IHATOHAJILIO OCEBOr0 CedeHMs
paBeH @, ILIOIANL OCHOBAHMA NMUIMHApa paBHa S. Haiigure ninomans
00KOBOH NOBEPXHOCTH IMJIHHIPA.

Yron mexay AHArMOHAJAAMH pasBepTHH DOKOBOH NOBEPXHOCTH I[MIHH-
Apa paBeH §, auaroHant pasHa d. Haiigure nnomanu Soxosoit 1 nomu-
HOH HoBepxHOCTEH IMMJIHHApPA.
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343 MWz kepagpara, gHaroHaAsL KOTOPOro pasua d, cBépHyTa DOKOBaA MOBEpPX-
HootTs nunuuapa. Hafinure nioomans 0CHOBAHUSH 3TONO LMIHHAPA.

344 IIunmuap Dosay4eH BpalleHHEM KBAJPATA CO CTOPOHOH a BOKPYD OJHOH
ua ero cropon. Haliiure naoniags:
4a) OCeBOro CeYMeHMHA NHIHMHAPA; 0) GOKOBOH NOBEPXHOCTH IHUIMHADA;
B) MOJHOH MOBEPXHOCTH IHUIHHIPA.

345 Opun nuIuuaap DoaydeH eBpanienuesm npamoyroiasuuxa ABCD soxkpyr
npamoil AB, a apyroid MUAIHHAD — BpalleHHeM 9TOro e IPAMOYIoiib-
HUKa BOoKpyr mpamoil BC. a) Horxasmure, 4To LIomags DOKOBBIX IO-
BEpXHOCTEH 2THX IMIMHAPOE paBubl. 6) Haiimure oTHONIeHMe ILJIOIMA-
Aell NOJHBIX HOBEPXHOCTEeH aTHX UHIAMHAPOB, ecau AB=a, BC=05b.

KonTpoJibHbIE BONIPOCHI;

1. Urto Takoe Teno BpaleHus?

2 Uto Ha3bIBETCS HWJIMHAPUYECKON TOBEPXHOCTHIO?
3. Kaxkue snemeHTsI IMIUHIpPA BBl 3HAECTE?

4 [Tnomane MoBEpXHOCTEH MUIUHIPA.
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INPAKTUYECKOE 3AHATHUE

Konyec.
eJb NpaKTHYECKOT0 3aHATHS
1. CdopmupoBaTh NOHATUS KOHUYECKON TOBEPXHOCTH, CEUEHUIN KOHYCA U €r0 AJIEMEHTOB.
2. CdopmupoBaTh HaBBIKM PELICHUS 33]a4 Ha HAXOXKJECHUE AJIIEMEHTOB KOHYCa, UCIOJIb30BAHUS

(dopmyI1 BeraucieHus: 00KOBOM M MOJTHON MOBEPXHOCTH KOHYCA, pEIICHUs MPUKIATHBIX 3a/1a4.
3. IToka3zaTp CBA3b TEOPHUHU C IIPAKTUKOM.

4. Crioco6CTBOBATh PAa3BUTUIO JIOTHYECKOTO MBIIIJICHUS YUAIIMXCS U PACIIUPEHUIO KPYTro30pa.

S. Pa3BuBaTh MPOCTPAHCTBEHHOE BOOOPAKEHUE YYAIIMXCS, yMEHHUE MPUMEHITh (OPMYIIBI
IUTAHUMETPHH NIPU PEUICHUH CTEPEOMETPUUYECKUX 3a/1a4.

6. Pa3BuBaTh M COBEPIICHCTBOBATH YMEHHS NMPUMEHSTh HAKOIUICHHBbIE 3HAHUS B W3MEHEHHOM
CUTYallUH.

7. Pa3BuBaTh rpaMOTHYIO MAaTEMAaTUYECKYIO peUb, HABBIKA CAMOKOHTPOJIS.

MeToanuyeckuii MmaTepuas

Konunyeckas noBepXxHOCTh, 00pa3yroniasi KOHUYECKON TOBEPXHOCTH, €€ BEPILNHA, OCh.

Konyc, ocHOBaHue KOHYCa, BepIlInHa KOHYca, 00pa3yolie KOHyca, 0Cb KOHYCa, BRICOTAa KOHYCA.
bokoBas NOBEPXHOCTH KOHYCA, I10JIHAs TIOBEPXHOCTh KOHYCA.

Ceuenue KOHYyCa U €ro BUIBL.

VY ceu€HHBIN KOHYC U €r0 3JIEMEHTHI.

[Inomany noBepxXHOCTEN YCEYEHHOIO KOHYCA.

ook wndE

1. OCHOBHbIe onpepgeneHns

B NNocKOCTU a MOCTPOH OKPYXXHOCTL L € ueHTpoM B Todke O. MNMposeny npamyto OP nepneHaAnKYNApHO
NNockocTh a. COeAUHIO TOUKY P CO BCEMU TOYKaMKU OKPYXKHOCTU L NpAMbIMW NMUHUAMM. [OBEPXHOCTb,
COCTOSALLYHO U3 3THX NPAMbIX, Ha3blBaOT KOHWYECKOM MOBEPXHOCTBIO, CaMK NPAMbIE HasblBaoT
o6pasyoL MM KOHUYECKON NOBEPXHOCTH, TOUKY P HasbiBarOT BEPLUNHONM, a NnpaMyo OP — ocbio
KOHWYECKOA MOBEPXHOCTH.

BBOXY HOBbl€ MOHATUA KOHYCa, OCHOBAaHUS KOHYCa, BEPLUWHbI KOHYCa, 06pasyoLLux KOHyca, 60KOBOM
NOBEPXHOCTM KOHYCa, OCM KOHYCa W BbICOTbI KOHYCa.

OnpepeneHune
Teno, orpaHM4eHHOe KOHUYECKOM NOBEPXHOCTLIO U KPYrOM C rpaHuLEn L, Ha3biBaeTCA KOHYCOM.
OnpepeneHue

Kpyr Ha3blBatoT 0CHOBaHUWEM KOHYca.

OnpepgeneHue

BepLlunHy KOHMYECKO NOBEPXHOCTU Ha3blBatoT BEPLUMHOIM KOHYCa.
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OnpepgeneHue

OTpe3Ku 06pasyoLLMX, 3aKNHUEHHBIE MEX/Y BEPLUMHON U OCHOBAHWEM Ha3bIBalOT 06pa3yloLLUMK
KOHyca, a 06pa3oBaHHas UMK YacTb KOHWYECKOi MOBEPXHOCTI — 6OKOBOW MOBEPXHOCTbIO KOHyca.

OnpepeneHue

OCb KOHMYECKOW MOBEPXHOCTHU Ha3blBAtOT N OCbKD KOHYCa, a eé OTPE30K, 3aKn FOUEHHbI Mexay
BepUJIr"IHOﬁ 1N OCHOBaHMeM Ha3blBaloT BbICOTOM KOHYcCa.

OTMeuy, 4To BCe 06pasytolliMe KoHyca paBHbl ApYr ApYry. 3TO NErko [JoKkasaTb, eC/IM PaCCMOTPETb
pasnnyHbIe NPAMOYroNbHbIE TPEYTONBHUKM, B KOTOPbBIX OfIMH KATET — 3TO BbICOTa KOHYCa, @ BTOPbIMU
KaTeTaMu ABNAKOTCA paJiMycbl OCHOBaHMA KOHyca. Tora 06pasytoline, ABNSACh TMNoTEHY3aMn 3TUX
NPSIMOYTO/bHbIX TPEYro/IbHUKOB C PaBHbIMK KaTeTaMu, TakxKe 6yyT paBHbI.

KOHYC MOXHO NONYUYUTE eLLE OAHUM CMOCO60M - BPalleHUeM NPAMOYIrofibHOro TpeyrofbHUKa BOKPYr
ofiHOro u3 KaTteToB. Torfa aToT KaTeT (BOKpYr KOTOPOro NpouCXoAWT BpalleHue) 6yaeT coBnagaTh C OCbo
KOHYca W 6y[eT ero BbICOTOW, TMNOTEHY3a CTaHeT obpasyrollel U 6yaeT 06pa3oBbiBaTe BOKOBYHD
NOBEepPXHOCTb, @ OCTaBLUMIACA KaTeT o6pasyeT OCHOBaHWe, OQHOBPEMEHHO ABNASCH ero paguycom.

2. CeYyeHUA KOHYyca pa3/IMYHbIMU MJIOCKOCTAMM

1. MycTb ceKyLas NNoCKOCTb MPOXOAMUT Yepes OCb KOHyca. Takoe ceyeHune Ha3blBatoT oceBbIM. OHO
npeacTaBnseT cobon paBHO6eApeHHbIN TPeYroNbHUK, BOKOBbIE CTOPOHbI KOTOPOro — o6pasyroLiune
KOHyCa, a ero OCHoOBaHMeM ABAETCA AuaMeTp OCHOBaHUA KOHyca.

1. Ecnu cekylLas nnockocTb NepneHanKynspHa ocl KoHyca, To ced4eHue npeacTaBnaer cobon Kpyr ¢
LEHTPOM, PacrnonoXXeHHOM Ha ocH.
3. OcHoBHble hopMynbl

dopmyna Ans BblMMCNEHUS NOLLaAM 60KOBOW MOBEPXHOCTU KOHYCa: Sgo=TRL.

Mnouwagb NoONHOM NOBEPXHOCTU KOHYCA: Shony=TR(R+L).
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4. Yce4eHHbIN KOHyC

Ecnun B3ATb ﬂpOHSBOﬂbeIF’I KOHYC U NPOBECTU CEKYLUYH NNOCKOCTb NEPNEHANKYNAPHO €ra OCHU, TO
NCXOAHBIN KOHYC pasfenuTca Ha [Be YacTW. BepxHAda YyacTb NpeAcTaBnaeT co6oW KOHYC MEHbLUIWX
pasMepoB, a OCTaBLUYHCA YacTb Ha3blBaloT YCEYEHHbIM KOHYCOM.

OCHO8AHUE
KOHYyca

obpasyrwowasn

noeéepxmocms

OCHO8GHUE xouyca
OnpepaeneHue

OCHOBaHWe UCXO[HOro KOHyca W Kpyr, MONYYMBLLUIACA B CEYEHUMN, Ha3blBaOT OCHOBaAHUSAAMU YCEUYEHHOTO
KOHYca.

OnpepeneHue

OTpesokK, CoeUHAILLMIA LIEHTPbl OCHOBaHWIA, Ha3blBalOT BbICOTON YCEUEHHOro KOHyca.

OnpegeneHue

YacTb KOHUYECKOM NOBEPXHOCTKW, OrpaHn4ynBaroLlan )fcel-IéHHblﬁ KOHYC, Ha3bIBaeTCA 60KOBOM
NOBEPXHOCTbIO YyCeYEHHOr0 KOHYcCa.

OnpepeneHue

OTpe3sKu 06pasyrollMX, 3aKNHOYEHHbIE MEX Y OCHOBaHUSAMM, Ha3biBatOTCA 06pa3yoLLMMKU YCEYEHHOTO
KOHyca. OTMeuy, UTo BCe 06pasyollne YyCeYEHHOMo KOHyca paBHbl APYr APYrY.
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YCeUYEHHbII KOHYC MOXHO MOMY4YuTb eLLE OAHMM CrOCO60M - BpalleHUeM NPAMOYronbHON Tpanewuum
BOKPYT TOW 60KOBOI CTOPOHbI, KOTOpas NeprneHAnKyNApHa OCHOBaHMIO.

Torpa 3Ta cTopoHa (BOKPYr KOTOPOW NPOMCXOAWT BpalleHue) 6yaeT coBnafaTh C OCbiO KOHyCa U ByaeT
ero BbICOTOWM, Apyrasi 60KOBasd CTOpPOHa CTaHeT 0bpasyroLlei U Npu BpalleHnn ByaeT o6pasoBbiBaTh
60KOBYH MNOBEPXHOCTb, @ OCHOBaHWUSA Tpaneuun CTaHyT COOTBETCTBEHHO pauycamin BeEPXHEro U HUXKHErO
OCHOBaHWI YyCEeYEHHOIO KOHYyCa.

5. opMyna AN BbIYUCAEHNA NIoLLaeli NOBEPXHOCTel YCeYeHHOro KoHyca
SGOK.HOB_yK=n(r+R)L

S.nonH.noa.yK=n(rL+RL+r2+R2)
MpuMepbl K p3360p pelleHna 3ajlaHui

1. HaliT BbICOTY KOHYCa, €Cnv NIOWab €ro 0OCEBOro ce4eHUa pasHa 6, a nnoLlajb 0CHOBaHWA paBHa 8.
PeleHue:

Caenaem yepTex:

Sapc=6.

Ero BbicoTa SO ABNAETCA BbICOTOW KOHYCa.

SAB(::SO‘OB.

OB - paguyc ocHoBaHMWA.

Ero Halliem U3 paBeHCTBa: SOCH=nR2.

8=TR?Z.
_ 8 _ w2 _
R= |- = 7= =O0B.

Tenepb HalleM BbICOTY:

-S0-0B=Ss0- 22
6=S0-0B=S0- =

OTcropa: SO=3 E

OTtBeT: 3 E .
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2. MpsAMoyronbHaa Tpanewuusi ¢ OCHOBaHUAMMU 4 U 7 U MeHblleit 60KOBOIA CTOPOHOIA 4 BpalllaeTca BOKPYr
MeHbLLIe CTOPOHbI. HallauTe anemMeHTbl yceYeHHOro KoHyca.

BenuyuHa

BblcoTa KoHyca

O6pasytolas KoHyca

Papuyc MeHbLLEro oCHOBaHWA

Pagnyc 6onbluero ocHoBaHuA

Mnoulajib 60KOBOI MOBEPXHOCTU KOHYCa
Mnouwagb oceBoro ceyeHus

MnoulaZib NOJIHON NOBEPXHOCTU KOHYCA

PelleHwue:

Chaenaem YepTex:

Tpaneuuna ABCD BpalllaeTca BOKPYr cTopoHbl AD.
Torpa:

AD — BblCcOTa yce4yeHHoro KoHyca, AD=4.

AB — paaunyc MeHblUero ocHoBaHus, AB=4.

DC - paauyc 6onbluero ocHosaHus, DC=7.

Mnowanb 60KOBOKM NOBEPXHOCTU KOHYCa BbIYNCIIUM MO GOPMYNE: Seo nos yr=TUF+R)L.
[nsa Toro yto6bl HANTKU NowWaab 60KOBOW MOBEPXHOCTM, HY>XHO HaMTH 06pasyoLLyHO.
Ee Hailiem U3 TpeyronbHuUka BHC: BC=5 (3TO ernneTckuii TpeyronbHuK).
Tenepb Haigem nnowaib 60KOBOW NOBEPXHOCTHK.
Se.n =T(4+7)-5=55T11.

Mnowabs 60KOBOM NOBEPXHOCTH paBHa 55TL

OceBoe ceyeHue npeacTaBnAeT cobol paBHOGeAPEHHYIO TpaneUuio ¢ OCHOBaHMAMM 8 1 14 1 BbICOTOMN,
paBHON 4.

Tak uTo Nnowafb 3Toi Tpaneuun paBHa: S=4(4+7)=44.

[N TOro 4to6bl HANTK NNOWaAL NONHOM NOBEPXHOCTH, HYXXHO K NJIOWanN 60KOBO NMOBEPXHOCTH
NpubaBUTb NNoOWaaM ee oCHOBaHW.

S n=55m+16m+49mn=120T1.

BenuuunHa 3HayeHue|
BblcoTa KoHyca 4
Obpasyrollan KoHyca 5

Papwyc MeHblUero ocHoBaHuA 4

Panuyc 6onblero ocCHoBaHWA 7
Mnowab 60KOBOI NOBEPXHOCTU KOHYCal55TT
lMnowaab OCEBOro ceyeHua 44
Mnouwaab NoMHOM NOBEPXHOCTU KOHYca (1201

IIpakTnyeckasi 4acTb
1. Belyunte omnpeneneHus U TEOpPEMBL.
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2. IIpocmoTpuTe MaTepual 1o CChUIKE:
https://resh.edu.ru/subject/lesson/4903/main/22650/

3. BbInoJIHUTE TPEHUPOBOYHBIE 33JJaHUS TIO CCBHUIKE:
https://resh.edu.ru/subject/lesson/4903/train/22654/

3amaun.

346 Bricora xkomyca paBHa 15 cM, a paguyc ocHoBaHus paBeH 8 cm. Haii-
auTe oO0pa3yIIyI0 KOHYyCA.

347 OOpasymomiass KoHyca, paBHasg 12 cM, HaKJOHEHA K IIJIOCKOCTH OCHO-
BaHUA mnox yriuom . Haiiaure miomanb OCHOBAHUSA KOHYCA, €CJIU:
a) a=30° 6) a=45° B) a=60°.

348 Beicora KoHyca paBHa 8 am. Ha KaKoOM pacCTOAHWUU OT BEPIIUHBI KO-
Hyca HAJ0 MPOBECTU ILJIOCKOCTb, MapajjeJbHYI0 OCHOBAHUIO, YTOOLI
IJION[alb CeUYeHUs Obljia paBHA: a) IOJOBHHE ILJION[AAU OCHOBAHUSA;
0) yeTBepTHU IJIOIIAJAN OCHOBAHUSA?

349 OceBoe ceuyeHHE KOHYyCA — IPAMOYTOJbLHBIN TpeyroJsHuk. Haiimure
IUIONIAZb DTOTO CEeUeHUsI, eCJIU PAJUuyC OCHOBAHUS KOHYCA pPaBeH 5 cM.

350 OceBoe cedyeHUEe KOHycCa — IIPABUJIbHBIN TPEYTrOJbHUK CO CTOPOHON 27.
Haiigure niommaas ceyeHusi, MpoOBeAEHHOTO Yepes ABe 00pas3yiolnue Ko-
Hyca, YroJ Me}KAy KoTropbkiMu paBeH: a) 30°; 6) 45°; B) 60°.

351 BricoTa KOHyca paBHa A, a Yrojl MeKAY BBICOTON U 00pasymoleil KOHy-
ca paBeH 60°. HaiiguTe nmiomniaab cedyeHUsI KOHyCa IJIOCKOCThIO, IIPO-
XOJAIIei yepes3 JBe B3aUMHO IEPIeHAUKYJISPHEIe 00pas3yiorine.

352 HaiinuTe BBICOTY KOHYCAa, €CJHW ILIOINAAbh €ro OCeBOI'0 CeueHUs paBHA
6 nm?2, a miomanb OCHOBAHUS paBHA 8 AMZ.

353 O6pagsyiomniasa KoHyca paBHa [, a paguyc ocHOBaHus paBeH r. Haitingure
IUIOIIAlb CeUYeHUs, MPOXOASAIIEro 4epe3 BepIIMHY KOHYca U XOpay
OCHOBaHUsdA, CTArUBaIINy0 ayry: a) B 60°; 6) B 90°.

354 Bricora konyca paBHa 10 cm. Haligute miomiaab cedyeHHs, IPOXOs-
II[eT0 Yepe3 BEPIINHY KOHYCA U XOPJAY OCHOBAHUS, CTATHUBAIOIIYIO AYIY
B 60°, ecsm ILTIOCKOCTH cedyeHUA 0OpasyeT C IIOCKOCTHI) OCHOBaHUS
KoHyca yroJa: a) 30°; 6) 45°; B) 60°.

357 PasBépTKoii 60KOBOM ITOBEPXHOCTH KOHYCA SABJAETCA CEKTOP C AYTOH OL.
Haiigure o, ecam BBICOTA KOHyca paBHa 4 cM, a paguyc OCHOBaHUS
paBeH 3 cM.

358 Haiigure ayry cexkTopa, IIpeicTaBJIAIEro coboii pasBEPTKY OOKOBOIA
MMOBEPXHOCTHU KOHYCa, ecjid 00pasymrlnas KOHyca COCTaBJSAET C IJIOCKO-
CTBIO OCHOBAaHUs yros B 60°.

359 HaiiguTe yros mpu BepPIINHE OCEBOI'0 CeYeHHS KOHYyCa, eCJIM Pas3BEPT-
KO ero OOKOBOM IIOBEPXHOCTH SBJSAETCS CEKTOpP C AYyroil, paBHOI:
a) 180°; 6) 90°; B) 60°.

360 BrrumciauTe mJoOIaAb OCHOBAHUSA U BBICOTY KOHYCA, €CJH Pa3sBEPTKOU
ero 00KOBOHM NMOBEPXHOCTH SBJIIETCA CEKTOP, PaJuyC KOTOPOrO paBeH
9 cMm, a nyra paBHa 120°.

361 Vroa mexxay o0pasylolleil 1 oCcbl0 KOHyca paBeH 45°, oOpasyomias pas-
Ha 6,5 cm. Haligure miomiagsr GOKOBOII MOBEPXHOCTU KOHYCA.

362 Ilnomanas oceBoro ceueHus KoHyca pasHa 0,6 cm?. BricoTa KoHyca paB-
Ha 1,2 cM. BeluncauTe mIoniaab MOJHONW MOBEPXHOCTHA KOHYCA.
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363 O6pasyromnias KOHyca HaKJIOHEHA K IJIOCKOCTU OCHOBaHUSA IOJ YIJIOM .
B ocHOBaHUe KOHyca BIIMCAH TPEYTOJbHUK, Yy KOTOPOT'O OJHA CTOPOHA
paBHa a, a IPOTUBOJIEKAIIUNA YyroJ paBeH o. Haligure moniaab mMoJHOMN
MMOBEPXHOCTU KOHYCA.

364 IlpamoyrosibHbBIA TPEYTrOJbHUK ¢ Kareramu 6 cM m 8 cM Bpalaercs
BOKDYT MEHBIIIET0 KaTeTa. BeIYucanTe nyomanu 60KOBOM U MOJIHOM I0-
BEPXHOCTE 00pa3soBaHHOI'O MPU 3TOM BpaIllleHWU KOHYcCA.

365 PaBHOOeApeHHBIN TPEyroJIbHUK, OOKOBas CTOPOHA KOTOPOIO paBHA m,
a yroJ IIpu OCHOBAHUU pPaBeH (, BpalllaeTcsi BOKPYr OcHOBaHuA. Haii-
IUTEe ILIONIAJb MOBEPXHOCTHU TeJia, MOJYYEHHOrO IIPU BpAaIleHUU Tpe-
yroJbHUKA.

366 HaiiguTe 00pas3yoIIy0 YCEUEHHOTO KOHYCA, €CJU PaJguyCchl OCHOBaAHUM
paBHBEI 3 cM 1 6 cm, a BeIcOTa paBHa 4 CM.

367 Pamuycnl ocHOBaHMII yCe4éHHOro KOHyca paBHBI & ¢cM u 11 cm, a oOpa-
syrorasa paBHa 10 cm. HaiiguTre: a) BBICOTY YCEUEHHOTO KOHYyca; 0) mJo-
magb OCeBOTO CEeYEeHUs.

368 Paauychkl ocHOBaHMII yCEeYEHHOTO KOHyca paBHbI R u r, rae R>r,
a oOpasyromras CoOCTaBJAET C ILIOCKOCTHIO OCHOBaHUA yroJ B 45°. Haii-
IUTe IJIOIAAb OCEeBOT'O CEYEHUS.

369 Ilnomans 60KOBOH mOBepXHOCTH KoHyca paBHa 80 cm?. Uepes cepenu-
HY BBICOTBHI KOHYyCa IIPOBe/ieHa IIJIOCKOCTb, NEePIEeHIUKYIAPHAA K BbICO-
te. Haligure miomniaab OOKOBOII ITOBEPXHOCTH OOpa30BABIIETOCs IIPU
3TOM YCEUYEHHOIr'0 KOHYycCA.

370 Jama Tpamemma ABCD, B xkoropoit LA=90° 4ZD=45°, BC=4 cwm,
CD = 32 cm. Beruucaure IJIomaau OOKOBOW M IOJIHOM MOBEPXHOCTEH
YCEeUYEHHOTO KOHyca, 00pa3soBaHHOT'O BpallleHWEM JaHHOU Tpaleluu BO-
Kpyr' CTOpoHBI AB.

371 Beapo umeer (opMy YCEeUEHHOIO KOHYCa, PAAUyChl OCHOBAHUN KOTOPO-
ro paBHbl 15 cm u 10 cm, a obOpasyrwnias paBHa 30 cm. CKOJIBKO KU-
JIOTPAMMOB KPACKHU HYKHO B3STh IJIA TOT'0, YTOOBI IOKPACUTh C 00enX
cropor 100 Takux Bézmep, ecau Ha 1 M2 Tpebyerca 150 r kpacku? (To-
IIAHY CTEHOK BEJEp B PACUET He NMPUHUMATh.)

KOHTpOJII)HbIe BOIIPOCHI,;

1. Urto Takoe KoOHMUYEecKasi MOBEpXHOCThH? OOpa3zyromias KOHWYECKON MOBEPXHOCTH?

2. UYro Takoe KOHYC, OCHOBaHHE KOHYCa, BEpIIMHA KOHYyca, 0Opa3yolue KOoHyca, OCh KOHYca,
BBICOTA KOHYca?

3. Yro Takoe 60KOBasi IOBEPXHOCTh KOHYCA, MOJIHAsI TIOBEPXHOCTh KOHYca?

4 Kaxue moryT ObITh ceueHus?

S. Yro Takoe yceu€HHbI KoHyc? Kakue 351eMeHThl yCeYEeHHOI0 KOHYCa Bbl 3HaeTe?

6 Kak BBIUHCIHTS TIOMIAIM HOBEPXHOCTEN YCEUEHHOTO KOHYyca?

188



HNPAKTUYECKOE 3AHATUE
Cdepa u map.
eJb NpaKTHYECKOT0 3aHATHS

Bectu nonsTHs cdepsl, mapa 1 UX 3JIEMEHTOB.

BriBectu ypaBHeHHe chephl B 3a1aHHOM NPSIMOYTOJIBLHOM CUCTEME KOOPIUHAT.
HccnenoBaTh B3aMHOE PACIIONIOKEHHE CEPhI U TUIOCKOCTH.

Pa3BuTh MOrMYecKoe MBIIIICHUE, POCTPAHCTBEHHOE BOOOPAKECHHE.

YMeHue cpaBHUBATH, IPOBOJIUTH aHAJIOTHIO.

HNuTtepec k npeamery.

No ok whE

TBOp‘IeCKI/Ie CIIOCOOHOCTH ydauuxcs.

MeToanueckuii MaTepuas

UYro takoe cepa, Kakue y He€ eCTh JIeMEHTHI (LEeHTp, paaAnyc, AuaMeTp cqepsl).

UYro Takoe map U ero 3JeMEHTHI.

VYpaBHeHue cepsbl.

dopmyna 17151 HaX0XKASHHS IJIOIIA TN IOBEPXHOCTH CHEPHI.

B3aumMHoe pacrionoxxenue chepsl U IIOCKOCTH.

Teopema o pamuyce chepsl, KOTOPBIi MPOBEAEH B TOUKY KacaHHsI U TEOpeMy 0OpaTHYIO TaHHOM.

ouhkwdE

1. OCHOBHble TeopeTHyeckue GaKTbl

Mo aHanorum ¢ OKPY)XXHOCTbIO Chepy pacCMaTPUBAIOT KaK MHOXECTBO BCEX TOYeK paBHOYAaNEHHbIX OT
3alaHHOW TOYKM, HO TO/IbKO BCEX TOYEK He MIOCKOCTK, @ MPOCTPaHCTBa.

PucyHok 1 — Cdepa ¢ UeHTpoM B Touke O U paguycom R

JaHHana Touka O HasblBaeTCA LeHTPoM chepbl, a 3ajaHHoe paccToAHWe — paguycoM coepbl
(o6osHayvaeTcs R). /o601 0TPe30K, COEAUHAIOLLNIA LLEHTP W KaKyto-HUOYAb TOYKY cdepbl, Takxe
HasblBaeTcHd paguycom chepbl. OTPE30K, COSAUHSAIOLLWIA ABe TOUKM chepbl U NPOXOAALLMA Yepes UeHTp,
Ha3blBaeTcA AnameTpoM (obo3HadvaeTca D). D=2R.

OnpepeneHue

chepoﬁ Ha3bIBAa€TCA NOBEPXHOCTb, COCTOALLAA M3 BCEX TOYEK NPOCTPAHCTBA, PpacnoNoXeHHbIX Ha
3ajaHHOM pacCToOAHHUK OT [aHHON TOUKMH, KOTOPYH Ha3blBakoT LLEHTPOM.
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Onpepenexune
Teno, orpaHuyeHHoe chepoil, HasblBaeTCA LapoM.

Lap MOXXHO onucaTb ¥ MHaye. LLlapom pagunyca R ¢ LeHTPOM B Touke O HasblBaeTcs TeNo, KOTOpoe
COAEPXKUT BCE TOYKM MPOCTPAHCTBA, PAcrnosioXeHHble OT ToYkM O Ha PacCTOSIHAM, He NMpeBblliatoleM R
(Bkntovasn Q), U He COAEPXKMT APYrUX TOYEK.

Cdepy MOXHO NOAYYMTh el OIHUM CNOCOB0M - BpallleHUeM NONYOKPYXHOCTW BOKPYr €€ AUaMeTpa, a
Wwap — BpalleHueM MosyKpyra BOKpYr ero AuameTpa.

2. YpaBHeHue cpepbl

Mpex e Yem BbIBECTU ypaBHEHWE chepbl BBEAEM NOHATUE YpaBHEHUA NOBEPXHOCTM B NPOCTPAHCTBE.
NS 3TOro pacCMOTPUM NPSAMOYTOIbHYHO CUCTEMY KOOPAUHAT OXYZ U HEKOTOPYHO MOBEPXHOCTL F.
YpaBHeHWe C TpeMsi NePEMEHHbBIMM X, Y, Z Ha3blBaeTCA ypaBHEHWEM NOBEPXHOCTYU F, ecnn aToMy
YPaBHEHUIO YAOBNETBOPSAOT KOOPAUHATBI IFO60M TOUKMU MOBEPXHOCTH F U HE YA0BNETBOPAOT
KOOpAMHaTbl HUKaKOI ApYroi TOUKMW.

MycTb chepa UMeeT LeHTPOM TouKy C (Xg; Yo, Zg) ¥ paamnyc R. PaccTosiHne oT Nto6oi Touku M (X; y; z) Ao
Touku C BbluMCaIfeTcs No Gopmyne:

MC= J{x—xp)* +(y—y0)? + (z — 25)?

Mcxoas U3 NOHATUS YpaBHEHUA NOBEPXHOCTY, CNIEAYET, YTO ec/li ToUuKa M NeXXUT Ha AaHHOoK chepe, To
MC=R, unn MC?=R?, To ecTb KoopAnHaTbl TOYKM M YAOBNETBOPSAIOT YPaBHEHMIO:

(x —x0)*+ r—y0)* + (z2—20)* =R?

370 Bblpa)keHWe HasblBaloT ypaBHeHWeM cdhepbl paguyca R u ueHTpomM C(Xg; Yo; Zg)-
3. BsauMHoe pacnonoeHue cdhepbl M NIOCKOCTH

B3auUMHoe pacnonoxeHue cdhepbl U NNOCKOCTW 3aBUCUT OT COOTHOLLEHUA MeX Ay paiuycoM cdepbl R 1
paccTosHWUA OT LieHTpa cdepbl A0 NI0CKOCTH d.

1.Myctbd < R. Ecnu paccTosiHue OT LeHTpa cdhepbl 40 NTOCKOCTU MeHblLEe paauyca chepbl, Toraa
cdepa 1 NNOCKOCTb NepeceKaroTcs, U cedyeHne chepbl NIOCKOCTbIO eCTb OKPYXXHOCTb.

2. MycTb d=R. EcNu paccTosHMe OT LeHTpa chepbl 10 NJI0CKOCTU paBHO paauycy chepbl Toraa chepa u
NNOCKOCTb MMEIOT TOJIbKO OJIHY O6LUYHO TOYKY, M B 3TOM Cllydae roBopsiT, YTO NNOCKOCTb KacaeTes cdepbl.

3.Myctbd > R.Ecnu paccTosiHue oT LeHTpa cdhepbl Ao NNOCKOCTU 6onblie paauyca chepbl, To chepa
¥ MNOCKOCTb HE UMEIOT O6LLIMX TOYEK.

PaccmoTpum cnydail KacaHua 6onee NogpooHO.
OnpegeneHue

MNoCKOCTb, UMetoLLan co cepoit TONbKO ofHy OBLLYHO TOUYKY, Ha3blBaeTCcA KacaTelbHOM MNIOCKOCThIO K
chepe, a Ux obLLan Touka — TOUKON KacaHUs.

TeopeMma (CBOWCTBO kacaTeNbHON NNOCKOCTH).

Paguyc cdhepbl, NpoBeAEHHBIN B TOUYKY KacaHusi cdepbl U NIOCKOCTH, NepreHauKynsipeH K kacaTeNbHoM
NNOCKOCTK.

190



TeopeMa (NpuU3HaK KacaTeslbHOI NA0CKOCTH):

Ecnu paauyc chepbl NeprneHanKynspeH K NiocKocTy, NPoxXoasLleit Yepes ero KoHel, nexalleil Ha cohepe,
TO 3Ta NNOCKOCTb ABNAETCA KacaTeNbHOI K cdepe.

4. OcHOBHble opmynbl

COOTHOLLIEHWE MeXAY Paauycom cdepbl, PaauycoM CeYeHNUs 1 pacCTosHUEM OT LieHTpa cdepbl A0
NNOCKOCTN CEYEHUS:

RI=h2+7r2
GopmMyna Ana BblYMCNEHWA NoWaan NOBEPXHOCTH Chepbl U ee 3NeMeHTOB:
S=4nR? - nnollanb cepobl.
S = 2nRh — nnouwaab NOBepXHOCTH cermeHTa cepbl paanyca R ¢ BbicoTow h.

S =nRh(Zh++/2hRR—R* — MNOWAAb NOBEPXHOCTW CEKTOpPA C BbICOTOW h.

MpumMepbl 1 pa36op peLueHns 3ajaHuii TPEHMPOBOYHOIO MoAY A

1. Mnowaab cevyeHus Wapa, MPOXoAALLEro Yepes ero LeHTP, paBHa 9 KB. M. HailauTe nnowanb
NOBEPXHOCTH Llapa.

PeweHue:
Mnouwiaab Kpyra BbIYMCAAETCA NO hopmyne: SKp=nR2.

Mnoliaab NOBEPXHOCTU Lapa BbIUMCASETCS MO popMyne: Sy,=4TIR%. Pafuyc Wapa U pajinyca CeueHus,
NPOXOAALLEro Yepes LieHTp LWapa, oiHaKoBble. MosToMy NoLla/lb NOBEPXHOCTU Wapa B 4 pasa 6o/blue
nNowaam ero AnameTpanbHoOro ceyeHus. To ecTeb NaowWaab NOBepXHOCTH Wapa paBHa 36.

OTBeT: 36
2. BeluucnuTe paanyc Kpyra, naolaib KOTOPoro pasHa niollaav cepbl paguyca b.

PeweHwe:

Mnowapb chepbl paBHa SC¢=411R2, To eCTb Sg=100TL

Mo ycnoBuio NoLLlaab Kpyra HEKOTOpOro pauyca r Takke pasHa 1007 3HayuT, r2 =100, To ecTb r=10.
OtBeT: 10.

3. Bce cTopoHbI TpeyronsHuka ABC KacatoTea chepbl paanyca 5. HailTu paccTosiHue oT UeHTpa chepbl Ao
NIOCKOCTK TpeyronbHuKa, ecnu AB=13, BC=14, CA=15

Pelwenune:
OKpY»XHOCTb, BUCaHHaA B TPEYro/IbHUK, ABNAETCA cedyeHnem cepbl.
Haigem ee paguyc.
Mnowaab TpeyronbHWKa ¢ U3BECTHLIMMU CTOPOHAMMW MOXHO BbIYMCNINTL Mo Gpopmyne MepoHa:
5=Vre-d@-bp-0

p=0,5(AB+BC+AC)=21
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§=421021-13)(21 —14)(21—15)=+21-8-7-6 =7-3-4
S=84.
C Opyron CTOpPOHbI, S=p-r.
OTcropa r=4.
Tenepb HaWAeM paccTosiHWE OT LeHTpa LWapa A0 ceKyLlel NNoCKOoCTHU.
Ucnonb3yem COOTHOLLEHUE:

R? = h? 472

h?=25-16=9
h=3.

OTtBeT: 3.

4. BeplUMHbI NPAMOYroNbHWKa nexart Ha cepe paguyca 10. HalTu paccTosiHue oT LeHTpa cdepbl 10
NNOCKOCTW NPAMOYIONIbHUKA, EC/IM €r0 AnaroHanb paBHa 16.

PelueHue:

TakK KaK BepLUWHbI NPAMOYroibHUKa nexart Ha ctpepe, TO OKPYXHOCTb, ONUCaHHaA OKONO
MPAMOYTronbHWKa, ABNAETCA CEYEHMEM C(tlepbl.

Paauyc oKpy)>XHOCTM, ONMCaHHOW OKOO NPSAMOYroNbHUKa, paBeH NONOBUHE ero JuaroHanu, To ecTb r=8.
Mo ycnosuio 3afadn R=10.
Mcnonb3yem coOTHOLWEHHUE:
R? = h?+1?
h?=R2 —1?
h2=100 —64 =36
h=6.

OTBeT: 6.

IIpakTHyeckas yacThb
1. Belyunte omnpeneneHus U T€OpPEMBI.

2. [IpocmoTpuTe MaTepual 1o CChlIKe:
https://resh.edu.ru/subject/lesson/4034/main/

3. BBIHOJ'IHI/ITC TpeHI/IPOBOHHBIe 3aJaHUs 110 CCBIJIKE:
https://resh.edu.ru/subject/lesson/4034/train/22799/
3agaun.
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Touxn A m B nemar Ha ciepe ¢ mepTtpoM O e AR, a touka M aemmr
Ha orpeske AB. [loxkamwuTe, gro: a) ecnin M — cepegnua oTpeara AR,
o OM 1L AR; 8) ecan OM | AB, ro M — cepeguna orpeska AR,
Touxa M — cepeguHa orpeaka AB, KOHILE KOTOPOTO JeMAT Ha cihepe
pagmyea R ¢ neatpom O, Hafignre: a) OM, ecom B =50 cm, AB =40 cm;
6) OM, ecan R=15 mm, AB=18 mm; B) AB, ecnin R=10 g,
OM =60 cm; r) AM, ecou R=a, OM =h.

Touxm A um B nesxar Ha ciepe paguyca K. Haligmme paccTodaHHe oT
ueHTpa cihepkl go opaMoil AR, ecnon AB=m.

MMap paguyvea 41 oM ODepecedstH MIOCKOCTRI), HAXOTANEHNCH HA pac-
croAHHA 9 M oT neaTpa mapa. Haligure noomags ceueHHA.
Bepmuan tpevroasERka ABC nemar ma chepe pagnyea 13 cw. Haii-
OHTE PACCTOAHHE OT OEHTpA Ceprl A0 NIOCKOCTH TPEVIOILHAKA, @CIH
AB=6 cm, BC=8 cm, AC =10 cwm.

Bepmmuas npaMoyronsEHAEA dedaT Ha chepe paguyea 10 cvw. Hamnare
PACCTONHHE OT IEHTpA chepkl A0 MIOCKOCTH OPAMOYVTOABHHEA, SCIH
Er0 THATOHANE pasHEa 16 cm.

CTOpOHE! TPEVTONEHAKA KACAIOTCA cihepll paguyca 5 oM. Halianre pac-
CTOAHHE OT MEHTPA cihephl O0 MIOCKOCTH TPEVIOJARHHEA, ECIAH €TI0 CTO-
poHEl paBHBEl 10 cm, 10 cv 1 12 oM.

Bee croponsl TpeyroneEnka ABC xacawTea chepn pagrnyca 5 om. Han-
OHTE PACCTOAHHE OT MEHTpA chephl A0 MIOCKOCTH TPEeVIONLHHKS, @CIH
AB=13 em, BC=14 cm, CA =15 oM.

Bee cToporEsl poMOa, AHATOHAIH KOTOporo paBHEL 15 cvm m 20 oM, ka-
caoreda cihepkl paguyca 10 cv. HalfiaguTe paccToSHHE OT MeHTpa chepil
00 MIOCKOCTH pomMGa.

Otpesox OH — Bricora Terpasgpa OABC. BruacHuTe BaanMHOE paCcIo-
noskeHHe cipephl paguyca B ¢ mepTrpoMm O B mmockoctH ABC, ecom:
a) R=06 g, OH =60 cm; D) R =3 m, OH = 95 cm; 8) R = 5 g,
OH =45 em; 1) R=3,5 om, OH =40 cwm.

Paccroamse oT OEHTpA mapa pagayca R o cexkvinell NIOCKOCTH paB-
Ho d. BEuuconTe: a) muoomans S ceuennasn, ecnH R=12 cu, d=8 cm;
6) R, ecam miomais cedeHHa pasHa 12 cm®, d=2 oM.

Yepea Touky, ZEIANVI0 PATHYC Chephl OOOOMAM, OPOBEIEHA CEKYIIA
MIOCKOCTE, MEPIEHAHEYIAPHAS K 3TOMY paguycy. Paguyc cdepsl pa-
eeH R. Hafinure: a) paguyc MOIVUHBINENOCH CEYeHHA; §) MIOmans Go-
KOBOH MOBEPXHOCTH KOHYCA, BEPIOHHOH KOTOPOr0o ABAAETCA HedTp che-
pEl, 4 OCHOBAHHEM — NONYVIEHHOE CEUSHHE.

Cexvinasa LIOCKOCThE OPOXOMHT Yepesd KOHEeL JHAMeTpa cephl paguy-
ca R Tax, 9To Yyroa MemRIV IHAMETPOM H II0CKOCTEID paseH o. Haiign-
Té QMHHEY OKPV:KHOCTH, DOIVUIHBIOEHCA B CEYeHHH, ecan: a) B=2 cm,
w=230° 6) R=5 m, a=45".

Ciepa macaercs rpaded asyrpaasoro yraa 8 120°. Hafigwre paguyce
chephl M PACCTOAHHE MEMdOy TOYKAMH KACAHHSA, eCAH DPACCTOAHHE OT

neaTpa chepsl o pefpa IBYrpaAHHOTO VIJa PABHO d.

Paguyc ciepsl pagen 112 cu. Toura, Jemamas Ha OI0CKOCTH, Kaca-
TenLHOI & cthepe, VIATeHA OT TOUKH KAacaHHAa HA 15 cm. Hafigume pac-
CTOAHHE OT 9TOH TOUKH o Oarmxaimed K HeH TOYKH CepEL
HaiignTe naomank ciepkl, paguyc KoTopol paBeH: a) 6 cm; 0) 2 mw;
B) 2 M; 1) 243 cm.

IMnomans, ceuenua chepsl, TPOXOAANIErD Y€pes eé HeHTp, pasHa 9 m2,
HaiignTe maomans chepel.

IMnomans chepn paspa 324 cm?®. Haiignre pagnye cdephl.
HokasuTe, 4TO IIOIIATH IBVX cihep NpONOpPIHOHAMEHE] KBATDATAM HX
PAIHVCOR.

BriupcanTe pagHyc Kpyra, ILIOMAaLk KOTOPOrD PARHA IIOLIATH Cchepkl
paguvca 5 M.

Paguycel OBYVX NAPANIEIBHBEIX CEYeHHN cihephl paBHEl 9 cv m 12 cm.
PaccToaHMe Memqy CEEVIIHMH ILIOCKOCTAMH paBHo 34 oM. Halimare

NIoIanksE chepkl.
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294 Pamgunycrl ceueHHil cephl JEVMSA BIAHMHO NEPOeHIHEVISADHEIMHE IIII0-
CKOCTAMHE PaBHEI ry B ry. Haiigawme nnomages ciepkl, ECAIH CEUEHHS
HMEWT IHHCTEEHHEYIN O0IIVID TOTKY.

395 okamuTe, YTO IUIOIALE DONHOH DIOBEDXHOCTH IMHAHHIPA, IOIYVYeHHO-
ro NpH BEPAllfHMH KEASPATA BOKPYT OQHOH HE €ro CTOPOH, PABHA III0-

magu ciepsl, pATHYC KOTOPOH paBeH CTOPOHE KBAaIpaTA.
KonTpoabHbie BONpOCHI:
1.

Toukn A u B npunagineskar mwapy. Ilpuaagne:siuT 18 aTOMY LIADY JI0-
fas Touxka orpeaxka AB?

MoryT JH BCe BepPIIHHBI NPAMOYIOJALHONO TPEVIOJILHHKA ¢ KATEeTAMH
4 em u 242 em nexxars Ha ciepe paguyca J5 em?

MoryTr au ase cepbl ¢ o0IIMM IEHTPOM M ¢ HepABHBIMH paJgUyCcaMy
HMeTEL ODIYID KACATENLHYIO ILJIOCKOCTE?

Yro npeacrasiser coboil MHOMECTBO BCeX TOYEK NPOCTPAHCTBA, H3 KO-
TOPEIX HAHHLIA OTpPE30K BUASH MMOJ NPAMBIM yraom?
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HNPAKTUYECKOE 3AHATHUE
Onpenesienne Mpou3BoAHON. OU3HYECKUI CMBICJ TPOU3BOIHONM.
IpaBuaa nuddepenuupoBanus.
e NpaKTHYECKOT0 3aHATHS

1. Co3nare yclOBUSL Ul OCMBICIEHHOTO YCBOGHMs ydalluMHCA (DU3MUYECKOr0 CMbICa
IIPOU3BOJHOM.
2. CopeiicTBoBaTh (OPMUPOBAHUIO YMEHUW ¥ HABBIKOB MPAKTUYECKOTO HCIIOJIb30BAHUS

MIPOM3BOIHOM ISl pEIIEHUS pa3HOOOPA3HBIX (PU3MUECKUX 3aj1au.

3. O600UITh, CUCTEMATU3UPOBATh M 3aKPEMHUTh TEOPETUYECKHE 3HAHMA 110 TeME, MMOJAYEPKHYTh
POJIb ¥ TPAKTUYECKOE 3HAYCHUE ITPOU3BOJHOM IIPU PEIICHUH 3a/1a4 110 MaTeMaTHKe U (pHU3HKeE.

4. CrnocoOCTBOBAaTh Pa3BUTHIO MaTEMAaTHYECKOTO KPYro3opa, I03HABATEIFHOTO HMHTEpeca Y
y4aIuxcs yepe3 pacKpbITHE MPAKTHUECKOH HEOOXOIMMOCTH M TEOPETHUECKON 3HAYMMOCTH TEMBI.

5. OOecrieunTh YCIOBHS JJISi COBEPIICHCTBOBAHMS MBICIUTEIBHBIX YMEHUH  ydaIIuxcs:
CpaBHMBATbh, aHAIM3UPOBATh, 0000IIATH.

6. [ToBTOPUTH OmpeneneHne MPONU3BOIHON, U3YyYHTh MpaBuia MU(QepeHIIMPOBAHUS, 3aKPEITUTh
MIOJTy4YCHHBIC 3HAHUS HA TIPAKTHKE.

7. Pa3BuBaTh M COBEPIICHCTBOBATH YMEHUS MPUMEHSATH 3HAHUS B U3MEHEHHOM CUTYaIUH,

MeToanuyeckuii MaTepuaJl
Onpenenenue Npou3BOTHOM.
DU3UYECKUI CMBICI TPOU3BOIHOM.
[Ipupamenne GyHKuuu.
Pa36op ocHoBHBIX MpaBui AuddepeHunpoBanus GyHKINN.
[Ipumeps! BbIYKCIEHUS TIPOU3BOJHON JTMHEWHON (PYHKIINH.

o hswWwhE

HpaBI/ma BBIYUCIICHUSA IPOU3BOAHBIX ITPOU3BCACHUA U YaCTHOTI'O.

M3yuyasn noseaeHue dyHKUMM y=Ff(X) OKONO KOHKPETHOM TOUYKM Xg, BaXKHO 3HaTb, Kak MeHsieTCs 3HauyeHue
(GYHKLUM NPYU U3MEHEHWMW 3HAYEHUS apryMeHTa. 1A 3TOro UCMoNb3YHT NOHATUA NpUpaLleHuit
apryMeHTa u QyHKLWMW.

MycTb dyHKUMA y=Ff(x) onpeaeneHa B TOUKax Xg M X1. Pa3HOCTb X-Xg Ha3blBatOT NpUPaLLEHUEM
aprymeHTa (Npu nepexofe oT TOUKM Xg K TOUKE X1), @ pasHocTb f(x;)-f(Xg) HasbiBalOT NnpupalLeHueM

byHKUMN.

MpupalleHne aprymeHTa 0603HavyatoT Ax (UnTatoT: genbTa MKC; A — nponucHas 6yKBa rpeyeckoro
andaeuTa "nenbra’; cOOTBETCTBYHOLWAA CTPoYHas BykBa nuileTca Tak: 8). MNpupawerne GyHKLWK
obosHauaoT Ay unu Af.
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UTaK, X1-Xg=AX, 3HAYNT, X =Xg+AX.
f(x1)-f(xo)=Ay, 3HaumT,
Ay=f(xg+Ax)-f(xo). (1)

Henb3s ncToNKoBbIBaTE TEPMUH NipupalleHne” Kak "pupocT .
Mpumep 1.

Hangem npupatierune Ax n Af B Touke xg ecnm f(x)= xZ, Xg=2 M x=1,9
PelweHue:

Ax= X1-%=1,9-2=-0,1

Af=(1,9) -f(2)=1,9%-2%=-0,39

OrBeT: Ax=-0,1; Af =-0,39
Mpumep 2.

Hainem npupalleHne Ax n Af B Touke xg ecnm f(x)= X2, Xp=2 N x=2,1

PelweHune:

AX= %1-X%p=2,1-2=0,1

Af=(1,9) —f(2)=2,1%-22=0,41

OteeT: Ax=0,1; Af =0,41

Mpumep 3.

Haipem npupauieHne Af QyHKUMN  fx) = ;1? B TOYKE Xp,€CNU NpUpalleHue apryMmeHTa paBHO Xg.
PeweHue:

no dopmyne (1) Haxoaum:

1 1 xp— (g +4Ax) Ax
Af= (0 + 4x) — £(x0) = Mt Ax xg %l +A%) | xplag +4%)
Ax
OTBeT: A= ———M
xo(xp + Ax)

C NoMOLLbO BBEJIEHHbIX 0603Ha4YeHUIA NpUpaLLEHNI yA06HO TakxKe BblpaXKaTb CPeHION CKOPOCTb
ABWXEHUS 3a NPOMEXYTOK BpeMeHH [tg; to+At]. ECnu Touka ABUXKETCA Mo NPSIMO M U3BECTHa ee
KoopauHaTa x(1), To

Ax x(ty + A1) — x(tg)
()= =T

3Ta popmyna BepHa n Ansa At<0 (4na npomexyTka [ty+AL; tg]).

AHanoruyHo BblpaxkeHue i_f - w Ha3blBalOT CpefHel CKOPOCTb M3MeHeHWs YHKLUMK Ha
X X

NPOMEXYTKE C KOHL@MM Xg U Xg+AX.
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OnpegeneHue. MNpon3BoAHOM QYHKLWMKU HasblBaeTcA Npefen OTHOLEHUA NPUPaLLEHUA QYHKLWK K
NpUpaLLEHUIO apryMeHTa, Koraa npupalleHne apryMeHTa CTPEMUTCA K HYIIHO.

Ay y{xg +Ax) — y(xo)
T Ax Ax

O603HauyeHue: y' unu f'(x)

Ecnu dyHKumMA f(X) MMeeT NpoM3BOAHYIO B TOUKE X, TO 3Ta DYHKUMA HasbiBaeTca AnddepeHympyemMoit
aToW Touke. Ecnu dyHKumA f(X) MMeeT NpoU3BOAHYIO B KaXA0M TOUKE HEKOTOPOro NPOMEXYTKa, To 3Ta
GyHKUMA auddepeHumpyeMa Ha 3TOM NpoMeXxXyTKe. Onepauns HaxoXx4eHWs NPOM3BOAHOM HasblBaeTcA
anddepeHunpoBaHnem.

CxeMa Bbl4MCNIEHUA NPON3BOAHON GYHKLWK
1. HaTu npupalleHne GyHKUMM Ha oTpeske [X; X+AX]:

Ay=y(x+Ax)-y(x)
1. PaspenvTb npupalledne GyHKUMW Ha npupallieHue apryMeHTa:

Ay  yl+Ax) —y(x)
Ax Ax

1. HaliTu npefen oTHOLLEeHUs NpupalleHns GYHKUWK K NPUPALLEHUIO apryMeHTa, Koraa npupalleHune
apryMeHTa CTPpeMUTCA K HYHo.

o By _ yleo+Ax) —y(xo)

Ax Ax
Mpumep 4.
BbIYMCANTD NPON3BOAHYHO DYHKLMM y=X>
Pewerne: Micnonb3ayem cxemy BblUMCNEHWA NPOU3BOAHON MO AelCTBUAM:

1. Ay=y(x+AX)-y(X)= (X+AX)*¥2= X2+2x Ax+ Ax>-X2= 2%-Ax+ Ax?

9 Ay 2x-Ax+ Ax? _ Ax(2x+A%)

TAx Ax Ax
Ay . .
3.y =—2= (2x+Ax) = lim2x+ limAx=2x+0=2x
Ax Ax—0 Ax—0

=2x +Ax

OTBeT: y'=2X.

DU3NYECKUIA CMbIC MPOM3BOAHON: €C/IN NONOXEHUe TOUKKU NpU e€ ABWKEHUM 3aflaéTca QyHKUMel
nytu S(t), rae t — Bpemsa ABWXeHUs, TO Npou3BoAHas GYHKLUMKM S eCTb MrHOBEeHHast CKOPOCTb [IBMXeHWs B
MOMEHT BpeMeHHu t: v(t)=S'(t).

Takum 06[3630!\-1, CKOPOCTb — €CTb NMpou3BoHaA oT NyTh No BpEMEHMW.

Heo6xoaumoe u 0CTaToYHOE YCI0BUe AnddepeHLmpyemocTu

Teopema 1. [1nsa Toro, utobbl GyHKUMA A X) Gbina aguddepeHunpyemMa B TOUKE Xg, HEOGXOAUMO U
JOCTaTOUYHO, YTOBbI B 3TOM TOYKE OHa MMeNna KOHeUYHYH Npou3BoaHYH. CneacTeue. QyHKUMS,
anddepeHunpyeman B TOUKe, HEMPEPbLIBHA B 3TOM TOYKE.

3amevaHue. JuddepeHymanom dx He3aBUCMMON NEPEMEHHON ByAeM cuuTaTh NpupatleHne Ax, 1.e. dx =
Ax.
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Mpw BblYUCNEHUW NPON3BOAHON MCNONL3YHOTCA cneaytolue npasuna AnddepeHymposaHua. NMpasuno
AnddepeHUUpoBaHUA CYMMbI ABYX QYHKUWIA.

MponssoaHas cyMmbl paBHa cyMmMme nponssogHbix: (f(x) + g(x))' = f'(x) + g'(x).

Moapo6Ho 3To CBOMCTBO NPOU3BOAHON hopmMynupyeTca Tak: Ecnu kaxaas us GyHkuumn f(x) n g(x) umeer
NMPOU3BOAHYHO, TO UX CYMMa TakKXXe UMeeT NPOU3BOAHYIO U cnpaBeanvBa GopmMyna.

MponsBoAHaa CYyMMbl HECKONbKUX MYHKLUMKM paBHa CyMME NMPOU3BOIHbIX 3TUX DYHKLMK:
(f(x) +..+ g(x))' = f'(x) +..+ g'(x).

Mpou3BoAHan pa3HOCTU paBHa pasHoOCTU Npoun3BoaHbIX: (f(X) - g(x))' =f'(x) - g'(x).
A Tenepb paccCMOTPUM NpUMepP NPUMeHEHWUA AaHHOTo NpaBuna AnddepeHUMpoBaHUs.
PaccMOTpUM BTOpoe NpaBuno AvdhepeHLMpoBaHns:

IMOCTOAHHbBIA MHOXUTENb MOXHO BbIHECTU 3@ 3HaK I'IpOH3BO,D,H0[7IZ

(cf(x))'=cf " (x)

MepexoauMM K TpeTbeMy NpaBuny AuddepeHUMpoBaHna. NponsBoaHan NponsBeaeHUs paBHa
Npou3BeAeHNI0 NEPBOro MHOXWUTENS Ha BTOPOIA NAOC NepBbIi MHOXWUTENb, YMHOXEHHbIN Ha
npoussoaHyto BToporo. (f(x)-g(x)) '=f' (x)-g(x)+f(x)-g' (x)

YeTBepToe npaBuno auddepeHUUpoBaHNA: NPOM3BOAHAA YaCTHOMO paBHa NPOU3BOAHOM YUCUTENS
YMHOXEHHOr0 Ha 3HaMeHaTeNb MUHYC YHCNUTENb YMHOXEHHbIA Ha MPOMU3BOJHYHO 3HaMeHaTenNs U Bee
aTo JleNleHHoe Ha KBaApaT 3HaMeHaTens.

(@) _ @) ~f)g'®)
g}~ g*(x)

CnoxHaa pyHKUMA

Mpou3BoJiHasA CNOXHOM MYHKLMU HAXOAUTCS Mo GopMyre:

(f(g(x))) '=f '(9(x))-g' (x)
Mpumep 1.

Haiaem NponsBoaHy0 QYHKUMK:  flx) = 2x? +4x

PelleHue:

NpoWsBOAHAaA CYMMbl paBHa CyMMe NMpPoM3BOoAHbIX. HallleM NPon3BOAHY KaXoro cnaraemoro
Fiix) = 2x% +4x) "= (2x3)" + (4x)’
fllx)=4x+4

OTtBET. f'(x)=4x+4
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Mpumep 2.

HaitT nponsBogHyio GyHKLMM f(x)=8x>+3x%-x.

PelleHue:

f(x)=8x+3x%-x

(x)=(8x%)+(3x?)-x’

PaccMOTPUM KaX[blif YeH MHOrouIeHa No OTAENbHOCTH
(8x%) '=8(x°) '=8-3x?=24x°

(3x?) '=3(x?) '=3-x=6x

' (x)=(8x%) +(3x?) 'X'=24x+6x-1.

OTBeT: f' (X)=24x%+6x-1.

Mpumep 3.

Halitu npoussofHyto dyHKUMK f(x)=(3x-4)(4-5X).

PelueHue:

Bocnonb3ayemcs GopMynoit NpousBoHOI NPOU3BEAEHUS:

f' (X)=(3%-4) ' (4-5X) + (3%-4)(4-5x) '=3(4-5x)-5(3x-4)=12-15x-15x+20= 32

oteeT: f' (x)=32
Mpumep 4.

3x—-2

HailTi NpoOU3BOAHYIO DYHKUMKM  f(x) = —

PelueHne:

Bocnonbsyemcsa Gopmynoi NpousBoAHON YacTHOrO:

(B3x —2)"(x+ 3)7(3x72)(x+3)’_3(x+3)7(3x+ 2) 3x+9-3x-2 7

P = eFEE [CEE N P IRk
. -7

OTBET: [ ()= G

Mpumep 5.

HaiiTv nponssoaHyto dyHKumm F(x)=(2x-1)?
Peluenue:
Mo npaBuy HaxoXxAeHWS NPOU3BOAHON OT CIOKHOW QYHKLMK, NoNyYaeMm:
F' (0)=((2%-1)?) “(2x-1)=2(2x-1)-2=4(2x-1)=8x-4.
OTBeT: F' (X)=8x-4.
IIpakTHyeckas 4yacTb
1. Brryuure onpeneneHus U TEOpEMBI.

2. [IpocmoTpuTe MaTepual 1o CChlIKe:
https://resh.edu.ru/subject/lesson/4923/main/200984/

https://resh.edu.ru/subject/lesson/3954/main/201015/
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3. BbINOIHUTE TPEHUPOBOYHBIE 3aJaHUS 110 CCBIIKE:
https://resh.edu.ru/subject/lesson/4923/train/200988/

https://resh.edu.ru/subject/lesson/3954/train/201019/

3amauu.

776

77

778

779

780

781

782

783

784

785

Touxka gBMMKerca mo 3aKoHY s (t) = 1 + 3¢t. Halitn cpegnoin
CKOpPOCTE ABMIKEHHMA 38 NPOMEXYTOK BpPeMeHH:

1) ort=1pgot=4; 2) or t=0,8 go £t =1.

HaliTH cpegHOID CKOPOCT: ABHMIKEHHUS TOYKH HA OTpe3Ke
[1; 1,2], ecnin 3akoH e€ ABMIKEHHA S = § (f) safaH HopMyJIO:

1) s (t) = 2¢; 2) s () =t
HaiiTn MrHOBEeHHYIO CKODOCTL ABHMJKEHHSA TOUKH, eCJIM:
1) s(t)=2t+1; 2) s(t)=2 - 38t.

3aKoH JBH)KEHHA 3aaaH dopmyioit s (t) = 0,25¢ + 2. Hailiru:
1) cpexHIOK CKOPOCTHL ABH3KeHuA oT t =4 go t = 8;

2) CKOpPOCThL ABH>KEHMS B MOMeHTHI t =4 u t =8,

Hcoonbaysa ompeneneHue MPOHM3BOAHOM, HalTH f'(x), ecnu:

1) f(x)=3x+2; 2) f(x)=56x+T;

3) f(x)=3x%- 5x; 4) f(x)=-3x%+ 2.

C momomsio dopmyssl (kx + b)' = k HaiiTH mponssoanyo dyHKIAH:
1) f(x) = 4x; 2) f(x)=-Tx+ 5; 3) f(x)=-5x-1.
HaiiTt MI'HOBEHHYIO CKOPOCTE ABHMKEHHA TOYKH, €C/IM 3aKOH eé
IBHXKeHHA § (t) 3agaH dopMmynoii:

1) s(t)=gt2; 2) s (t) = 5t2.

OnpenennuTs CKOPOCTHL TeJa, ABHIKYILNErocHa IO 3aKOHY
s(t)= t2 + 2, B MOMEHT BpPEeMeHH;

1) t=5; 2) t=10.

B&ROH ABHM¥E€HHA TOYKH 3agaH rpadmxom 3aBHCHMOCTH
nytH § oT BpeMerH ¢ (puc, 105). HaiiT cpesHiow0 CKOpPOCTh ABH-
’KeHMA TOYKHM Ha orpeskax [0; 1], [1; 2], [2; 3].

3aKOH [BMIXEHWA TOYKH 384aH rpadHKOM 3aBHCHMOCTH
nyTH 8 oT BpeMmeHH t (puc, 106), HaiiTu cpeHIO0 CKOPOCTE ABH-
sKeHUA TouKHM Ha orpeskax [0; 2], [2; 3], [3: 3,5].

KOHTpOJ’[LHbIe BOITPOCKHI:

gk wnE

Cdhopmynupyiite onpeaeseHue Npou3BOAHOM.

B yem 3akimogaercst pU3NUECKU CMBICT IIPOU3BOJHOM?
ITpaBuno auddepenunpoBanust cyMMbl (PYHKIUI.
[IpaBuno auddepenurpoBanus npousBeeHUs QYyHKIIUHA.
[IpaBuno auddepenurpoBanmst 4aCTHOTO (HYHKIHHA.
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HNPAKTUYECKOE 3AHATUE
IIpousBoaHas creneHHON QyHKIIUM.
IIpoun3BoaHbIe 3JIeMEHTAPHBIX (DYHKIM A
e NpaKTHYECKOT0 3aHATHS

1. O0600TUTh U CHCTEMATU3UPOBATH 3HAHUS 10 TEME, YMEHHUS IPUMEHSTh ITOJTYYCHHBIC 3HAHUS TIPH
peIIeHU 3aJla4, HaXOJIUTh MPOU3BOJHYIO CTENEHHOW (DYHKIMH, BBIIBUTH U yCTPAHHUTH MPOOETHI B
3HAHUAX 10 JAHHOH TEME.

2. CopelicTBOBaTh Pa3BUTHUIO y YYAIUXCS MBICIUTENBHBIX OINEpaluii: YMEHUsI aHAJIU3UPOBATh,
CHUHTE3UPOBATh, CPABHUBATD.

MeToanuyeckuii MmaTepuaJl

Pa360p noHATHS TPOU3BOTHON CTEIIEHHON ()YHKIIUH.

Brruncnenue nmpou3BoHON CTEIEHHOW (PYHKIINH.

3HAKOMCTBO C MPAaBUJIAMH BBIUUCICHUS TPOU3BOAHBIX OJIHOWIEHA U MHOT'OWJICHA.
Onpenenenye 3J1eMEHTapHON (QYHKIIUH.

[IpousBoHas moka3aTeIbHON (QYHKITHH.

[Ipon3BoiHbIE TPUTOHOMETPUUECKUX (PYHKIIHH.

[IpousBoHas norapupmMudeckoit GyHKIUU.

NoabkowhE

dopmyna onsa BblYMCNEHUsI NPOU3BOAHON CTeNeHHOM GyHKUMK X", rae N — NPOW3BONbHOE HaTypanbHoe
uncno, Takosa: (x")'=nx"".

HaM yxe nsBecTHa hopmyna NnpousBoaHoi dyHKkuMK xZ (x2)'=2x.
Monb3aysAack hopmynoin auddepeHUMpoBaHua NponsBefeHWsA, Nonydaem:
(3) = (%) = (x) " x+ %2 (X) " = 20x+x31 = 3%

(xH = (3x%) "= (x%) “x+x3(x) ' = 3xx+x3T1 = 4%,

3aMeTuM, 4To

(x%) ' = 2x*"
(x%) ' = 3x31
(x4 =ax*"

T.e. onAa n, paBHoro 2, 3 1 4, bopmyna (1) fokasaHa. [pogomkan aHanoruyHble paccyXAeHus, HETPYAHO
ybeauTbesa B cnpaBeanueoctn dopmMynbl (1) Ana n, paBHoro 5,6 U T.4.
Mpumep 1.

, ===, x=0
OKaMeM 4YTO 1 npwn
x

PewleHue:

a—y

_npepcTaBuM X kak x';
x
. Bocnonbayemca hopmynoit (1): (x1)=-1-x""T=-x?;

. BEPHEMCA K NepBoOHavYanbHOMY BUOY

G-

g
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B Gonee CNoXHbIX CyYasx, HanpuMep, MPK HaxoXAeHUN NPOM3BOAHOM BYHKLMM (3x-1)7, MOXHO
BOCMONb30BaTbLCA Cneaytouei hopmMyno:

((kx+b)P)’=pk(kx+b)P-

Mpumep

Haitnem NponssoaHyto dyHKLMM (3x-1)7.

PelueHue:

BOCMNonb3yemca dopMynoii (2)

((3x-1)7)=21(3x-1)".

Mpumepb! 1 pas6op pelleHus 3afaHnil TPEHNPOBOYHOIO MOAYNS

Mpumep 1

Bbluucnuts f'(9), ecnn - f(x) = %

PelueHue;
i 1 3
PE) =D =-3272

1 3 1
F(g): —59 2——§

Mpumep 2

1
332

[lokasaTb, yTo  (¥%)'= Ha NPOMEXYTKE:

1. x>0,
2. x<0.

[okasaTenbcTBo:

1. ecnu x>0, TO 37z = ,3 1 No opmyne (1) nonyyaem:

1 _2 1
i) =-x3i=—=
(0)'=3x3 =3

T.ecnu x<0,TO §x = —§—= = _(_x}% n no dopmyne (2) nonyyaem:

PSPPI SPIPIVIIIe S S S
e e e RS

3neMeHTapHbIMM QYHKUMAMM Ha3bIBaOT CTEMNEHHYHO, NOKa3saTe lbHYH0, Norapu@MUUECKYHO 1
TPUroHOMeTpUYECKUE QYHKLMM, @ TAKXKE UX pasnnyHble KoMBUHaUUW. [NpU pelleHun MHOTUX
NpaKTUYECKKUX 3afay YacTo NPUXOAMTCA HAXOAUTb MPOU3BOAHBIE TAKUX QYHKLIMNA.

1.Mpou3BogHaA NoKa3aTeNbHOi GYHKLUUK.

MokasaTensHan GyHkuus f(x)=a*, rae a>0, a #1, onpefieneHa Ha BCeN YNCNOBON NPAMOIN U UMeeT
NPOU3BOAHYHO B KaXXA0M ee Touyke. JT6yo noKasaTtenbHyr QYHKLMI MOXHO BblpasuTb Yyepes
nokasaTenbHY QYHKUMIO C OCHOBaHWEM Y No popmyne:
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ax=exln a (1)

TaK Kak eX'" 3= (en 3)%= g,

CTOUT OTMETUTb CBOMCTB 0 QYHKLMMK €*: Npon3BoAHan AaHHOW GYHKUMKM paBHa el caMoi
(e)'=€e*(2)

MpumeHaa npaesnno auddepeHUMpoBaHUA CNOXHOM GYHKLUWK, MONYYNM:

(9b) ' = kek**b_ (3)

MNpowsBogHas ans a:

(a¥) ' = a%lna. (4)

2.MpoussogHas norapupmuyeckoin GyHKLUN.

J'Iorapmbmnuecwro d)YHKLI,MI'O X C NMo6bIM OCHOBaHMEM a > 0, az 1 MOXHo Bblpa3nTb YEPE3
J'IOFﬁpHd)MW—IeCK‘jIO Cb)r'HKLI,IMO C OCHOBaHWeM & C MOMOLLbH d)OpMYJ'IbI nepexona
Inlnx
*= Inlna (5)

MpoussogHasa GyHKLMM INX BbipaxaeTca GopMynoun

(Inx)’ =%,x:>0 (6)

MpumeHsa npaesuno anddepeHLMpoBaHna CNOXHOW GyHKUKUK, Nonydaem

(nGex+w)’ = ——  (7)

(8)

ﬂogﬂx} = x+Ina

3.Mpou3BoaHblE TPUrOHOMETPUYECKUX (PYHKLIMA.
Lna TpuroHomeTpuyecknx GyHKUWUIA cnpaBeavBbl CNefyroliMe paBeHCTBa:
(sin x)'=cosx (9)

(cos x)'= -sinx (10)

Mpumepbl 1 pa36bop peLueHns 3afaHuili TPEHMPOBOYHOro MoAYNA
HaiTi npoussoaHyto:

1. f(x) = 3Inx
PelweHne: (E3mx)'= %

Orser: 3
X
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1.f(x) = 3.
PeweHue: (3e?%) ' = 3-2- e = 6 -
OTBeT: 6 -e%*

1.1(x) = 2*
Pewenue: (2¥) ' = 2¥In2

OTtBeT: 2*In2

Inin3

x+1 7 (x+1)°2 - x(x+1)2

3
Pewienue: (5”3”31,_§(“1)‘3“1“3x x+1—xinin3x

x+1—xlnin3x
x(x+1)?

OTBeT:
1. f(x) = sin (2x+1) - 3cos(1-x)

Pewerue: (sin (2x+1) - 3cos(1-x)) ' = 2cos(2x+1) - 3sin(1-x)

OTBeT: 2cos(2x+1) - 3sin(1-x)

IIpakTH4yeckas 4acTh

1. BbryunTe onpeneneHus u TEOPEMBI.

2. [IpocmoTpuTe MaTepual 1o CChUIKe:
3. https://resh.edu.ru/subject/lesson/4922/main/201046/
https://resh.edu.ru/subject/lesson/6114/main/201077/

3. BeInoaHUTE TPEHUPOBOYHBIE 3aJaHUS 11O CChIIKE:
https://resh.edu.ru/subject/lesson/4922/train/201050/
https://resh.edu.ru/subject/lesson/6114/train/201081/

3agaun.

Haiitn npousBogayio dyHKnuu (787—792).
787 1) x5 2) x7; 3) x'; 4) x'3,
788 1) x7% 2) x73 3) x4 4) x77.

1 2 -2
789 1) x2; 2) x3; 3) x 73 4) x73.
790 1) -L; 9y l. 3 ¥Vx 4 ¥Yx; 5 -L; 6 L.
) x° ) x9 yVx v ) Vx ) Va3

791 1) (4x - 3)% 2) (5x +2)% 3) (1 - 2x)°5;

4) (2 - 5x)* 5) (2x)% 6) (-5x)".

792 1) ¥2x+7; 2) V7 -3x; 3) V3x; 4) ¥5x.
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793

794

795

796

797

798

799

Haittu ' (x,), ecnn:

1) f @)= x=3 2) f(x)=x2 x,=3;
3) f(x)=Vx, x,=4; 4) f(x)=Yx, x,=8;
& A- 1

9) f(x)=+5—-4x, x,=1; 6) f(x)= » Xo=1.
¢ Jax+1 °

[TocrpouTs rpadHx GYyHKOUH Yy = x* YA

¥ rpaduk bYHKIUHH, ABIAONecA eé

[IPOH3BOXHOMN. ‘

Ha prcyeke 107 usobpamén rpaduk

(G yHKIHH, ABIAIMIEHCHA IPOU3BOTHOH 3

oxHOH w3 QymHKIHMH y = x%, y=2x°

HAH Y= x2. YcTaHOBUTL (DYHKIHIO,

HaiiTu npousBogHy0 GYHKI[HH:

1 1
— 2) ——
(2 + 3x)? ) (3-2x)3 = : >
- x
3) 3(3x-2)%; 4) (3-14x)%;
5] 1 ; 6) 1 A PHC. 107
V3x-1 a1 -2x)2

Ilpu KakHx 3HAYEHHAX X NpoHaBogHadA GyHKRUHHU [ (x) paBHa 1,
ecJIn;

1) f(x)=x% 2) f(x)=Vx2?
HaiiTH MrHOBEHHYIO CKOPOCTH Teja, ABHIKYIIErocsa IO 3aKOHY
s(t)=+t+1, B MmoMeHT BpemenHu f = 3.

IIpn KakuX 3HAYEHHAX X BHIMOJHAETCA paBeHeTBO [’ (Xx) = f (x),
€CcJIH;:

1) f(x)=(2x-1)%  2) f(x)=(3x+2)°?
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798

799

HajiTH MrHOBEHHYIO CKODOCTHL TeJja, ABHXKYIEroci IO 3aKOHY
s(t)=+t+1, B MoMeHT BpeMeHH | = 3.

IIpn kakuX 3HAYEHHAX X BLINOJHAeTCA paBeHCTBO [’ (x) = f (x),
€CJIN;

1) f(x)=(2x-1% 2) f(x)=(3x + 2)*?

[Io papEOMY Ha pucyHKe 108 rpadbmuxy KepagpaTHuYHOH (YHK-
IIHH HATHCATHL QOPMYJIbI, 3afal0lIHe caMy (PYHKIHIO H €€ MpOou3-
BOLHYIO.

801 Hajitn 3HayeHHda X, INPH KOTODPBLIX 3SHaYeHHsa OGYHKIHH
y=+/3x -7 paBHBI 3HaueHHAM GYHKOUH, ABIAKOMENHcA eé Ipo-
H3BOJHOM.

T 14 |
\ / [
\ / y="r(x) L !
/J N
RYSIERY 4
| 2 /
[ A 4
1 jl y=g(r) |
“10) 1] by I \
| LT
a) 6)

Puc. 108
Haiitn npomssoguyo dyaknuu (802—803).

802 1) x%+ x; 2) x? - x; 3) 3x%; 4) —17x%;

5) —4x%; 6) 0,5x% 7) 13x2 + 26; 8) 8x% - 16.

803 1) 3x%- 5x + 5; 2) 5x2+6x - T; 3) x* + 2x%

4) x° - 3x%; 5) x% + bx; 6) —2x% + 18x;
7) 2x® - 8x% + 6x + 1; 8) —-8x® + 2x% — x - 5.

804 Ilocrpouth rpadpux dyuruuu y =3 (x — 2)° + 1 u rpaduk GyHK-

: WA, ABAAIOMIEHCA €€ NPOH3BOLHOM.

805 HaitTi NpousBOAHYIO PYHKIIHH:

) 2?+is 2 B+ Ly 8 2Ve-Va; 4 3Ve+7Wa.
x X
808 Haittu f'(0) u f'(2), ecnu:
1) f(x)=x2-2x+1; 2) f(x)=x® - 2x;
3) f(x)=-x+ x% 4) f()=x*+x+1.
807 Haittu f'(3) u f'(1), ecan:
Df=2+1s 2 f=Vx+li+y
X x X
3 2 2 -2
3 x)=-°S> -2 4 x)=x%-x 2,
) (@)= 5 ) £ (2)
809 Haiity 3HauYeHNA X, IPH KOTOPBIX 3HaYeHHe NIPOU3BOAHON QyHK-

uuu f (x) paBuo 0, ecau:

1) f(x)=x"-2x;

2) f(x)=—x2+3x+1;

3) f(x)=2x®+ 3x%2 - 12x — 3;
4) f(x)=x*+2x-Tx+ 1;
5) f(x)=38x" - 4x® - 12x%

6) f(x)=x+4x%-8x%-5.
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810

811

812
813

831

832

833
834

835

836
837

838

839

841

842

HaiiTt npousBoZHYW (GYyHKIHH:
1) (2% - x) (2% + x); 2) (x+2) Vx; 3) (x-1) Jx.
Haitita f'(1), ecau:

D f(x)=(x-1®2-27 2) f(x)=(2x-1° 1+ x)*
3) f(x)=vV2-x(3-2x)8; 4) f(x)=(bx—-4)8v3x-2.

ITepecexaeTca nu rpaduK QYHKIUHN, ABIAOMENRCA TPOH3BOAHOR
dyuxnmun y = x° + 2x% - 3x + 4, ¢ rpadukoM QyHKIUHK y = 3x + 1?

[Ips KaKMX 3HAYEHMAX X 3HAUYEHHE NPOU3BOAHOH QYHKIHK
y=(x - 3)° (2 + 5x)° pasno 0?

1) e+ 1; 2) e +2x%  3) e2x+l;  4) edv 4 x.
X

l_1'--1

1) e¥*+1 4 225 2) e2 -—Jx-1; 3) e03xvz 4 1,
X

4) el "+ x73 5) e*’; 6) e2*°.
1) 2 +e%; 2) 3" —x% 3) 2 —x; 4) 3 + 2x2; 5) 3*°+2,

1) 0,5 +e3*; 2) 3% —¢?%; 3) e2 x4+ 3x; 4) e3”+—1—4-.
x

1) 21n x + 3% 2) 31n x - 2% 3) log2x+zi;

X
4) 3 x 3 - log; x; 5) In (x% - 2x); 6) (3x% - 2) log; x.
1) sin x + x%; 2) cos x — i; 3) cos x + €*; 4) sin x — 2%,

1) sin (2x — 1); 2) cos (x + 2); 3) sin (3 — x); 4) cos (x°).

1) cos [5—1)+e3’; 2) sin(£+3)+2"; 3) 3cosdx— L.
2 3 2x

cos x|

1 2) _?’x ; 3) Inx-:cos3x; 4) logg x - sin 2x,
e sin x

1)

Haiitn 3HayeHne mpom3BofHOH GyHKIuM f (X¥) B TOUKe X,
1) f(x)=e**"*+2Inx, x,=2;

2) f(x)=¢€*"2—-1n (8x - 1), x0=§;
3) f(x)=2"-log, x, x,=1;
4) f(x)=log g5 x - 3%, x5=1.

BRISICHATH, NMPH KAaKUX 3HAUGHUAX X 3HAaUEHHMEe NPOM3BONHOH
¢dyaxkouu f (x) passo 0:

1) f(x)=x - cos x; 2)f[x)=-;-x—sinx;
3) f(x)=2In(x+3)—x; 4) f(x)=In (x + 1) - 2x;
5) f(x)=x*+2x—-121n x; 6) f(x)=x%—-6x-8In x.

BHISICHMTE, IPH KAKHX 3HAYECHHMAX X 3HAUYEHHE NPOM3BOAHOH
byHEOHH [ (X) DOJOKHTEILHO:

1) f(x)=¢" —x: 2) f(x)=x1n2- 2%
3) f(x)=e*x% 1) f(x)=e*Jx.
Haiite npomnaspoguyio pynruun (843—851).
1) 2x—1+ln2x+3; 2) l—x_2ln2—5x;
5 6 3
I-_x 2-x
3) 2¢ 3 +30091_Tx; 4) 3¢ ® -2 sinlzx.
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Haiite npoussoanyio Qynknun (843—851).

1) 2I—1+ln2x+ 3; 2) 1—:c_21n2—5x;
3 5 6 3
1-x 2-x
3) 2e 3 +3cosl_Tx; 4) 3¢ * -2 sinlzx.
x-4

1) 31f 3 ~3cos =2, 2) 24 1 ~Be 5 .
2-x 3 (x+2)°

1) 0,5 - cos 2x; 2) 5J/x-e°*; 3) e~ 2*. cos (3 - 2x).
1) InVx-1; 2) em; 3) In (cos x); 4) In (sin x).
1) 2osx+1,  9) g 5l*sinx; 8y eosix+2; 4) sin (In x).

1) \/x2+2x—1; 2) 3,fsin x; 3) 4,/cos X} 4) ,/log, x.

1+ cos x V3x e0:5x 52x
1) —=; g, g £ 4 B2
sin x 3*+1 cos 2x -5 sin 3x+ 7
et—-e * 2%~ log, x
1) ———; 2) ——
x In2.x
1) sin x — cos x; 2) ‘lf-sin2x )
x sin x —cos x

BuACHHUTBH, IPM KAKMX 3HaYeHHAX X 3HaYeHHe IIPOM3BOXHOHN
dyukoun f (x) pasuo 0:
1) f(x)=5 (sin x — cos x) + V2 cos 5x;
2) f(x)=1-5cos 2x + 2 (sin x — cos x) — 2x.
HaiiTn saHayeHMdA npousBogHoi dyHKuux [ (x) B ToYKax, B KOTO-
PHEIX 3HaYeHHe 3ToH (pyHKuME pasBHO O:
1) f(x)=e* In (2x — 1); 2) f(x)=2l"207

sin x
Boiumcauts f'(x) + f (x) + 2, ecqim f (x) = x sin 2x, x =T,
HaiiTi sHaueHHU A X, IPM KOTOPLIX 3HAYEHHNE IPOU3BOXHOM (PYHK-
nuu f (x) paBHO HYJIIO; MOJIOMKHUTENLHO; OTPHIIATENILHO:
1) f(x)=x-1nx; 2) f(x)=xInx;
3) f(x)=x%In x; 4) f(x)=x*-31n x.
HajiTe mponssoanyio dyukmma In (x% — 5x + 6) mpu x < 2 u npu
x> 3.

KoHnTpoJibHBIE BONIPOCHI;

©CoNo kD

Cdhopmynupyiite onpeaesneHue Npou3BOAHOM.

B yem 3akimogaercss U3NUECKU CMBICT IIPOU3BOJHOM?
[IpaBuio nuddepenumpoBanus CyMMbl GyHKITHI.
[IpaBuio nuddepennmpoBanus npousseneHus GyHKIUI.
[IpaBuio nuddepenmpoBanns 4aCTHOTO PYHKITHIA.
Jaiite onpezenenue 3eMeHTapHON PYHKIINH.

Yemy paBHa NPOM3BOIHAS MTOKA3aTEIbHON QYHKIMN?
Yemy paBHa IpOHU3BOAHAS Y=COSX?

Yemy paBHa mpou3BOAHAS Y=SINX?

Yemy paBHa npou3BoaHas y=tgx?

Yemy paBHa Ipou3BOIHAsS Y=CtgX?

Yemy paBHa NIPOHU3BOAHAS JIOTAPHUPMUIECKON (PYHKIHH?
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